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A minimal conformational 
switching-dependent model for 
amyloid self-assembly
Srivastav Ranganathan, Dhiman Ghosh, Samir K Maji & Ranjith Padinhateeri

Amyloid formation is associated with various pathophysiological conditions like Alzheimer’s and 
Parkinson’s diseases as well as many useful functions. The hallmark of amyloid assemblies is a 
conformational transition of the constituent proteins into a β - sheet rich filament. Accounting 
for this conformational transition in amyloidogenic proteins, we develop an analytically solvable 
model that can probe the dynamics of an ensemble of single filaments. Using the theory and Monte 
Carlo simulations, we show the presence of two kinetic regimes for the growth of a self-assembling 
filament – switching-dependent and –independent growth regimes. We observe a saturation in fibril 
elongation velocities at higher concentrations in the first regime, providing a novel explanation to 
the concentration-independence of growth velocities observed experimentally. We also compute the 
length fluctuation of the filaments to characterize aggregate heterogeneity. From the early velocities 
and length fluctuation, we propose a novel way of estimating the conformational switching rate. Our 
theory predicts a kinetic phase diagram that has three distinct phases – short oligomers/monomers, 
disordered aggregates and β -rich filaments. The model also predicts the force generation potential and 
the intermittent growth of amyloid fibrils evident from single molecular experiments. Our model could 
contribute significantly to the physical understanding of amyloid aggregation.

Protein aggregation is a phenomenon in which peptides/proteins self-associate to form oligomeric or 
higher-order structures that have wide implications in living systems. Amyloids are one such highly ordered 
protein/peptide aggregates that are typically associated with diseases like Alzheimer’s and Parkinson’s1. More 
recently, these structures have also been known to perform useful native functions in various biological hosts, 
ranging from the structural strength of spider silk2, to the storage of peptide hormones within secretory cells3. 
Owing to the crucial role that these assemblies play in both disease and functional contexts, it is vital to study 
these structures in greater detail.

Typically, during the process of amyloid aggregation, proteins/peptides undergo structural transition from 
their native conformations to a β-sheet rich state. The formation of the β-sheet can break the globular symme-
try, seen in typical unstructured aggregates, and can give rise to linear assemblies. Structurally, amyloids can be 
defined as ordered protein fibres which are composed of β-strands that are perpendicular to the axis of the fibril 
to give rise to a typical structure known as the cross-β-sheet4. This conformational transition and cross-β-sheet 
rich nature is thus a hallmark of amyloid-like aggregates (also see Fig. 1A). The early stages of amylodogenesis is 
driven by the growth of this cross-β-sheet structure by self-recruitment of monomers along its linear axis. The 
growth of the cross-β-sheet could thus be considered to be the major step during amyloid formation.

Interestingly, the propensity to form these ordered structures is not restricted to any particular class of pro-
teins but is exhibited by a diverse set of soluble proteins/peptides, under suitable experimental conditions1,3,5–8. 
A variety of experiments in bulk solution have shed light on the phenomenological similarities in amyloid for-
mation like sigmoidal growth kinetics (fluorescence based methods, light scattering) and an increase in β-sheet 
content (circular dichroism (CD), fourier transform infrared spectroscopy (FTIR)) during self-assembly. Other 
experimental techniques like light scattering have been used to study the relationship between concentration 
and early growth velocities of a fibril9. More detailed single molecule studies have highlighted an intermittent, 
stop-and-go nature of the growth of individual filaments10,11.
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Several theoretical models attempt to explain the properties of amyloid fibrils observed in bulk experiments, 
like sigmoidal growth kinetics. These models can be broadly classified as those based on primary growth pro-
cesses12–14 and others which are based on secondary growth events12,15. Among the set of kinetic models that 
are based on primary growth mechanisms, the most prevalent are nucleation dependent polymerization (NDP) 
models. These models routinely include three major events—nucleation, polymerization and depolymerization12. 
However, such models do not explicitly account for the structural transition that is known to occur during fibril-
lation (increase in β-sheet content). Variations of this model employ size-dependent polymerization and depo-
lymerization rates with distinct rates for aggregates that are smaller or larger than the size of a critical nucleus16,17. 
Such models have been successful in explaining the sigmoidal growth kinetics observed in case of amyloids along 
with other features including the effect of concentration on lag times as well as seeding12,16,17. Other kinetic mod-
els include those based on structural details of amyloid self-assembly wherein a rate-limiting monomer activation 
step corresponds to the partial misfolding or unfolding of a protein en route to aggregation18. In some cases, 
conformational changes at later stages of aggregation are considered where the aggregates could undergo reor-
ganization into β-sheet like fibrils. Lomakin et al. described a framework of Aβ aggregation, wherein micelles 
of aggregating proteins were proposed to be sites of nucleation during the fibrillation process9. In this approach, 
the micelles are considered to be the source and sink of monomers, which cause a buffering effect on monomer 
concentration. The micelles are distinguishable from critical nuclei by not being aggregation competent.

Increased complexity in these kinetic models leads to difficulty in solving the equations mathematically. In 
the context of the current literature, we find that there exists a necessity to develop a generic model that takes 
into account crucial features like structural transition of proteins/peptides during aggregation while being simple 
enough to be mathematically solvable. Minimal models help to identify how the key primary events (polymeri-
zation, structural transition etc) influence the self-assembly process and their dynamics19,20. In the current study, 
we explicitly account for a key feature in amyloid aggregation, i.e structural transition from a coil like state to a 
β-sheet rich state which is commonly associated with diseases like Alzheimer’s and Parkinson’s. Using distinct 
polymerization and depolymerization rates based on the conformational state of the peptide, we make key obser-
vations related to amyloid-like self-assembly of single filaments. With an exactly solvable mathematical model, we 
explain phenomenon like concentration-dependence of growth velocities, fibril length diversity and intermittent 
nature of fibril growth which are not clearly understood previously.

