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A robust light storage and retrieval (LSR) in high dimensions is highly desirable for light and quantum
information processing. However, most schemes on LSR realized up to now encounter problems due to not
only dissipation, but also dispersion and diffraction, which make LSR with a very low fidelity. Here we
propose a scheme to achieve a robust storage and retrieval of weak nonlinear high-dimensional light pulses
in a coherent atomic gas via electromagnetically induced transparency. We show that it is available to
produce stable (3 + 1)-dimensional light bullets and vortices, which have very attractive physical property
and are suitable to obtain a robust LSR in high dimensions.

has received much attention in recent years'~. One of important techniques for LSR is electromagnetically

induced transparency (EIT)*, a quantum interference effect typical occurring in a three-level atomic system
interacting with a probe and a control laser fields. The origination of EIT is the existence of dark state, which
makes not only the absorption (dissipation) of the probe field largely suppressed but also the LSR possible through
an adiabatical manipulation of the control field.

Up to now, nearly all studies on LSR have been carried out in various schemes working in linear regime™®. Such
schemes are simple but encounter the inevitable problem of pulse spreading due to the existence of dispersion,
which may result in a serious distortion for retrieved pulse. Recently, the EIT-based LSR has been generalized to
weak nonlinear regime, where the storage and retrieval of a (1 + 1)-dimensional [(1 + 1)D] (i.e., the first ‘1’ refers
to one spatial dimension, and the second ‘1’ refers to time) soliton pulse is suggested”*. However, because the (1 +
1)D soliton pulse is unstable in high dimensions due to the existence of diffraction, such scheme is still not realistic
or quite limited. For practical applications of optical quantum memory, a challenged problem is to obtain a light
pulse that is robust (i.e., with a high fidelity) during storage and retrieval in (3 + 1)D.

Before proceeding, we note that in recent years there is much effort focused on high-dimensional optical
solitons due to their rich nonlinear physics and important applications™'°. Although in recent works''~"* (3 + 1)D
light bullets and vortices in coherent atomic systems have been studied, the possibility of their storage and
retrieval is not explored yet to the best of our knowledge.

Here we propose an EIT-based new scheme to realize a robust LSR for (3 + 1)D light pulses in a coherent
atomic ensemble working in a free space. Based on Maxwell-Bloch equations governing the evolution of atoms
and light field we derive a nonlinear equation controlling the motion of the envelope of a probe field. We show the
possibility for obtaining (3 + 1)D light bullets (or called (3 + 1)D spatiotemporal optical solitons™'®) and vortices,
which have ultraslow propagating velocity and extremely low generation power. We further show that these high-
dimensional light pulses can be stabilized by using the balance between dispersion, diffraction, nonlinearity, and
by a far-detuned laser field. We demonstrate that these high-dimensional light pulses can be stored and retrieved
very stably by switching off and on a control field.

T he investigation of light storage and retrieval (LSR), a key technique for realizing optical quantum memory,

Results

Model. We consider a cold, lifetime-broadened A-type three-level atomic gas interacting with a probe field (with
pulse length 7o, center angular frequency m,, and half Rabi frequency €,,) that drives the | 1) < |3) transition,and a
continuous-wave control field (with the center angular frequency w, and half Rabi frequency Q,) that drives |2) <>
|3) transition; see the inset of Fig. 1(a).
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Figure 1 | Model and linear dispersion relation. (a) Possible experimental arrangement of beam geometry. The probe (with angular frequency w, and
half Rabi frequency Q,) and continuous-wave control (with angular frequency o, and half Rabi frequency Q) fields propagate nearly along z direction.
The (orange) thick arrow denotes the Stark field (with angular frequency ;) used to stabilize (3 + 1)D light bullets and vortices. Cold atomic

gas are represented by yellow dots. The inset shows the energy-level diagram and excitation scheme of the A-type three-level atoms. A, and A; are
detunings, I';3 (I',3) is the decay rate from [3) to 1) (I3) to 12)). The atoms are initially populated on the ground state [1). (b) The linear dispersion

relation K(w) of the probe field as a function of w.

