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The Holevo bound is a keystone in many applications of quantum information theory. We propose
- “ maximal Holevo quantity for weak measurements” as the generalization of the maximal Holevo
Published: 19 June 2015 : quantity which is defined by the optimal projective measurements. The scenarios that weak
" measurements is necessary are that only the weak measurements can be performed because for
example the system is macroscopic or that one intentionally tries to do so such that the disturbance
on the measured system can be controlled for example in quantum key distribution protocols. We
evaluate systematically the maximal Holevo quantity for weak measurements for Bell-diagonal
states and find a series of results. Furthermore, we find that weak measurements can be realized by
noise and project measurements.
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Weak measurements was introduced by Aharonov, Albert, and Vaidman (AAV)! in 1988. The standard
measurements can be realized as a sequence of weak measurements which result in small changes to the
quantum state for all outcomes?. Weak measurements realized by some experiments are also very useful
for high-precision measurements®”’.

The quantum correlations of quantum states include entanglement and other kinds of nonclassical
correlations. It is well known that the quantum correlations are more general than the well-studied
entanglement®®. Quantum discord, a quantum correlation measure differing from entanglement, is intro-
duced by Oliver and Zurek!? and independently by Henderson and Vedral'l. It quantifies the difference
between the mutual information and maximum classical mutual information, i.e., it is a measure of the
difference between total correlation and the classical correlation. Significant developments have been
achieved in studying properties and applications of quantum discord. In particular, there are some ana-
lytical expressions for quantum discord for two-qubit states, such as for the X states'?”!”. Besides,
researches on the dynamics of quantum discord in various noisy environments have revealed many
attractive features’®?. It is demonstrated that discord is more robust than entanglement for both
Markovian and non-Markovian dissipative processes. As with projection measurements, weak measure-
ments are also applied to study the quantification of quantum correlation. For example, the super quan-
tum correlation based on weak measurements has attracted much attention*'-2>.

In general, maximum classical mutual information is called classical correlation which represents the
difference in von Neumann entropy before and after the measurements!!. A similarly defined quantity is
the Holevo bound which measures the capacity of quantum states for classical communication®®?’. The
Holevo bound is an exceedingly useful upper bound on the accessible information that plays an impor-
tant role in many applications of quantum information theory®. It is a keystone in the proof of many
results in quantum information theory®-*,

The maximal Holevo quantity for projective measurements (MHQPM) has been investigated®®. Due
to the fundamental role of weak measurements, it is interesting to know how MHQPM will be if weak
measurements are taken into account. Recently, it is shown that weak measurements performed on one
of the subsystems can lead to “super quantum discord” which is always larger than the normal quantum
discord captured by projective measurements®!. It is natural to ask whether weak measurements can
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also capture more classical correlations. In this article, we shall give the definition of “super classical
correlation” by weak measurements as the generalization of classical correlation defined for standard
projective measurements. As the generalization of MHQPM, we propose “ maximal Holevo quantity for
weak measurements (MHQWM)”. Interestingly, by tuning continuously from strong measurements to
weak measurements, the discrepancy between MHQWM and MHQPM becomes larger. Such phenom-
enon also exits between super classical correlation and classical correlation. In comparison with super
quantum discord which is larger than the standard discord, MHQWM and super classical correlation
becomes less when weak measurements are applied, while they are completely the same for projective
measurements. In this sense, weak measurements do not capture more classical correlations. It depends
on the specified measure of correlations. We calculate MHQPM for Bell-diagonal states, and compare
the results with classical correlation. We give super classical correlation and MHQWM for Bell-diagonal
states and compare the relations among super quantum correlations, quantum correlations, classical
correlation, super classical correlation, and entanglement. The dynamic behavior of MHQWM under
decoherence is also investigated.

Results
Maximal holevo quantity for projective measurements and weak measurements. The quan-
tum discord for a bipartite quantum state p,p with the projection measurements {H,B } performed on the

subsystem B is the difference between the mutual information I(p,5)** and classical correlation J5(p , ,)
11.