Figure 1. (A) A schematic depiction the phenomenon of amyloid-like self assembly by proteins/peptides. 
Initially, free monomers in solution are in their soluble form (state ‘C’). These monomers can stochastically self-
associate to give rise to unstructured aggregates. Upon aggregating, they can undergo structural transition from 
a coil like state ‘C’ to a β-sheet like form (state ‘B’). These insoluble β-sheet rich assemblies are more stable due 
to specific H-bonded interactions and continue to grow by recruiting more monomers from solution. The initial 
state of the peptides in solution is its soluble form ‘C’. (B) The two-state model for amyloid formation showing 
the various processes implemented in this model. A polymerization event wherein a random-coil monomer ‘C’ 
binds to a random coil monomer at the fibril edge ( )+kcc , the switching of a C monomer to a B monomer on the 
filament ( )kcb

s , the switching of a B monomer to a C monomer on the filament ( )kbc
s  and the binding of a free C 

monomer to a B monomer on the fibril edge ( )+kcb  are shown in the figure. The depolymerization of a ‘C’ 
monomer bound to a ‘C’ monomer and a ‘C’ monomer bound to a ‘B’ monomer are −kcc  and −kcb, respectively. ‘C’ 
and ‘B’ refer to the coil-like and β-strand conformations of the peptide, respectively.
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Model
Many of the existing computational approaches to understand amyloid aggregation have various limitations; (i) 
The prevalent method is to perform computationally intensive molecular dynamics simulations21–26. These simu-
lations cannot typically access length scales beyond one or a few monomers and timescale beyond microseconds; 
these are much smaller than experimentally relevant protein aggregation length- and time-scales. (ii) Molecular 
simulations often cannot provide simple analytical insights into the problem and, (iii) are not very handy for an 
experimentalist who would want to explore different parameter regimes for various proteins and explore the 
phase space or fit with experimental data. To go beyond these limitations, we develop a coarse grained framework 
to describe the phenomenon of amyloid formation and protein aggregation in general.

Definition of the model. We assume that, at =t 0, the monomeric protein/peptide in solution is either 
partially folded or unstructured having a coil-like configuration (see the blue units in Fig. 1 marked as “C”). This 
initial monomeric state “C” in our model could refer to a natively unstructured peptide/protein or an unstruc-
tured state of an otherwise folded protein. This monomer can undergo a conformational transition and switch to 
a different state which is partially ordered having a β-rich configuration (see red units in Fig. 1 marked “B”). 
However, the conversion from the coil-like state (C) to the β-like state (B) in solution is thermodynamically unfa-
vorable (∆ > )G 00  and there exists a large kinetic barrier27,28. We then assume that these C monomers can come 
together and weakly polymerise with an intrinsic rate constant +kcc . This C-C polymer is not thermodynamically 
stable and depolymerizes with a rate −kcc  which is typically larger than +kcc  owing to the weak nature of the 
non-specific interaction within the C-C dimer27,29. Unlike in the solution, the C monomer on the filament can 
switch to the B state, with a rate kcb

s , leading to a relatively more stable B-C complex. This B-C complex can further 
grow to a B-C-C state with a rate constant +kcc  or disintegrate to a B state with a rate −kcb. Since a solitary B monomer 
in solution is unstable, we assume that it instantaneously converts back to its unstructured state C. Another pos-
sibility is that the B-C state can switch to a B-B state which is highly stable compared to all other polymeric states 
and thus we consider the depolymerization rate −kbb to be negligible. A ‘B’ monomer can switch back to its unstruc-
tured state C, at a rate kbc

s  (see Fig. 1b); we assume that the switchings (forward and backward) occur in a sequen-
tial manner30. In other words, the switching of a monomer from the ‘C’ to ‘B’ state would be effected on the 
leftmost ‘C’ monomer. On the other hand, a reverse switching from state ‘B’ to ‘C’ would occur on the rightmost 
‘B’ monomer.

Master equations. If we consider an ensemble of single filaments having a set of reactions as mentioned 
above, their growth can be studied by writing down appropriate master equations and solving them to obtain 
experimentally measurable quantities such as growth velocities and fluctuations in lengths. Let ( )P tk  be the prob-
ability of finding k number of ‘C’ monomers at the tip of a growing filament at time t. Pk obeys the following 
master equation (for > )k 1 :

( )
= ( + ) + ( + ) − ( + + + ) ( )+

−
−

+ + −dP t
dt

P k k P k C k P k C k k k 1
k

k cc cb
s

k cc s bc
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k cc s cc bc
s

cb
s

1 1

The first term represents events that lead to a decrease in the number of C monomers at the tip (depolymeri-
zation of C, and switching from C to B). The second term represents events that lead to an increase in the number 
of C monomers at the tip (polymerization of C, and switching from B to C). The third term is a combination of all 
events that will make the system leave its current state with respect to C monomers. =k 1 and =k 0 are special 
cases and one needs to write down modified forms of the above equations as shown in the Supplementary Text S1. 
In this paper, for mathematical simplicity, we assume that the backward switching rate ( )kbc

s  is negligible. The 
notation Cs in our expressions refers to the constant free monomer concentration in solution. We can solve these 
set of equations at the steady state (at timescale much greater than all other timescales involved) by setting 
= 0dP

dt
k  (see Supplementary Text S1); Note that the meaning of the steady state assumption here is that the distri-

bution of the C monomers ( )Pk  at the tip of the filament will become time-independent. It does not rule out 
computation of other time-dependent phenomena like B-dominated filament growth and time-dependent length 
fluctuations. While solving the equations, we find that there are two kinetic phases in the problem—one for <q 1 
and another for =q 1 (see Results section for details), where, q is the probability of encountering at least one ‘C’ 
monomer at the tip of a growing filament, given by
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When ≥ ++ −k C k kcc s cc cb
s , the normalisation condition will demand that =q 1 (see Supplementary 

Information Text S1 for details). Note that q can be experimentally controlled by varying the concentration Cs. 
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+
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In some interesting limits, the expression for P0 gets simplified. When +kcc  is much larger than other rates (to 
be precise, when + )+ −

k C k kcc s cc cb
s , →P 00 . When the switching rate ( )kcb

s  is much larger than all other rates, 
→P 10 . When +kcb  and kcb

s  are both very large (compared to other rates), the system will tend to switch between 
two states defined by their P0 and P1 such that ≈ ≈ .P P 0 51 0 . For any arbitrary rates, one can compute P0 and P1 
and immediately obtain experimentally measurable quantities such as growth velocity of the filament, and growth 
velocity of the β content, as we show in the results section.