For simplicity, we assume the electric field propagates along z
direction with the form E= Zl_Pcelflei(k‘z_“)’t>+c.c., where

/(&) is the unit polarization vector (envelope). A fardetuned laser
field (Stark field) used to stabilize (3 + 1)D light bullets and vortices
(see below) is applied to the system [see Fig. 1(a)] with the form
Estark (x,7,1) = € V2E; (x,y)cos(wst), where e, E;, and wj are the unit
polarization vector, field amplitude, and angular frequency, respect-
ively. Due to the existence of the Stark field, an energy shift for the

level |j) occurs, ie., AEjgsqmk= —aj<E§tark>[/2 = —oj| Eq (x,y)|2/2.
Here «; is the scalar polarizability of the level | j), and - - -) denotes
the time average in one oscillating cycle.

Under electric-dipole and rotating-wave approximations, the
Hamiltonian of the system in the interaction picture reads

5 3
Hine = — ijl hA'|j) (jl —h [Qp\3)<1| +Q.[3)(2] +H.c.], with Aj
=Aj+ [0/(2h)] E’, Q= (ep'P13)Ep/ By and Q.= (ecpy3)Ec/h.
Here A, = w, — o, — ;1 and A; = w, — w3, are respectively
the two- and one-photon detunings, p;; is the electric-dipole matrix
element related to the levels | j) and |I), iwy = E; — E; is the energy
difference between the level |j) and the level |l) with E; the eigen-
energy of the level |f).

The equation of motion for density matrix ¢ in the interaction

picture reads
0 i~
(E +F> g= — ﬁ [Him,(f},

(1)

where ¢ is a 3 X 3 density matrix, I" is a 3 X 3 relaxation matrix
denoting the spontaneous emission and dephasing. The explicit
expressions of Eq. (1) are presented in Methods.

The equation of motion for , can be obtained by the Maxwell
equation V2E — (l/cz) @ZE/é’t2 = [1/ (eocz)] 62P/5t2, where P=N/,
{p13031 exp|i(kpz— wpt)] +P,303: expli(kez— wt)] +c.c.} with N,
the atomic concentration. Under slowly varying envelope approxi-
mation, the Maxwell equation is reduced to ref. 14

(0 n 10 04+ ° o n
] LA
0z " cot) T 2w, \0x?
where K13 =/\/’ucop|p13-ep|2/(260ch), with ¢ the light speed in
vacuum.

Our model can be realized by selecting realistic physical systems.
One of them is the ultracold ¥Rb atomic gas with the energy levels
selected as |1) = |5°S5, F = 1),]2) = |5°S5, F = 2),and |3) = |5°Py 5,
F = 2), respectively. The decay rates are given by I'; ~ 27 x 1.0 kHz,
and I3 ~2mx5.75 MHz, and p,3~p,;=2.54x 107% C cm®. If

atomic density N, =1.1x 10! em ™3, k5 takes the value of 3.0 X
10° cm ™ 's7h

62
0y?

>QP+K13O'31=0, (2)

Nonlinear envelope equation. We use the standard method of
multiple scales developed for EIT system'* to derive the nonlinear
envelope equation for the probe field based on the asymptotic
expansion of the Maxwell-Bloch (MB) Egs. (1) and (2)(see Methods).

| 5:8211 | DOI: 10.1038/srep08211

2



The first-order solution of the asymptotic expansion reads
Ql()l) =F€i6, O'J(ll) = { [(3]3(U)+A2 + iVZl) — (SJZQ::I /D}Feie. Here D =
|Q)? = (@ + Ay + iyy)(@ + Az + iy3;) and 0 = K(w)zy — wty, with
K(w) = w/c + k13(w + A, + iy,1)/D (linear dispersion relation).
Note that the frequency and wave number of the probe field are
respectively given by w, + w and k, + K(w), so @ = 0 corresponds
to the center frequency of probe field.