D(PAB):I(IJAB) _]B(pAB)7 (1)
where
I(PAB):S(PA)+S(PB)—S(PAB), (2)
T5(p4p) = S{up{s (p)) = 22p,S (pA|,»)}
By i
=S — mi S ),

(p,) = min) ;S (0 1) 3)
with the minimization going over all projection measurements {HIB }, where S (p) = — tr (p logzp) is the
von Neumann entropy of a quantum state p, p,, pp are the reduced density matrices of p,p and

B B 1 B B
py=traplTa @ I7) pyp(Ta @ 1)1, Pai = p_ trp[(I, ® 1) pyp(Ta @ 1I7) ] (4)
i

The Holevo quantity of the ensemble {Pi; pA|i}33 that is prepared for A by B via B’s local measure-
ments is given by

X (P sl {17} = X{Pi; pA|i} = S[ZpipAh - Zpis(pA\i)'

()

It denotes the upper bound of As accessible information about B’s measurement result when B pro-
jects its system by the projection operaters {H? }- The Maximal Holevo quantity for projective measure-
ments (MHQPM)* of the state p,z over all local projective measurements on B’s system, denoted by
C1(pap), is defined as

Ci(pp) = r{gng{ﬂAB\HiB}k

(6)
The weak measurement operators are given by?
1 — tanh 1 + tanh
Px) = f( an x)H0+ ,( + tan X)Hu
2 2
(I 4+ tanh x) \/(1 — tanh x)
P(—x) = I, + 11,
(—x) \/ 2 0 2 1 (7)

where x is the measurement strength parameter, II, and II, are two orthogonal projectors with
I, + II, = I. The weak measurement operators satisfy: (i) P (x)P (x) + P'( — x)P( — x) = I, (ii)
lim, P(x) =1I,andlim, P( — x) = II,.

X— 00 X—00
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Recently, super quantum discord for bipartite quantum state p,; with weak measurements on the
subsystem B has been proposed?!. Similarly to the definition of quantum discord, we give another form
of definition of super quantum discord. We define super classical correlation J (p , ) for bipartite quan-
tum state p,; with the weak measurements {P? ( £ x)} performed on the subsystem B as follow. The
super quantum discord denoted by D, (p,p) is the difference between the mutual information I(p,,) and

super classical correlation Ji (p ,,), i-e.,

Dw(pAB) = I(pAB) - ]l?/(pAB)’ (8)

where
I(pAB)ZS(pA)-I—S(pB)—S(pAB), (9)
T (P ) = s{;u;{s (p) = SWAIPT (X))}
=5(p,) = min {p()S (0ypa() + P (=S (s )} o)

with the minimization going over all weak measurements,

Sw(AIP"()}) = P(X)S (pypry) + 2 (= S (0400 0)- (11)
p(£x) = l‘rAB[(I®PB(:I:x))pAB(I®PB(:l:x))]7 (12)

tr gl ® PB(:tx))pAB(I ® PB(:I:x))]
tr 45l (I® PP (£x))p,,(I® PP (£x))]’ (13)

P APt (4x) =

where {P” (x)} is weak measurement operators performed on the subsystem B.
Now, let us define the Holevo quantity of the ensemble {p (£x)p AlP5( ix)} for weak measurements
on the subsystem B,

X" Ap 5l P (£2)}} = X{P( + x); pA|PB(:l:x)}

=S [gp (£x) pApB(ix)] - :tzxp (£x)S (pA|PB(ix))' (14)

It denotes the upper bound of A’s accessible information about B’s measurement results when B pro-
jects the system with the weak measurements operaters {P ( £+ x)}. We define maximum value of the
Holevo quantity over all local weak measurements on B’s system to be the maximal Holevo quantity for
weak measurements (MHQWM). MHQWM denoted by C," (p , ), is given by

Gl (pap) = X x™ 19,15/ P ( £ 2)}). (15)

Next, we consider MHQPM and MHQWM for two-qubit Bell-diagonal states,
IRI+ > co,® 0
14 AB — ( 1231 iYi ) (1 6)

where I is the identity matrix, —1 <¢;< 1. The marginal states of p,y are p A= P = é The MHQPM
for Bell-diagonal states is given as

1-C 1+ C
Cilp yp) = maxx {p 4|II7[} = log(1 — C) + log(1 + C),
{H,-} (17)
where C = max{|c,|, |c,]|, [c5]}. We find that MHQPM C,(p,4) equals to the classical correlation J5(p4p),
Cl(pAB) = ]B(pAB)' (18)