Simulations. We also performed kinetic Monte Carlo simulations30,31 using the events described in Fig. 1. 
The simulations were also used to compute measurable properties such as filament length, variance in fibril 
lengths, and to identify signatures of conformational transition-dependent growth. Our simulations were per-
formed under two setups, i) conditions wherein the number of free monomers in solution is always maintained as 
a constant (we would refer to it as the “constant free monomer concentration” setup throughout the manuscript) 
and, ii) the condition wherein the free monomer concentration will gradually decrease upon polymerization. 
However, in this latter case, the total number of monomers in the system (free monomers plus the monomers 
on the filament) is conserved. We would refer to this as the “mass-conserved setup”. The two simulation setups 
are schematically depicted in the Supplementary Fig. S1. Additionally, simulations were also performed to show 
the applicability of the current analytical theory to predict growth velocities of aggregates, even in the presence 
of fibril breakage that leads to formation of new seeds. The setup for the fibril breakage simulations has been 
described in detail in the Supplementary Information Text S2.

Results
Two-state model: analytical solution, and the prediction of early filament growth veloci-
ties. Using the analytically solvable two-state model described above, we derive the expressions for growth 
velocities of protein aggregation and amyloid formation, assuming a constant free monomer concentration 
(under condition (i)). As mentioned in the Model section, two kinetic regimes emerge from the above model. In 
the first regime where there is a non-zero probability of encountering a completely β-rich filament ( <q 1 or 
equivalently < ⁎C C[ ]s , where = ( + )/ )− +⁎C k k k[ ] cc cb

s
cc , the ensemble averaged growth velocity of a single filament 

can be obtained as:

= + ( − ) + ( − − )( − ), ( )
+ + − + −v P k C P k C k P P k C k1 6f cb s cc s cb cc s cc0 1 0 1

where P0 and P1 are the probabilities to find 0 and 1 ‘C’ monomer at the tip of the growing filament, respectively, 
as described in eq. 3 and 5. In the above expression for filament growth velocity, the first term represents the 
growth of the filament when it is completely in state B, and the last two terms represent the growth and shrinkage 
dynamics when there is at least one C monomer existing at the tip of the growing filament. Note that since <q 1 
here, the steady state assumption ( / =dP dt 0k , i.e the cap distribution is time-independent) is valid.

As the concentration exceeds the characteristic concentration [C]*, there is always one or more ‘C’ monomers 
at the tip of a growing filament. In this second regime ( > ⇒ = ⇒ = )⁎C C q P[ ] 1 0s 0 , one can solve for the 
velocity expression without any steady-state assumption (see Supplementary Information Text S1):

= − . ( )
+ −v k C k 7f cc s cc

Since there are 1 or more C monomers always on the tip, the length change is essentially driven by addition of 
C monomers to a C monomer at the tip. In Fig. 2, we have plotted Eqs. 6 (solid curve, blue) and 7 (dashed curve, 
pink) as a function of free monomer concentration, [C].

Initially, the growth velocities show a concentration dependence before saturating at higher concentrations 
(solid curve, blue). However, beyond a certain concentration ⁎C[ ] , we observe a linear dependence of the growth 
velocities on concentration as given by eq. 7. Note that ⁎C[ ]  is the point where the blue and pink curves intersect. 
Above this concentration ⁎C[ ] , the aggregate grows by just polymerizing C monomers. To further validate our 
analytical calculations, we also performed kinetic Monte Carlo simulations using the same model (see Fig. 1), 
under constant concentration set up, and the results for the growth velocities are shown as black dots in Fig. 2. 
Similar to the prediction, the velocity of protein aggregation increases in a concentration-dependent manner, and 
shows two separate regimes. The prefect agreement between our theory and simulations validates the velocity 
formulae we derived.

Since typical experiments on amyloid fibril growth may not be performed under constant concentration 
set up as discussed above, we also performed simulations under mass-conserved conditions (condition (ii)). 
Under this condition, we compute the initial growth velocity of the filament. Initial growth velocity is defined 
as the average velocity in the growing phase until the filament grows up to 10% of its maximum length. These 
initial growth velocities are shown as red triangles in Fig. 2. Interestingly, the data shows that even under the 
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monomer-depleting condition (mass conserved condition), the initial growth velocities also lie on two regimes 
similar to the steady state growth velocities computed analytically. This suggests that at large concentrations, for 
an initial period wherein the change in free monomer concentration is negligible, our velocity equations can 
compute early elongation velocities under the mass-conserved setup reliably.

From our analytical theory, we also calculate the velocity with which the β-sheet-content (the number of B 
monomers in our model) in the filament grows. In the first regime, ( < ⁎C C[ ]s  or > )P 00  the β-growth velocity is 
given by:

= ( − ) . ( )v P k1 8b cb
s

0

As we vary the parameter (in this case, increasing concentration of protein) to go from first regime to the 
second regime ( → ⁎C C[ ]  or → )P 00 , the β growth velocity becomes →v kb cb

s . In the Supplementary Fig. S2, we 
have plotted vb and compared with the overall filament growth velocity. This data suggests that for a particular sets 
of parameters, in the regime 1, filament velocity growth is comparable to the β-sheet growth velocity. This inter-
esting fact suggests that regime 1 is essentially the regime relevant to amyloid growth in which the β-sheet growth 
velocity dictates the filament dynamics and must be studied in greater detail to understand the vital signatures of 
amyloid fibrillation.

The saturation of the concentration-velocity curve indicates switching-dependent 
growth. Based on our results which suggest that the first regime discussed above ( <q 1; also see Fig. 2) is 
relevant to amyloid-like growth in experiments, we studied the concentration-velocity profile in this regime in 
detail as it will provide us a better understanding of the self-assembling system. A zoomed in version of the veloc-
ities in this regime is shown in Fig. 3 (blue, solid curve), which showed that the elongation velocities at large free 
monomer concentrations become essentially independent of concentration, leading to a saturation. Interestingly, 
when we analytically compute velocities at such large concentrations, we get

( ) = , ( )→ ⁎v k 9f C C cb
s

[ ]s

where = +−

+
⁎C[ ] k k

k C
cc cb

s

cc s
 is the largest concentration possible in regime 1–the concentration beyond which regime 2 

starts. The above result can be obtained by substituting = ⁎C C[ ]s  in eq. 7. At such high concentrations, the aggre-
gate growth velocity is equal to the switching rate, kcb

s , which is independent of concentration, resulting in the 
observed saturation. Moreover, at high concentrations, the β-sheet growth velocity is also equal to the switching 
rate, which is equal to the filament growth velocity. Therefore, in this regime, the filament grows by polymeriza-
tion of C monomers immediately followed by conformational switching that stabilizes the filament. Interestingly, 
our results suggest that this saturation could be a unique hallmark of aggregates like amyloids that get stabilized 
after polymerization and promote further growth of the filament. Even though biofilaments like actin and micro-
tubules are known to polymerize and undergo structural transformation (hydrolysis) on the filament, they do not 
display such a saturation as the monomer switching in those cases destabilizes the polymer.