Fig. 1(b) shows the imaginary and real parts of K(w), i.e., Im(K)
and Re(K). The dashed and solid lines are for Q. = 0 and for Q. = 1.0
X 107 s7, respectively. From the upper panel we see that for Q. = 0
(with no EIT) the probe pulse suffers a large absorption (the dashed
line), whereas for Q. = 1.0 X 107 s™' (with EIT) a transparency
window opens and hence the probe pulse is nearly free of absorption
(the solid line). The lower panel of Fig. 1(b) shows the drastic change
of dispersion due to EIT, which results in a significant reduction of
the group velocity of the probe pulse.

The solvability condition at the second order of the asymptotic
expansion is i[ 0F/0z; + (0K/0w)0F/dt,] = 0, which means that the
probe-pulse envelope F travels with the group velocity V, = (0K/
0w)~". The nonlinear envelope equation for F is obtained from the
solvability condition at the third order, i.e.,

_OF 10*K 0°F c(62 62>

1 - _,\__ b a—— -~ 7
2082 2T 32
0zy  200% 0t 20, \0x{ 0y}

3)
+ Wi |[FPFe 2= + W, |[EW| F =0,

where W1, is the self-phase modulation coefficient of the probe field
and W, is the cross-phase modulation coefficient contributed by the
Stark field. The explicit expressions of W;; and Wy, are given in
Methods.

Combining the solvability conditions (i.e., the equations for F) at
the all orders, we obtain the unified equation for F, which can be
written into the dimensionless form
.8u+1 52+62+52 . ||2
i— + = —+—+—|u u|“u

as 2 \8on 0&r  on? & (4)
+g3 V(é’a”)u = Oa

with u=¢F /Uy, s = z/Lpigs, T = [t — z/Re(V)]/10, ({,1) = (%, 3)/R, &
= Lpig/ Lpisps &2 = Lpist/ Lot 83 = Lpitr Re(W12 )Eé» and V(& n) =
[E(&, n)/Eo]*. Here Uy, R, and E, are respectively the typical Rabi
frequency, beam radius, and field amplitude; Lpix = w,R%/c,
Lpisp = —fé/Re(é’zK/é‘wz), and Lyon = 1/[Re(W11)U§] are
respectively typical diffraction length, dispersion length, and non-
linear length.

Note that the envelope equation (4) includes dispersion, diffrac-
tion, nonlinearity, and “external” potential. When obtaining Eq. (4)
we have neglected the imaginary parts of @K/0cy (j = 1, 2), Wy, and
Wi,. This is reasonable because the system works under the EIT
condition [Q|*>>7,,73; so that their imaginary parts are much smal-
ler than their real parts. In addition, the diffraction, dispersion, and
nonlinearity are assumed to be balanced, i.e., Lpigr = Lpisp = Lxonis

which can be achieved by taking 7o = \/ —Re(0°K /00*) w, /cR and

Upy=1 /c/ [a)pRzRe(W“)] and hence we have g; = g, = 1in Eq. (4).
By taking Ep= 1/\/LDiffRe(W12) we also have gz = 1. The

“external” potential V(&, 1) in Eq. (4) comes from the Stark field,
which can be adjusted and hence useful to control the stability of the
light bullets and vortices.

By choosing the realistic system parameters Q. = 9.0 X 10" Hz, A,
= —6.0 X 10° Hz, A; = —2.0 X 10°* Hz, R = 40 um, 7y = 2.0 X
1077 s, Uy = 2.87 X 107 Hz,and E, = 3.04 X 10* V/cm, we have Lpg
~ Lpisp = Lnont = 1.26 cm, and

Re(V,)=~6.5x10""c. (5)

We see that the probe pulse propagates with an ultraslow group
velocity.