The MHQWM of two-qubit Bell-diagonal states is given by
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CIW (pAB) = {;’I(ljé:li()}xw{pABHP( + x)}}

The super classical correlation of two-qubit Bell-diagonal states is given by

T (p4p) = suplS(p,) — S, (A[{P" (x)})}

By
1 — C tanh x 1+ C tanh x
= ——————— log(l — C tanh x) + ———— log(1 + C tanh x).
) g( ) ) g( ) (20)
MHQWM C/* (p ,,) equals to super classical correlation J3 (p , ), i-€.
C1W (pAB) = ]l?/ (pAB)‘ (21)

Then, we compare MHQWM (super classical correlation), MHQPM (classical correlation), super
quantum discord, quantum discord, and entanglement of formation. For simplicity, we choose Werner
states, ¢, =c,=c;=—2,

e (-2
pAB_Z‘\II)(\II|+ 4 I7Z€[07 1]7 (22)
where [U7) = (|01) — |10))/-/2. Set z = -~ The Werner states have the form
-1 _g-ap
=50 a) ’ (23)

where —1 < a< 1, Iisthe identity operator in the 4-dimensional Hilbert space,and P = 21.2 ].:1|i) (il @ i) (il
is the operator that exchanges A and B. The entanglement of formation E, for the Werner states is given

as Ec(p,) =h %(1 + ,\/1 - [maX(O, 2a:a1)]2) , by h(x) = — x log x — (1 — x)log(1 — x). The

2
MHQPM for werner states is given by, see Eq. (48) in section Method,

-z 1+z
5 log(1 — z) + 5 log(1 + z). (24)

The MHQWM for werner states is given by, see Eq. (57) in section Method,

Cl(pAB) =

Cl" (p,p) = w log(1 — z tanh x) + 142 tanh ¥ log(1 + z tanh x)

2 ' (25)

Quantum discord for Werner states is given by'?

—z 1+ 2z 1+ 3z
D = log(1 — z) — log(1 + z) + log(1 + 3z).
Super quantum discord for Werner states is given by*
31 -z 1 -z 1+ 3z 1+ 3z
Dy(pp) = ( ,” ) log[ 4 ) log[ J

1- h —
+1_[( z tanh x) log[l ztanhx]

2
[1+ztanhx

1 tanh
+(+zan x)

lo
2 g

(27)

In Fig. 1 we plot MHQWM, MHQPM, super quantum discord, quantum discord, and entanglement
of formation for Werner states. We find that super quantum discord , quantum discord, MHQPM and
MHQWM have the relation, D,, > D > J;(C,) > J (C,"). For the case of projection measurements,
lim x — oo, we have D, = D, J;(C,) = J5 (C;"). MHQWM approaches to zero for smaller values of
x. MHQWM approaches to MHQPM and super quantum discord approaches to quantum discord for
larger values of x. MHQWM and MHQPM are larger than the entanglement of formation for small z
and smaller than the entanglement of formation for big z. It shows that MHQWM and MHQPM can not
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Figure 1. MHQWM (super classical correlation) (dashed green line), MHQPM (classical correlation) (solid
blue line), quantum discord(solid cyan line), super quantum discord (dashed black line), and entanglement
of formation(solid red line) for the Werner states as a function of z: x=0.25 and x=2.5.

always capture more correlation than the entanglement as super quantum discord and quantum discord
do.

As a natural generalization of the classical mutual information, the classical correlation represents the
difference in von Neumann entropy before and after projection measurements, i.e.,

]B (pAB) =3 (pA) - I;rl}llfl}lzl:pls(pAh) (28)

Similarly, the super classical correlation represents the difference in von Neumann entropy before and
after weak measurements, i.e.,

¥ o) = 8000 = min (S (1) + (= 9800 )|

(29)

As weak measurements disturb the subsystem of a composite system weakly, the information is less
lost and destroyed by weak measurements on the subsystem alone. That is the physical interpretation that
the super classical correlation is smaller than the classical correlation, J3 (C}") < J5(C,). According to
this fact, we can infer that weak measurements can capture more quantum correlation than projection
measurements. In fact, the super quantum correlation D, (p,,) = I(p ;) — J§ (p ;) is lager than the
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BF Ey= 1 —p/21,E = \Jp/20,
PF Ey= 1 -p/21,E = .p/20,
BPF Ey= 1 -p/21,E = |p/20,
1 0 1-— 0
GAD Eozﬁ[o m],EZ: Iil—p[v N 1]
0 0 0
Elzﬁ(o Jj],}%:.\l*[][ﬂ 0]

Table 1. Kraus operators for the quantum channels: bit flip (BF), phase flip (PF), bit-phase flip (BPF), and
generalized amplitude damping (GAD), where p and +y are decoherence probabilities, 0 < p<1, 0<y< 1.