A detailed understanding of this phenomenon can be obtained by analyzing each growth term in the velocity 
expression and is shown in Supplementary Fig. S4. The saturation seen here also provides us a novel way of esti-
mating the switching rate experimentally; from eq. 9, it is clear that by measuring initial fibril elongation velocities 
as a function of protein concentration, we can obtain the switching rate directly. In fact, we found that similar 
saturation in growth velocities have been reported experimentally for amyloid-β protein fibril growth9. As shown 
in Fig. 3, we compare our predictions (solid curve) with one such set of experiments performed by Lomakin et al.9 
(red dots) and obtain an approximate switching rate from the saturating velocities as ≈k 15cb

s  nm/hr × 2 mono-

Figure 2. The concentration-velocity relationship shows two distinct regimes. The solid blue curve and the 
dotted pink curves are analytically computed growth velocities. The black filled circles and red filled triangles 
represent the steady state velocities (fixed concentration simulations) and initial growth velocity (mass-
conserved simulations), respectively.
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mers/nm =  30 monomers/hr. We multiplied with the factor 2 monomers/nm to account for the typical 
inter-β-strand-distance in a cross-β structure, which is ≈ .0 5 nm4. Our calculated initial velocities are comparable 
to the experimentally observed velocities for amyloid formation by Aβ peptide. As mentioned in the caption, even 
though many values that satisfy certain ratio of rates would fit the curve, the exact values used for the plot are: 
= .+ − −k mM hr15cc

1 1, = .+ − −k mM hr15000cb
1 1, =− −k hr400cc

1, =− −k hr400cb
1, = −k hr32cb

s 1. A more detailed 
rationale behind the fitting parameters is provided in Supplementary Text S2. In the Supplementary Fig. S3, we 
also present the effect of varying parameters on the concentration-velocity profile. We observe that increasing 
switching rate alters the overall nature of the first regime as well as the saturation velocities. On the other hand, 
varying +kcb  changes the concentration dependence at low concentrations, evident from the variation in the slope 
upon alteration in +kcb . However, the polymerization rate +kcb  has no effect on the saturation point of the curve in 
the first regime (Supplementary Fig. S3).

Estimation of force generation potential of a growing amyloid fibril. Polymerization of filaments 
have been well known to generate mechanical forces; typical examples being cytoskeletal filaments like actin32,33 
and microtubule34,35. A recent study by Herling et al36 found that even growing insulin and lysozyme amyloid 
filaments have the ability to generate mechanical forces of the order of piconewtons per filament. However, there 
is no theoretical understanding of the underlying force-generation capacity of amyloid fibers. Using our linear 
aggregation model, we estimate the force generation potential of growing amyloid polymers under constant con-
centration conditions. To do this, we consider a setup wherein the filament is polymerizing against a “wall” (see 
Fig. S5 in Supplementary). The wall exerts a constant force such that the filament growth is suppressed, leading to 
rescaled polymerization and depolymerization rate constants ( )+k Fcc , ( )−k Fcc , ( )+k Fcb  and ( )−k Fcb , such that;

α( ) = ( ) − / ( )+ +k F k C exp Fd k T0 [ ] 10cc cc s B

α( ) = ( ) − / ( )+ +k F k C exp Fd k T0 [ ] 11cb cb s B

α( ) = ( ) ( − )/ ( )− −k F k C exp Fd k T0 [ 1 ] 12cc cc s B

α( ) = ( ) ( − )/ ( )− −k F k C exp Fd k T0 [ 1 ] 13cb cb s B

here ( )+k 0cc , ( ), ( )+ −k k0 0cb cc , and ( )−k 0cb  are rate constants in the absence of an external force while ( )+k Fcc , ( )+k Fcb , 
( )−k Fcc , ( )−k Fcb  are the rate constants in response to an external load. F and d are the magnitude of the external force 

and the distance by which the wall would move (size of a monomeric unit) respectively. α is the load-distribution 
factor which dictates how the forces get distributed between the polymerization and depolymerization events. 
These modified rate constants were plugged into the velocity expressions given by equations 6 and 7 to obtain the 
force-velocity relation plotted in Fig. 4. For this force-velocity computation, we use the same kinetic parameters 
used in Fig. 3. As seen in Fig. 4, these parameters yield us forces of the order of piconewtons (per filament) which 
is comparable to the experimentally observed values for insulin and lysozyme fibrils36, thereby suggesting that the 
parameters are indeed sensible. Interestingly, we observe that in the regime of small forces, the velocities mainly 
remain unaltered (see Fig. 4). However, beyond a certain value of the external force, there is a steep decrease in 
growth velocities. This profile suggests that for small forces, any fluctuation in force of the order of ≈  pN will not 
alter the growth velocity significantly, suggesting that amyloid fibrils can act as stable agents to generate small 

Figure 3. The analytical solutions for fibril growth velocity (solid blue curve) under constant concentration 
conditions shows a saturation at higher concentrations. This is in agreement to the experimentally reported 
saturation in growth velocities (red dots)9. In order to fit the experimental velocities to our theory, we used the 
following parameters; i) = −k hr32cb

s 1, ii) The ratio of magnitude of rate constants, = .
+

− 37 5k
k
cb

cb
 and values of 

other parameters such 
+

−

+

−

k
k

k
k

cc

cc

cb

cb
 is satisfied (see text).
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amount of forces. Interestingly, this concave force-velocity profile that we predict for amyloid fibrils is in contrast 
to a convex profile observed in case of microtubules37. This difference in the force-velocity relationship could be 
another signature of amyloid fibril growth as a result of its stabilization due to conformational switching. In the 
Supplementary Fig. S6, we show the effect of varying the polymerization rate +kcb  on the force-velocity relation-
ship. The results suggest that for smaller +kcb  values, the velocities start declining at much lower external loads. The 
magnitude of external forces at which the velocities completely diminish are also much smaller. However, we see 
no such effect of varying switching rates on the values of stall force (Fig. 4). It must however be noted that the stall 
forces and the nature of the force-velocity profile could also vary depending on how the forces get distributed 
between the polymerization and depolymerization events as seen from the Supplementary Fig. S6B. Therefore, we 
believe that this simple model could serve as a guide for understanding the force generation mechanisms of grow-
ing amyloid fibrils and supplement future experiments. This estimation of force-velocity characteristics of amy-
loids may enable us to manipulate these structures as force generating systems in a more efficient manner, in 
addition to providing further insights into the mechanism by which they could act as membrane disrupting 
agents in disease.