Solutions of (3 + 1)D weak-light bullets and vortices. In order to
obtain high-dimensional nonlinear localized solutions of the system,
we assume the Stark field has the form of Bessel function, i.e.,

E(&n)=Ex]i (\/ 2br> (Es and b are real constants; / is an integer;

r= \/m)- Then Eq. (4) becomes

ou 10> & & 2
ig+§< +a—éz+a—nz> u+|u|2u+v§[]1(\/2_br)} u=0, (6)
with vy = Ey/Ey. Note that Eq. (6) is similar to that obtained in Ref.
16. However, the physics here is different from that in Ref. 16 because
Eq. (6) describes the nonlinear evolution of the probe-field envelope
in the EIT system whereas the equation in Ref. 16 governs the
dynamics of a Bose-Einstein condensate. Using the transformation

U explins), Eq. (6) is reduced into - (44 £y
explius), . 1S reduce mito -\ — —F -
PUKSh B4 2\oe2 a2 T ap

+ WPy +2 I/ (\/ﬁr)] zl,b = ), where pt is a propagation constant.
Fig. 2 shows the power of the probe pulse defined by

+ 0
P=2n J J J i |*dédndr, which is a function of the propagation
— 00

constant y and the potential strength constant v,. Based on the
modified squared-operator method", (3 + 1)D light bullet solutions
are found numerically. Presented in Fig. 2(a) is the result of several
light bullet solutions for the potential parameters I = 0 (ie., the
zeroth-order Bessel function) and b = 1. We see that for different
values of vy (vo = 1.3, 2.0, 2.7), P always increases to a maximum
firstly, and then decreases. The stability domain of the light bullet
solutions is the one with dP/du > 0 according to Vakhitov-
Kolokolov (VK) criterion (see ref. 17), which has been confirmed
numerically by using a propagation method. The isosurfaces (|| =
0.05) of stable light bullet solutions for (vo = 1.3, 4 = 0.5) (the red
one), (Vo = 2.0, u = 1.9) (the blue one), and (vy = 2.7, u = 4.0) (the
green one) have been plotted in the figure.

Fig. 2(b) shows the result of a light vortex solution for the potential
parameters [ = 1 (i.e., the first-order Bessel function) and b = 1. The
light vortex solution with quantum number of orbital angular
momentum m = 1 is found. Because the stability domain of the
vortex solution cannot be obtained by the VK criterion, a propaga-
tion method is used to study its stability. The isosurface (|| = 0.05)
and phase distribution of the vortex solution for (vo = 2.7, u = 1.5)
are plotted in the figure. We found that the vortex solution is fairly
stable during propagation in the region where dP/du > 0.

The threshold of the optical power density Py, for producing the
(3 + 1)D light bullets and vortices given above can be estimated by
using Poynting’s vector'*. For light bullets we obtain

072

u =

P =3.77 x 1077 W. (7)

A similar conclusion is also obtained for light vortices. Consequently,
to produce (3 + 1)D light bullets and vortices in the present system
very low generation power is needed. This is drastically contrast to
conventional optical media, such as glass-based optical fibers, where
generation power at order of kilowatts or even larger is usually
needed to produce light bullets and vortices'.

Storage and retrieval of (3 + 1)D light solitons and vortices. The
principle of EIT-based LSR is well known'®. When switching on the
control field, probe pulse propagates in the atomic medium with
nearly vanishing absorption; by slowly switching off the control
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(a) 0-order Bessel potential

(b) 1-order Bessel potential
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Figure 2 | Solutions of (3 + 1)D light bullets and vortices. (a) Probe-field power P of several light bullet solutions as functions of 1 and v,, with the Stark
field chosen as the zero-order Bessel function (i.e., I = 0). The solid, dashed, and dotted-dashed lines are for v, = 1.3, 2.0, and 2.7, respectively. Insets give
isosurface (/| = 0.05) plots of light bullets for (v, = 1.3, u = 0.5; the red one), (v, = 2.0, u = 1.9; the blue one), and (v, = 2.7, u = 4.0; the green

one), respectively. (b) Probe-field power P of the light vortex solution as a function of y and vy, with the Stark field chosen as the first-order Bessel function
(i.e., = 1). The green solid line is for v, = 2.7. Insets display respectively plots of the isosurface (|| = 0.05) for (vy = 2.7, u = 1.5) of the light vortex and

its phase distribution in x-y plane.

field the probe pulse disappears and gets stored in the form of atomic
coherence; when the control field is switched on again the probe
pulse reappears. However, this principle is usually applied for
linear optical pulses, which may suffer serious distortion due to the
dispersion and/or diffraction. In the following we show that it is
available to realize the LSR of the (3 + 1)D light bullets and
vortices in our present system.