BF o c(1—p)* c5(1—p)*
PF o(1-p)* c(1—p)* c
BPF a(l-p)’ o o(1-p)?
GAD a(l-7) o(1-7) o(1=7)

Table 2. Correlation functions for the quantum operations: bit flip (BF), phase flip (PF), bit-phase flip
(BPF), and generalized amplitude damping (GAD). For GAD, we fixed p=1/2.

quantum correlation D (p ,,) = I(p,,) — Jp(p ,p)- There is a similarity to the Holevo quantity which
measures the capacity of quantum states for classical communication.

Dynamics of MHQWM of Bell-diagonal states under local nondissipative channels. We will
consider the system-environment interaction®® through the evolution of a quantum state p under a
trace-preserving quantum operation (p),

() = XyE e E)p(E o), (30)

where {E;} is the set of Kraus operators associated to a decohering process of a single qubit, with
S WE{E, = I. We will use the Kraus operators in Table 1% to describe a variety of channels considered
in this work.

The decoherence processes BF, PE, and BPF in Table 1 preserve the Bell-diagonal form of the density
operator p,p. For the case of GAD, the Bell-diagonal form is kept for arbitrary v and p=1/2. In this
situation, we can write the quantum operation £(p) as

1 3
elpgp) = —|1® 1+ ) o, ® 0y,
ABS Ty ,; (31)

where the values of the ¢/}, ¢/,, ¢5 are given in Table 2%.

When |¢)| = max {|ei], [es], [es]}s [es| = max {le, [eals [es]h |eo = max {[ei], [ea, |es), respec-
tively, we have that |¢,|, |¢;], |c,| are the maximal values among ¢/}, ¢/,, ¢’5 in each line of Tabel 2 . As
e(p) are also Bell-diagonal states, from Egs. (46), (48), (49), (57), (58) we find that classical correlation,
MHQPMV, super classical correlation, and MHQWM for Bell-diagonal states through any channel of bit
flip, phase flip, bit-phase flip remain unchanged. In particular, for Werner states, we find that classical
correlation, MHQPM, super classical correlation, and MHQWM for Werner states keep unchanged
under all channels of bit flip, phase flip, bit-phase flip.

The MHQPM of the Werner states under generalized amplitude damping is given by

1-2z(1-7)
2

1+2z(1—7)

NCy(p,p) = log[l —z(1 — )]+ log[l +z(1 —7)]. (32)

The MHQWM of the Werner states under generalized amplitude damping is given by

1 —z(1— v)tanh x
2

1+ z(1 — v)tanh x
2

NC" (p,,) = log[l — z (1 — 7)tanh x]

log[1 + z (1 — v)tanh x]. (33)
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1.0

Figure 2. The MHQWM (super classical correlation) {x= 0.5 (blue surface), x= 1(gray surface)} and the
MHQPM (classical correlation)(orange surface) for the Werner states under generalized amplitude damping
channel as a function of z and ~.

In Fig. 2, as an example, the dynamic behaviors of the MHQWM and MHQPM for the Werner
states under the generalized amplitude damping channel are depicted for x=0.5 and x= 1. Against the
decoherence, when x increases, MHQWM become greater. MHQWM approaches to MHQPM for larger
x under the generalized amplitude damping channel. MHQWM and MHQPM increase as z increases.
Then as + increases, MHQWM and MHQPM decrease.

Weak measurements can be realized by noise and project measurements. Now we study the
realization of weak measurements by means of depolarizing noise and project measurements. The depo-
larizing noise is an important type of quantum noise that transforms a single qubit state into a completely
mixed state I/2 with probability p and leaves a qubit state untouched with probability 1 — p. The operators
for single qubit depolarizing noise are given by*’

o= T2 (g 0) 2= [E(} }).