Kinetic phase diagram for protein aggregation. Protein/peptides during aggregation and amyloid for-
mation access multiple states ranging from a functional monomeric state to disordered oligomeric form or an 
ordered amyloid-like self assembled form38–40. It is thus important to know the factors that govern the predomi-
nant state of a peptide/protein under any given conditions. To probe the multi-state behavior of self-assembling 
peptides, we systematically studied the effect of varying switching rates and concentrations on the filament and 
β-sheet growth velocities. To construct a phase diagram, we propose a critical growth velocity, vc =  0.5 μm/day; 
0.5 μm is a length-scale that is close to the minimum length detectable using typical light microscopy.

In Fig. 5, the solid red curve is obtained by equating vf =  0.5 μm/day using eqs. 6 and 7. Similarly the dotted 
blue curve represents = = .v v 0 5b f  μm/day. These curves can be defined as phase boundaries that demarcate 
different kinetic phases. At low concentrations and low switching rates, the growth velocity is too small (much 
below 0.5 μm/day), and there will be negligible aggregation. Even at higher concentrations, if the switching rate is 
too small, amyloid-like β-rich assemblies will not be favored, rather the protein will form disordered/amorphous 
aggregates. For high switching rates, the velocity curve becomes non-linear; as switching rate increases, we 
observe more β-rich aggregates. In this high kcb

s  regime, we find ≈v vb f  suggesting that the whole filament 
growth is essentially driven by β-sheet formation. However, for a given switching rate, there is a critical concen-
tration that is required for amyloid growth.

Interestingly, at super-high concentrations and high switching rates, one would encounter a regime where 
both the β-sheet content and the filament grow faster than the critical growth velocity, vc, without being equal. 
The solid black line (Fig. 5) represents the critical condition wherein the net polymer aggregation velocity is more 
than twice that of the β-content growth, implying that the filament would be composed of mostly disordered 
structures with a partial ordered nature owing to the monomers that have already undergone conformational 
transition to the B state. We define this state, which is neither completely ordered nor entirely disordered as ‘par-
tially ordered’ aggregates. The present calculation thus provides a set of mathematical expressions for deriving the 
growth velocities/critical concentrations/phase boundaries for protein aggregation and amyloid formation with-
out any computer simulation.

Species diversity is regulated by conformational switching and is maximum during the phases 
of highest growth. So far we have been discussing average (mean) quantities like growth velocity, under 
constant concentration conditions. We further investigate higher order statistical quantities like variances that 
can provide us an insight into the diversity of filament populations at various times during the growth. This is 

Figure 4. Theoretical estimation of force generation by a growing amyloid aggregate. The velocity is 
computed by imagining the filament growing against an opposing force which suppresses the polymerization 
rate as discussed in the text. The parameters used here are same as Fig. 3. The force-velocity profiles are plotted 
for a load distribution factor α =  1.
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extremely relevant given that recent studies have reported a wide distribution of filament sizes and a potentially 
toxic nature of oligomers, as opposed to stable long filaments41–44.

To get insight into the time-dependent nature of diversity, we computed the standard deviation in fibril lengths 
as

σ = −l l2 2

at various time points during the Monte Carlo simulations. Note that the angular brackets ‘ ... ’ denote the aver-
ages over various realizations (ensemble average). We have done this both for constant concentration 
(Supplementary Fig. S7) and monomer-depleting conditions (mass-conserved setup). Given that the latter con-
dition is more common in experiments, we have presented this result in Fig. 6A (inset). Our findings suggest that 
the variance in fibril lengths continues to increase during the growth phase, peaks and then reduces as more and 
more filaments reach their equilibrium lengths. This may also be observed in experiments. As an indicator, we 
have shown AFM images during various time-points of α-synuclein (associated with Parkinson’s disease) fibril-
lation kinetics (Fig. 6B). The micrographs suggest negligible aggregation at an early timepoint resulting in greater 
homogeneity. However, at an intermediate timepoint, smaller aggregates coexist with longer filaments, thereby 
indicating a higher heterogeneity. At later timepoint, most of the filaments mature into longer fibrils. These results 
suggest a non-monotonicity in fibril length heterogeneity. However, owing to limitations such as the possibility of 
mature filaments at later timepoints spanning beyond the AFM field, we do not provide a quantification of the 
variance in lengths. Another measure of heterogeneity σ( / )l  as a function of time is shown in Supplementary 
Fig. S8B which shows a gradual decrease with time suggesting that uniformly longer filaments dominate at longer 
timescales.

A previous study by Arosio et al.45 monitors the time evolution of fibril length distributions for β-lactoglobulin 
(β-LAC). Their results suggest a gradual increase in length heterogeneity from 5 hrs to 8 hrs followed by a decrease 
in length heterogeneity around 48 hrs under stagnant conditions, similar to our prediction. However, under shak-
ing conditions such a behavior is not observed which could be due to fragmentation of filaments at 600 rpm. In 
this study, we attempt to identify the characteristic profiles of the temporal evolution in length heterogeneity that 
can emerge from a model devoid of secondary processes like fibril breakage. Furthermore, even in a scenario 
where the breakage length for the fibrils is long or if the breaking occurs at later timescales during the kinetics, the 
predictions of the current model would still be valid. Interestingly, we do find reports of such instances (in insulin 
and β-lactoglobulin) wherein fibril breakage occurs only at later timepoints of the growth when most of the free 
monomers have been consumed46.