To this end, we consider the solution of the MB Egs. (1) and (2) by
using a control field that is adiabatically changed with time ¢ to realize
the function of its turning on and off. The switching-on and switching-
off of the control field is modeled by the following function

1 t— Totr 1 t—Ton
Q. =Q4q 1 — —tanh —tanh ,
0{ 2tan [ T }—!—ztan [ T }} (8)

N N

where T,gand T, are respectively the times of switching-off and the
switching-on of the control field with a switching time T. The stor-
age time of the light bullets and vortices is approximately given by
Ton = Toft.

We first consider the LSR of the (1 + 1)D soliton pulse, corres-
ponding the case */0&* = ¢°/0n*> = 0 and g3 = 01in Eq. (4). The result
of numerical simulation on the time evolution of |Q,7,| and atomic
coherence g, as functions of z and t is presented in Fig. 3. The red
solid line shown in the upper part of each panel represents the con-
trol field |Q.7o|. Here we choose Ty/ty = 0.2, To/to = 5.0, Ton/To =
15.0, and the other system parameters are mentioned above. The
wave shape of the input probe pulse is taken as a hyperbolic secant

a
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<15 ¢
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= ne3: z=3.0 cm
_g 10 lined: z=4.5 cm
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— 2 © 4
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one, i.e., Q,(0, t) = 7.0 sech(t/7,). Lines 1 to 4 are for propagation
distance z = 0, 1.5, 3.0, and 4.5 cm, respectively.

Shown in Fig. 3(a) is the result of |Q,7|. We see that the retrieved
pulse has nearly the same shape with the one before the storage. The
physical reason of the shape-preservation of the probe pulse before
and after the storage is due to a balance between dispersion and
nonlinearity, i.e., the pulse is indeed a soliton that is rather stable
during the storage and retrieval. Fig. 3(b) shows the atomic coher-
ence g,;, which has been amplified by 20 times for a better visualiza-
tion. We see that 5, is nonzero during the switch-off of the control
field, which is a manifestation of the information transfer (i.e., stor-
age) from the light field to the atomic ensemble.

We now turn to investigate the LSR of the (3 + 1)D light pulses.
Fig. 4 shows the storage and retrieval of the light pulses with the Stark
field taken to be the zero-order Bessel function (the left side of each
column) and the light pulses with the Stark field taken to be the first-
order Bessel function (the right side of each column) for different
probe-field intensities, with the other parameters are the same as
used above. Isosurfaces (|Q,70| = 0.5) for Q7o = 2.0, 7.0, 10.0 at
z = 0 (before the storage), 2.25 cm (during the storage), and 4.5 cm
(after the storage) are illustrated, respectively. The results are the
following: (i) For the case of weak probe-field intensity (the first line
in the figure), the probe pulse broadens before and after the storage;
(ii) For the case of moderate probe-field intensity (the second line in
the figure), the retrieved probe pulse has nearly the same shape with
the one before the storage; (iii) For the case of strong probe-field

(b)

8 15 |ch0| line1: z=0

X line2: z=1.5 cm
b(‘q line3; z=3.0 cm
- 10 lined4: z=4.5 cm
P 12 3 4

e n

o 5
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N
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Figure 3 | Storage and retrieval of (1 4+ 1)D soliton pulse. (a) Evolution of 1Q,7,| and (b) atomic coherence a5, as functions of zand t. For a better
visualization, g,; has been amplified 20 times. Lines 1 to 4 are for z = 0, 1.5, 3.0, and 4.5 cm, respectively. The control field |Q.,! is shown in the upper

part of each panel.
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Figure 4 | Storage and retrieval of (3 + 1)D light pulses with different
probe-field intensities. Storage and retrieval of (3 + 1)D light pulses with
the Stark field taken to be the zero-order Bessel function (the left side of
each column) and the (3 + 1)D light pulses with the Stark field taken to be
the first-order Bessel function (the right side of each column) for different
probe-field intensities (i.e., Q1o = 2.0, 7.0, 10.0) at z = 0 (before the
storage), z = 2.25 cm (during the storage), and z = 4.5 cm (after the
storage), respectively. The second line corresponds to the storage and
retrieval of stable light bullets and vortices. All figures are isosurface plots
with 1Q,70l = 0.5.