3

D; = g(? _Oi>» D, = E(é _01)’ (34)

where p=1—e¢". Then the Bell-diagonal states under the depolarizing noise acting on the first qubit of
quantum state p, are given by*’

4 3
I®1+ [1 - ?p]Zciaitgoi

i=1

1
E(pAB) = Z

(35)

As e(pyp) is also a Bell-diagonal state, after projective measurements on B, see Eq. (41) in section
Method, the state £(p,5) becomes the following ensemble with p,=p = % and

)

1 4p
Po= Ell + (1 - ?)(C1Z1‘71 + 62,05 + €32303)

1

Py >

4p
I— (1 - —)(c2,0, + €,2,0, + c3250
1= (1= Dyemo+ e+ ez )
Comparing Eq. (36) with the ensemble after weak measurements Eq. (52) in section Method, when
1 — 2 — tanh x, we obtain that weak measurements can be realized by means of depolarizing noise
and projective measurements.

Discussion
We have evaluated analytically MHQPM for Bell-diagonal states and find that it equals to the classical
correlation. We have given the definition of “super classical correlation” by weak measurements as the
generalization of classical correlation defined by standard projective measurements. We have evaluated
super classical correlation for Bell-diagonal states and find that it is smaller than the classical correlation
and approaches the classical correlation by tuning the weak measurements continuously to the projective
measurements. We have shown the physical implications that weak measurements can capture more
quantum correlation than projective measurements.

As the generalization of the MHQPM defined by projective measurements, we have also proposed
MHQWM by weak measurements. We have evaluated MHQWM for Bell-diagonal states and find that
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it is smaller than MHQPM in general. Moreover, it has been shown that MHQWM equals to super
classical correlation.

As applications, the dynamic behavior of the MHQWM under decoherence has been investigated. For
some special Bell-diagonal states, we found that MHQWM remain unchanged under all channels of bit
flip, phase flip and bit-phase flip.

The dynamical behaviors of the MHQWM for Werner states under the generalized amplitude damp-
ing channel have been investigated. Under the generalized amplitude damping channel, MHQWM
becomes greater when x increases and approaches to MHQPM for larger x. MHQWM increases as z
increases. MHQWM decreases as 7y increases. Above all, it has been shown that weak measurements can
be realized by means of depolarizing noise and projective measurements.

The Holevo bound is a keystone in quantum information theory and plays important roles in many
quantum information processing. While MHQPM provides us different perspectives about classical
correlations. The behaviors of the MHQWM vary a lot with the strength of the weak measurements.
Those measures can be applied to various protocols in quantum information processing, and identify the
importance of the classical correlations in those protocols.

Methods

Calculation of the MHQPM for Bell-diagonal states. We compute the MHQPM C,(p,5) of
Bell-diagonal states. Let {II, = |k) (k|, k = 0, 1} be the local measurements on the system B along the
computational base |k). Any von Neumann measurement on the system B can be written as

(B, = VI,V : k=0, 1} (37)

for some unitary V€ U(2). Any unitary V can be written as
V=tl+iyd (38)
with t € R, 7 = (yl7 Yy y3) € R} and t? + y12 + y22 + y32 = 1. After the measurements B,, the state

pap Will be changed to the ensemble { P apo pk} with

1
pA|k: = p_(1® Bk)p(1® Bk)v
k

(39)
pp = tr s(I® B)p (I ® By). (40)
After some algebraic calculations'?, we obtain p v =P = % and
1
Pajp = E[I + (62101 + €,2,0, + ¢32503) ],
1
- [- ,
Papn=5 (I — (12101 + 32505 + €32303)] (a1)
where
g =2(—ty, +yp,), =2y, +y,0,), =14y — 5 -y, (42)
Therefore,
SI> ..l = s[i] =1
p il” Ali 2 (43)
Denote § = \/|clzl|2 + |62,/ + [esz5]” - Then
1-40 1-10 1+46 1+96
S(pA|0) - S(pA|1) - 5 log 5 - D) log 5 (44)
and
1 1 1-4 1-6 1+60 1+6
N ) ==S + =S = - lo — lo .
It can be directly verified that z + z; 4 z; = 1. Let
C = max{lq, [¢,], [esl}, (46)
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then we have § < /J|C|2 (|21 + |25 + |z3*) = C. Hence we get sup § = ¢ and 0€ [0, C]. It can be
4
verified that 3 p S (p A‘i) is a monotonically decreasing function of 6 in the interval of [0, C]. The mini-