The natural question to ask is what determines the timescale at which the heterogeneity is maximum? When 
we investigated the role of different parameters on heterogeneity, we found that conformational switching shifts 
the timescale τ( )m  over which the variance reaches its maximum (see Fig. 6A, inset and Fig. 6C), in addition to 
modulating the extent of heterogeneity. When we plotted the timescale τm against the switching rate (Fig. 6A), we 
found an inverse relationship where τ ∝ /k1m cb

s . This data suggest that for high switching rates the peak of the 
variance would appear earlier compared to low switching rate. Further this may also provide the conformational 
switching rate from experimentally observed filament length heterogeneity.

Stop-and-go growth in amyloid fibrils emerges from the model. Typical measurements of fibrillar 
growth involve fluorescence based measurements which reflect the extent of fibrillation in the bulk solution. 

Figure 5. A kinetic phase diagram showing the effect of varying switching rate, kcb
s  and free monomer 

concentration on the state of the protein/peptide. A peptide can remain monomeric or assume disordered, 
partially ordered or completely ordered aggregated states according to our model. We define the states as 
follows; i) <v vf c and <v vb c, the peptide is in its monomeric form or exists as small oligomers. ii) >v vf c and 
>v vb c and ≈v vf b, the amyloid-like ordered state dominates, iii) >v vf c and >v vb c and >v v2f b, the 

aggregates are partially ordered with a mixture of β-sheet and unstructured content and iv) >v vf c and <v vb c, 
the aggregates are disordered in nature. v f , vb and vc refer to the filament, β-sheet and critical growth velocities 
respectively.
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However, with the availability of techniques which allow amyloid fibrillation to be probed at a single filament 
level47,48, more interesting features of filament growth have been identified. Recent studies reveal that many pro-
teins including α-synuclein, β2-microglobulin have shown a stop and grow kinetics during their fibril growth, 
instead of continuous growth of the fibrils10,11. Earlier models10,11 were specifically devised to capture this behav-
ior of individual filaments by introducing extra “stop” and “start” states, by hand, which did not have any struc-
tural support from the known literature. Here, we find that the stop-and-go nature of fibril growth naturally 
emerges from our model–a model based on the well known phenomena of secondary structural transitions. To 
test whether our model can predict this “stop and go” kinetics of fibril growth, we plot length vs time  
for a new set of parameters. In Fig.  7 (inset), we plot length as a function of time for various  
realizations of the filaments with parameter values being µ µ= . , = . . , =+ − − + − − −k M hr k M hr k36 0 00378cc cb cc

1 1 1 1

, = . , =− − − −hr k hr k min720 0 054 69cb cb
s1 1 1.

As reported by the experimental studies on single filament growth10,11, the distributions of the start and stop 
timescales also show a great degree of similarity (see Fig. 7), indicating that both start and stop phases are equally 
probable during filament growth. Furthermore, both the duration of the start and stop events follow an exponen-
tial distribution, similar to the previous experimental findings10,11. We found that this intermittent growth of the 
individual fibrils emerges towards the end of the first regime (q very close to 1), wherein one of the polymeriza-
tion rates is significantly lower than the other, leading to the aforementioned pause in growth. We have defined 
the stop event as a phase during which the growth rate is less than 2 nm/min, consistent with the experiments. 
With the emergence of powerful single molecular analysis tools, our model could thus have wide applicability in 
understanding the dynamics of single-filament growth.

Figure 6. (A) Relationship between the time of observation of maximum divergence, τm and the 
conformational switching rate, kcb

s . Inset shows filament length heterogeneity at various times during fibril 
growth. Each curve in the inset represents a standard deviation versus time plot for different values of 
conformational switching rate ( )kcb

s . (B) Atomic force micrographs at various time-points during α-synuclein 
fibrillation kinetics showing a homogenous initial population with negligible aggregation. At an intermediate 
timepoint, small aggregates coexist with longer filaments, thereby indicating a higher heterogeneity. At later 
timepoint, most of the filaments mature into longer fibrils. The scale bar in the AFM images is 500 nm. Height 
scales are depicted in individual AFM images. (C) A representative figure showing the filament length 
heterogeneity (σ) and the average length as a function of time from our mass-conserved simulation. The 
definition of τm is also shown in the figure.
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Discussion
The need for a generic model. Understanding the mechanism of protein aggregation and the role played 
by various factors in modulating the nature and the dynamics of aggregation is of vital importance. Given the 
broad similarities in the characteristic profile of amyloid-assemblies irrespective of their sequence and biolog-
ical function, it is important to formulate an effective generic model for amyloid formation. Multitude of envi-
ronmental factors, viz. pH, ionic strength, presence of co-aggregating proteins and/or inducer molecules have 
been previously reported to play a significant role in promoting protein aggregation8,49–54. These factors can not 
only modulate the kinetics of proteins with predisposition to aggregate, but also completely change the aggre-
gation dynamics of usually non-aggregating proteins8,50,52. The precise mechanisms by which these factors alter 
the aggregation dynamics is unclear. Any alterations at the sequence level or in solution conditions could have 
potential manifestations at more macroscopic lengthscales and timescales. While molecular simulations may 
give us insights into the protein interactions at a microscopic level, it is important to formulate a coarse-grained 
framework that provides us with a more macroscopic understanding of the self-assembly process.

Analytical solvability and structural features. In this study, we devise a model that is mathematically 
tractable, computationally less demanding and inclusive of phenomenological details of protein aggregation. The 
key feature of our model is the incorporation of a conformational switching rate that governs fibril growth and 
extension—the typically-observed secondary structural transition from an initial state to a β-sheet rich state55. 
Our linear two-state model comprising of polymerization, depolymerization and switching events is analytically 
solvable under conditions of constant free monomer concentration. Owing to its mathematical tractability, it 
could be a powerful tool that not only provides us with a mechanistic understanding of amyloid aggregation but 
could also be a useful guide while designing amyloid-aggregation based experiments. Additionally, our results 
also provide a method to obtain the hitherto unknown model parameters like the rate of conformational transi-
tion during aggregation. This study sheds light on the minimal set of parameters that could be essential to model 
the phenomenon of protein aggregation. Our work demonstrates the efficacy of models devoid of microscopic 
details in understanding complex self-assembling systems.