intensity (the third line in the figure), the retrieved probe pulse dis-
plays a serious distortion after the storage. From these results, we
conclude that in the regime of the moderate probe-field intensity the
storage and retrieval of (3 + 1)D light pulses are robust, which is
desirable for light and quantum information processing in high
dimensions. This regime is just the one where stable light bullets
and vortices can form.

In order to illustrate more clearly the evolution process of the
storage and retrieval of the stable (3 + 1)D light bullet and vortex
(i.e., the case (ii) described above), in Fig. 5(a), Fig. 5(b), and Fig. 5(c)
we show the numerical result of the evolution of the probe field
(|Q70|) and the control field (|Q.1o|) as functions of time at z = 0,
2.25 cm, and 4.5 cm, respectively. We see that the light bullet and

20 (a) z=0

Pc --------- S
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vortex undergo steps of appearance, disappearance, and reappear-
ance. Presented in the first (second) column of Fig. 5(d) is the light-
intensity distribution in x-y plane of the bullet (vortex) for t/tq = 5.0,
10.0, and 15.0, respectively. The third column is the phase distri-
bution of the light vortex. The result shows that the light bullet
and vortex can be stored around t/ty = 5.0 when the control field
is switched off, and be retrieved around t/t, = 15.0 when the control
field is switched on again. Interestingly, the phase distribution of the
vortex can also be stored and retrieved, which means that the mem-
ory of the light vortex can bring more information than that of the
light bullet.

We have also studied the storage and retrieval of vortices for m =
2. The numerical result shows that these vortices are unstable during
the propagation, and hence a robust storage and retrieval of them are
not available.

Discussion

From the results described above, a robust SLR for the (3 + 1)D
weak-light bullets and vortices is possible by using the cold A-type
three-level atomic system. These results can be easily generalized to
other types of EIT systems with different (such as ladder-type®) level
configurations. Furthermore, our theory can also be used to study the
(3 + 1)D LSR with a Raman scheme®**', which has been suggested to
obtain a broadband quantum memory of linear light pulses and has
been realized recently by experiment by using the atomic ensemble
working at room temperature*>?>*.

In conclusion, we have proposed an EIT-based new scheme to
realize a robust LSR for (3 + 1)D light pulses in a coherent atomic
ensemble. Based on MB equations we have derived a nonlinear equa-
tion controlling the evolution of the probe-field envelope. We have
shown that it is possible to obtain (3 + 1)D light bullets and vortices,
which have very slow propagating velocity and ultra low generation
power. We have further shown that these high-dimensional light
pulses can be stabilized by using the balance between dispersion,
diffraction, nonlinearity, and by a Stark laser field. We have demon-
strated that these high-dimensional light pulses can be stored and
retrieved very stably by switching off and on a control field. Our

_20(b) i i iz=225cm
[= T ittt ] ' [ il
§a15 |QC‘CD i § ( i
T | -
% 10 P .
=) o y
B KT . g
B B
9075 0 5 1015 20 25 30 35 40

t/t

0
(d) '
A: t/ty=5
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B: t/7,=10 0=
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|
s -n‘d
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x/R

Figure 5 | Robust storage and retrieval of (3 + 1)D light bullet and vortex. (a), (b), (c) Evolutions of 1Q,7,! as function of ¢ at the position z =0, z =
2.25 cm, and z = 4.5 cm, respectively. Insets are isosurface plots (1€,7o/ = 0.5) of the light bullet and vortex. (d) Light-intensity distribution of the
light bullet (the first column) and the vortex (the second column) in x-y plane at #/7y = 5.0, 10.0, and 15.0, respectively. The third column shows the phase
distribution of the vortex. The points A, B, Cin (b) correspond to the times /7, = 5.0, 10.0, 15.0 in (d).
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study raise the possibility of guiding a related experiment and have
potential applications in the area of light and quantum information
processing.