mal value of 37p.S (p A|l,) can be attained at the point C,

1-C 1-C 14C 1+C
i S )=- 1 — 1 .
I{II}III}IZP (P ap) S log — S log — ()
By Egs. (43) and (47), we obtain
Culp ap) = max (9 4ulTL7})
=1- miBn ZPiS(PA‘i)
Ly i
1-C 1+C
= log(l — C) + log(1 + C).
Asp, = é, the classical correlation J(p,4p) is given by
]B(pAB) = Sup{s (pA) - prs(pA|,)}
{Bk} i
=S(p,) - I{Iﬁg}lZpiS )
1-C 14+ C
= log(1 — C) + log(1 + C).
) Og( ) Og( ) (49)

Calculation of the MHQWM for Bell-diagonal states. Let {II, = |k) (k|, k = 0, 1} be the local
measurements for the part B along the computational base |k). Then any weak measurement operators
on the system B can be written as

1 tanh 1 + tanh
Top(+x= [TEERD gy /%m vIL VY, s0)

for some unitary V€ U(2) of the form Eq. (38).
After weak measurements the resulting ensemble is given by {p ( = x), pA|P® ( + x)}. We need to
evaluate p AlPP (x) and p(+x). By using the relations'?,

Vie V= (1 + 37 =y =y} or+ 2(ty, + yp,) o0+ 2(— ty, + y9,) 03,

Vie,V=2(—ty, +yp,)o0+ (2 +y; — 3> = y))oy+ 2(ty, + 7,9,) 03,

VTUSV: 2(ty2 + y1y3)01 + 2( - t)’l + y2y3)02 + (t2 + y32 - ylz - y22)037 (51)
and I1 0,11, = II, II 0,11, = — II,, HjUkHj =0for j =0, 1 k=1, 2, from Egs. (12) and (13), we
obtain p( + x) = %and

1
Papi(en) = 5 [I — tanh x(c,;2\0, + ¢,2,0, + €32505)],

1
Papp(—x) = 5 (I + tanh x (62,0 + €,2,0, + €323053)], (52)

where z, = 2( — ty, + y1y3), Z, = Z(ty1 + y2y3) and z; = 2t y32 - yl2 -

yzz. Therefore, we see
that

S %P( + x)pA|PB(:EX)] - S[E] = b (53)

Denote § = \/|clzl|2 + |62,/ + |esz5/° - Then
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S (pA|PB(+x)) =S (pA\PB(—x))

__1—0tanhx10 1—6’tanhx_1+9tanhxlo 1+ 0 tanh x
2 § 2 2 8 2 T (54)
and
5 1 1
Sw(A‘{P (x)}) = ES (pA|PB(x)) + ES (pA‘pB(_x))
__1—l9tanhx10 1—t9tanhx_1—i—t9tanhxlo 1+ 0 tanh x
- 2 § 2 2 8 2 " (55)

Let C = max{|c|, |c,|, |c5]}, then § < ,\/\c|2(\zl\2 + |z,)* + |z5]*) = C. Hence we get sup 0 = C
{v}
and 0 € [0, C]. It can be verified that S, (A[{P B (x) }) is @ monotonically decreasing function of 6 in the
interval of [0, C]. The minimal value of S, (A| {PB (x)} can be attained at point C,
minSW(A|{PB(x)}) _ o 1- C tanh x log 1 —Ctanhx 1+ C tanh x log
1) 2 2 2
1 + C tanh x
2 ' (56)

By Egs. (53) and (56), we obtain

C (pap) = {Igr(ljg}xw {Papl P (£ x)}}

=1— min S, (A|{P®(x
(hin S, (Al{P7(x)})
1 — C tanh x 1 + C tanh x
=—— "~ Jog(l — C tanh ———— log(l + C tanh x).
5 og( anh x) + 5 0g(l + C tanh x) (57)
Asp, = é, the super classical correlation J (p ) is given by

T3 (p4g) = supiS(p,) — S, (Al P"(x)}))

By
= S(pA) - {Pr?ji?)}{p (x)s(pA‘pB(x>) + P( - x)s(pA‘pB(_x))}
= w log(1 — C tanh x) + w log(1 + C tanh x). (58)
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