Novel signatures of amyloid aggregation. Typical signatures of amyloid growth include features like 
β-sheet propagation and sigmoidal growth kinetics. While these features provide us a method to monitor amyloid 
fibrillation, it would be useful to identify other kinetic signatures of amyloidogenesis. One of the key findings of 
our model is the presence of two kinetic regimes for amyloid fibril growth, each with a distinct dependence on 
concentration. The first regime (Fig. 2, blue solid line) which shows an initial monotonic increase in growth veloc-
ities followed by a saturation in velocities is a potential signature of conformational-transition dependent growth. 
However, in the second regime above a critical concentration ( )⁎C[ ] , we predict a linear dependence on the free 
monomer concentration (Fig. 2, pink dotted line). Interestingly, the magnitude of the saturation velocity in the 
first regime is limited by the the switching rate itself.

Our results suggest that this saturation of growth velocities at higher concentrations in the first regime could 
be a signature of polymerizing systems that are accompanied by conformational switching. In the absence of 
the stabilization provided by the conformational transition, further extension would be disfavored due to very 
weak polymerizing tendency. Therefore, such filaments grow by polymerization that is accompanied by confor-
mational switching that leads to disfavored depolymerization, allowing them to elongate further. Crucially, such 
a saturation in elongation velocities that emerges from our model has also been reported experimentally9. Our 
framework provides a novel structural and conformational basis for this experimentally observed saturation. We 
therefore suggest that the concentration-velocity profile could be used to characterize the nature of aggregation, 
with saturation of growth velocities at higher concentrations pointing towards self-assembly that is accompanied 
by conformational transition which stabilizes the aggregate.

Figure 7. Distribution of growth timescales (green, circles) and stop timescales (red, squares) 
computed over the first 60 hours of filament growth. The curves are exponential functions plotted as a 
guide to the eye. The inset shows filament growth kinetics from our model exhibiting stop and go 
kinetics. The results are consistent withe experimental findings10,11. The parameters used here are 

µ= .+ − −k M hr36cc
1 1, µ= . .+ − −k M hr0 00378cb

1 1, = , = .− − − −k hr k hr720 0 054cc cb
1 1, = −k min69cb

s 1.
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The analytically computed growth velocities also conform to the early stage growth velocities computed from 
our mass-conserved simulations. This indicates that even in traditional experimental setups where there is deple-
tion in free monomer concentration during polymerization, our model can be used to predict the early growth 
kinetics reliably. The kinetic Monte carlo simulations performed under a mass-conserved setup point towards 
another interesting signature of amyloid aggregation which is the relationship between the rate of conformational 
transition and diversity in filament lengths. The time-dependence of the heterogeneity reveals interesting aspects 
of conformational-transition dependent aggregation. The filament length heterogeneity continues to increase till 
a certain time during the growth, declines and eventually stabilizes owing to the stable nature of β-rich fibrils 
(Fig. 6). The time at which this peak (Fig. 6) in variance is observed showed an inverse proportionality to the 
conformational switching rate, kcb

s . Thus, our model predicts that the time taken to observe the maximum heter-
ogeneity in filament length could be another vital indicator of the amyloidogenic propensity of any protein/pep-
tide. Additionally, the extent of diversity also decreases with an increase in the rate of conformational switching, 
suggesting that any change in environmental conditions that promote β-sheet development or stabilizes the steric 
zipper structure could alter the heterogeneity of system. We predict that a greater propensity to access the β-rich 
state would result in lower diversity in filament lengths. This might have implications on the potential toxic nature 
of these aggregates, with evidences pointing towards the role of smaller filaments in causing cell damage12,38.

Amyloid fibrils could act as stable agents against external forces in the order of piconew-
tons. Based upon the expressions that we derived for filament growth velocities, we also aimed at estimating 
the extent of force that these filaments could potentially generate. Although, there is no documented literature 
of amyloid-like fibrils being exploited for their force-generation ability in vivo, an understanding of their force 
generation potential could be of vital interest while exploiting the material properties of amyloids. Recent in 
vitro studies also reveal the force generation potential of these fibrils36. Using our model, we attempt to provide a 
generic framework for the plausible force generation potential of amyloids. The force-velocity profiles predicted 
in the current study could also serve as a guide for understanding the growth of these structures in greater detail. 
For instance, the concave force-velocity curve that we predict for amyloid fibrils is contrary to the convex profile 
observed in case of cytoskeletal filaments like microtubules. This could emerge from the stabilizing nature of 
structural transition within amyloids. Additionally, our study could supplement future experiments and help us 
understand how the forces get distributed between polymerization and depolymerization events.

Our study further reiterates the ability of growing amyloids to generate forces in the order of piconewtons, 
comparable in magnitude to the forces generated by native mechanical force generators of the cell like the cytose-
keletal filaments. This might have potential ramifications in situations where polymerization is aberrant, unreg-
ulated and detrimental to the cell, like in neurodegenerative diseases like AD and PD which are known to be 
major causes of cell death and tissue damage. Our theoretical prediction of the force-velocity relationship for 
these fibrils reveals that these filaments could be extremely resistant to small fluctuations in forces in the order of 
piconewtons. Therefore, a large buildup of such aberrantly polymerized structures could lead to forces, potentially 
large enough to cause cell and tissue damage.

Multi-phasic nature of proteins/peptides. A plethora of studies have shown that a wide range of pro-
teins could be driven to access the amyloid-state upon modulating various environmental conditions8,49–54. This 
suggests that the same protein/peptide could remain in its functional form, assume a disordered aggregated struc-
ture or assemble into amyloid-like structures based upon the solution conditions. Using our analytical expres-
sions for growth velocities of the aggregate (v f  and )vb  in equations 6 and 7, we construct a phase diagram which 
can similarly predict multiple states of the peptide with monomer concentration and switching rate ( )kcb

s  being 
our phase parameters. The phases predicted from our model are based on the assumption of an arbitrary critical 
growth velocity with which the filament has to grow in order for visible aggregation to occur at meaningful times-
cales. The various phases are based on the overall aggregate velocity as well as β-sheet growth velocities reaching 
this critical velocity at any point on the phase space. It must be noted that while our choice of critical growth 
velocity used to construct the phase diagram in Fig. 5 might be arbitrary, the same could be extended to any value 
of critical velocity which might be experimentally meaningful. Our findings suggest three major phases which the 
peptide/protein could access depending upon the two parameters. Below a certain critical concentration, the fil-
ament growth velocities would be negligibly low and there may not be any visible signs of protein aggregation at 
biologically relevant timescales, enabling the scavenging and clearance mechanisms within the cell to act on these 
incorrectly aggregated structures. Even upon reaching this critical concentration, the protein/peptide can exist in 
any of its two self-assembled states based upon a second parameter, which in this case is the switching rate. A 
similar observation for the non-linear dependence of amyloid-growth on concentration has also been previously 
reported by Schmit et al.56 wherein they report that any change in solution conditions which might stabilize the 
formation of a steric zipper could lead to a shift in equilibrium from the disordered oligomeric state to the fibrillar 
state. From our model, we speculate that the conformational switching rate kcb