Methods

Maxell-Bloch equations. In our semi-classical approach, MB equations are used to
describe the motion of light field and atoms. Explicit expressions of the Bloch
equation in the interaction picture are

.0 . * "
iz on —il13053 + Q05 —Qp03;, =0, (9a)
0 . * "
15022—11"23033 +Ql03 —Q03, =0, (9b)
0
i5,9% +i(T13+123)033 —9;03] +Q,05, — Q03 +Qc03, =0, (9¢)
0 ‘Lo
i~ +dy | 021 — 035, + Q03 =0, (9d)
0
(15 +d31>631—Qp(033—011)+§2¢a'21:0, (9e)
(0 *
i E‘Fdsz 032 —Q (033 —022) +Qp05, =0, (9f)

where djj = A’;— A'; + iy;;. Dephasing rates are defined as y; = (T5+T) /24y iy <ol with
= ZE _j; i being the spontaneous emission rate from the state i) to all lower

energy states |i) and y;fl being the dephasing rate reflecting the loss of phase
coherence between |[j) and ).

o0
Asymptotic expansion. Assume ¢j; = Zq: ol i ,w1th

qup » and =B, Thusdy=d\ +¢dy, with

5)1511» Qp = Zq 1
Aijerzyjl and djl =
o —

7 }ES | . Here € is the dimensionless small parameter characterizing the typical

amplitude of the probe pulse. To obtain a divergence-free expansion, all the quantities
on the right-hand side of the expansion are considered as functions of the multi-scale
variables x; = ex, y1 =€y, =€z (=0, 1, 2,), and t, =€t (=0, 1). Substituting
the expansions into Eqgs. (1) and (2) and comparing the coefficients of €7, we obtain a
set of linear but inhomogeneous equations which can be solved order by order.

The first order (g = 1) solution is given by Q(1> =Fe' and ;) D= ={[p(w+A+
iyy1) — 0] /D}Fe‘e,where D=1Q/) — (w+ Az + iya1)(w + Az + iy3) and 0 =
K(w)zy — wt,. Thelinear dispersion relation reads K(w) = w/c + ky3(w + A, + iy,)/
D. Fisayetto be determined envelope function depending on the slow variables x1, y;,
t1, z1, and z,.

At the second order (q = 2), a solvability condition gives i[0F/0z, + (0K/dw)JF/
ot] = 0, with V, = (0K/0w)~". The approximation solution at this order reads

P F; )
a? —agl)z an Fe, o) =i a —Fe, (7]8-2> =u]g?)|F\2e’2”ZZ (j=1,2,3),and

1
o) =a|FPe 2%, where

, o1 1
|:lr23 —2|Q| (W — d(())*>
(2) _ 32 32
ane 1 1
iTy3]Q.|* <T - — T)
dy dy

, 1 1
G il <W - W)
Dd;, Ddj, (10a)

, @)

G—il

A = 71}1‘;“” (10b)

o O (o+d) +dy)

o= (10c)
((0+d(0))2+|Q &

©) e ¢

ay = — (10d)

) Q1 2 2

o =~ |5 — (al¥ +2a8) |. (10e)
d32

and a=¢"? Im[K(w)], with G= (w—}-dg?)*)/p* _ ((U—ng?))/D.

At the third order (q = 3), a solvability condition yields the equation (3). The
explicit expressions of the self- and cross-phase modulation coefficients W;; and Wy,
are given by

Qcagzz)* + (w—t—d;?)) (2a§1) +a§22))
Wi =xKi3 D ) (11a)
2
w+d§?>) (o3 —oy) + |QC|2(a2 —o)
Wi =kKi3 . (11b)
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