s  could thus not only be an intrinsic 
property of the peptide which might characterize its amyloidogenic propensity but also a factor that can be mod-
ulated by other external factors like pH, salt concentration, ionic strength of the buffer or the presence of 
co-factors that promote amyloidogenesis. This is supported by experiments which suggest that presence of glycos-
aminoglycans, co-factors or ions could enable a change in morphology of a protein/peptide39,49,51–53. Thus, by 
modulating the environmental factors or even due to sequence level effects, the predominant phase could could 
be shifted from one phase to the other.

Contrary to early studies which regarded amyloid fibrils to be the causative agents for neurodegenerative 
diseases, more recent studies have suggested that stabilizing the aggregates in their stable amyloid-like state could 
actually lead to a reduction in toxicity38,39,41. These suggestions are in line with studies which suggest that dis-
ordered oligomeric species could result in cell death owing to their higher hydrophobic surface exposure57,58. It 
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is thereby imperative to understand the factors that govern the predominant state in which a peptide exists in 
response to varying environmental and intrinsic factors. Our theoretical framework, in principle demonstrates 
the ability to account for this multi-state behavior of peptides/proteins. A knowledge of such a phase space for a 
protein/peptide could thus help us significantly while devising strategies to tackle protein aggregation or while 
trying to enhance the self-assembling properties of a peptide/protein.

Applicability of the constant concentration analytical theory for understanding amyloidogen-
esis. Our linear aggregation theory and the analytical expressions have been developed under the assumption 
of constant free monomer concentration. Traditional in vitro experiments are performed under depleting mass 
conserved conditions wherein the monomer concentration progressively gets depleted. However, experiments 
can be performed wherein monomers are constantly flowed in to maintain a constant concentration of mono-
mers in the solution36. Experiments performed under such a carefully controlled fixed concentration setup could 
be used in conjunction with the current theory to enable us to gain insights into the intrinsic amyloidogenic 
tendencies of various proteins (Fig. 8). For instance, the current model, along with single filament growth exper-
iments performed under a constant concentration setup could allow one to understand the mechanism by which 
a mutation could alter amyloidogenic property of a protein. This can be achieved by identifying the rates (in the 
current model) that get altered upon introduction of a mutation. This is possible due to the fact that growth veloc-
ities of any filament under the fixed concentration assumption would be unaffected by secondary processes like 
fragmentation. This model could thus act as a generic framework upon which we can compare the differences in 
amyloidogenic tendencies of various peptides.

Traditionally, amyloid aggregation has been modeled using primary growth events like nucleation, polymeri-
zation and depolymerization. However, recent studies have shown the role of secondary events like fibril fragmen-
tation in the aggregation kinetics of amyloids15,59,60. Our model does not include any contribution of secondary 
growth events in the growth kinetics. The objective of the current work is to understand the growth of a seed in 
solution given a free monomer concentration. The analytical solutions for the growth velocities represent the rate 
with which any seed (both primary and secondary seeds formed due to processes like fragmentation) would grow 
under a given condition. Therefore under conditions of fixed free monomer concentration, even a secondary 
nucleus which forms upon fragmentation would grow at velocities predicted by our analytical solutions. In order 
to further emphasize on this point, we performed simulations under the constant concentration setup, in the 
presence of fibril breakage. The details of the setup is described in Supplementary Text S2 and the model is sche-
matically depicted in Supplementary Fig. S9A. In Fig. S9B, we show the lengths for various growing fragments as 
a function of time, using an extension of our model in which a growing filament can also fragment at some rate, 
under constant free monomer concentration, leading to formation of new seeds for growth. The results show 

Figure 8. Suggested experimental design using the analytical theory. Experiments could be performed 
under conditions of constant free monomer concentration by constantly flowing in free monomers through a 
flow setup. The filament growth velocities under varying concentrations could be used to compute the growth 
parameters for different proteins. The framework could thus be used to compare amyloidogenic propensities of 
different proteins.
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that each new seed that results after fragmentation grows with similar steady state velocities, as apparent from 
their identical slopes. Experiments performed under conditions where there is a constant supply of free mono-
mers in solution, under the current kinetic framework could thus yield us insights into the native tendencies of 
proteins/peptides to aggregate into β-sheet rich structures. Although typical experimental studies are performed 
under conditions of depleting monomer concentration, the current model may still be used to predict the early 
growth velocities for every new seed (under monomer concentration at that instant) formed upon fragmentation. 
However, the current model might not be suited for comparison with bulk experimental studies.

Connecting the theory with experiments. One of the important applications of this model is its poten-
tial to be used as a tool for designing experiments that could help us understand the phenomenon of amyloi-
dogenesis in greater detail. As discussed earlier, the concentration-velocity relationship could yield vital kinetic 
information about the polymerizing protein/peptide. Since velocities are measurable experimentally, in principle, 
we can get many of the amyloid fibril kinetic parameters by comparing our theoretical predictions with experi-
mental data, if available. For example, if one can measure velocity in regime 2, by fitting a straight line (eq. 7), one 
should obtain values for +kcc  and −kcc . Similarly, the saturation point of the concentration-velocity profile would 
yield us the conformational transition rate, kcb

s . These rates could be useful in defining the propensity of various 
peptides/proteins to form amyloid-like structures. Additionally, these parameters could yield further insights into 
the mechanism by which various agents like mutations and solution conditions could modulate the fibrillation 
kinetics of amyloids by probing the rates that get altered. Furthermore, with the knowledge of the relationship 
between conformational switching rate and filament length heterogeneity, experiments could be setup to study 
the diversity in filament lengths under varying conditions favoring or disfavoring conformational transition. This 
would help us understand the propensity of the protein/peptide to undergo a transition to the β-rich state and the 
mechanism by which aggregation inducers might promote amyloid formation.
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