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Nano-structuring can significantly modify the properties of materials. We demonstrate that size-dependent
modification of the spin-wave spectra in magnetic nano-particles can affect not only linear, but also
nonlinear magnetic response. The discretization of the spectrum removes the frequency degeneracy
between the main excitation mode of a nano-particle and the higher spin-wave modes, having the lowest
magnetic damping, and reduces the strength of multi-magnon relaxation processes. This reduction of
magnon-magnon relaxation for the main excitation mode leads to a dramatic increase of its lifetime and
amplitude, resulting in the intensification of all the nonlinear processes involving this mode. We
demonstrate this experimentally on a two-dimensional array of permalloy nano-dots for the example of
parametric generation of a sub-harmonic of an external microwave signal. The characteristic lifetime of this
sub-harmonic is increased by two orders of magnitude compared to the case of a continuous magnetic film,
where magnon-magnon relaxation limits the lifetime.

W
hen the lateral sizes of a magnetic particle decrease below a micron, its properties are modified due to
geometrical confinement and size effects1,2. In particular, the ground-state magnetization distribution
can be either spatially uniform or vortex-like, depending on the particle aspect ratio3. The frequency

spectrum of spin-wave excitations in a magnetic particle can also be drastically changed. The modification of the
spin wave excitation spectra due to the boundary conditions imposed by the edges of magnetic nano-particles
leads to a spectral quantization and elimination of excitations that have half-wavelengths larger than the particle
size. The quantization of the excitation spectrum of small magnetic particles was observed experimentally using
different techniques4. The discrete values of the spin wave eigenfrequencies are mainly determined by the
magnetostatic interaction and depend on the particle lateral sizes and magnetization static configuration (the
ground state)5,6. The discretization of the spin-wave spectrum related to the reduction of the particle sizes can
reduce and even remove the frequency degeneracy between the main excitation mode (spatially quasi-uniform
ferromagnetic resonance (FMR) mode) and the spin-wave modes with higher values of the in-plane wave vector7

and, therefore, can substantially reduce the strength of various multi-magnon relaxation processes related to this
degeneracy. The critical issue is the removal of degeneracy of the FMR mode with spin wave modes having the
wavenumber of the order of 104 cm21 and the lowest magnetic damping (lower than the damping of the FMR
mode6). The suppression of the magnon-magnon relaxation for the pumped ferromagnetic resonance mode leads
to a dramatic increase of its life-time, amplitude, and, consequently, to an increase of the intensity of all the
nonlinear processes involving this mode6–8.

In this work we demonstrate that nano-structuring of a magnetic material leads to a drastic increase of a life-
time of the main ferromagnetic resonance mode parametrically excited by an external microwave pumping
signal. The effect is demonstrated experimentally in a two-dimensional array of permalloy nano-dots subjected
to the action of a spatially uniform microwave pumping field having the frequency that is twice larger than the
frequency of the ferromagnetic resonance mode in an individual magnetic nano-dot.

Figure 1 (a, b, c) demonstrates the qualitative modification of the spin wave spectrum of a finite-size magnetic
element (in particular, of a cylindrical magnetic dot of the thickness L and radius R5,9) when the element size is
reduced. Figure 1 (d) provides an example of the numerical calculation of the spin wave eigenfrequencies for a
Permalloy dot or the L 5 10 nm and R 5 100 nm performed in5. The spectral modifications similar to the ones
illustrated in Fig. 1 (a,b,c) will take place for magnetic elements of any shape made from both ferromagnetic
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metals and dielectrics. The frequency of the ferromagnetic resonance
(FMR) v0, corresponding to the spatially uniform precession of
magnetization with wave number k50 for most magnetic elements
can be approximately evaluated using the model of an equivalent
ellipsoid, for which the effective demagnetization factors Nx, Ny, Nz

are determined by the aspect ratio of the particle (R=L in the case of a
cylindrical dot)10.

In the following we will consider a thin cylindrical magnetic dot of
radius R and thickness L=R . For a thin dot (L= R) in the xz plane,
magnetized to saturation along the z axis by the bias magnetic field
H0, the FMR frequency is6:

v0~c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H0½H0z(Ny{Nz)M0�

q

where c is the gyromagnetic ratio, and M0 is the saturation magnet-
ization. The approximation of a disk-shaped particle by an ellipsoid
is quantitatively correct only in the limit L= R. In a real situation the
internal, static magnetic field in the disk becomes non-uniform and
the spatial distribution of the FMR mode becomes quasi-uniform,
which leads to a slight increase of its frequency v0 with decreasing
R11,12.

A decreasing dot radius has a strong effect on the spatially non-
uniform, higher spin-wave modes having wave numbers kw0. Due
to the influence of the boundary conditions at the dot lateral edges
the long-wavelength part of the spin wave spectrum is depleted, since
the dot can only support modes having half-wavelengths l=2ƒR.
Thus, the spin waves with wave number k~2p=lƒp=R will be
eliminated from the dot spectrum (see Fig. 1 b,c). Also, due to the
confinement of the dot size along the three Cartesian coordinates, the
spectrum becomes discrete. The exact calculation of discrete spin
wave eigenfrequencies of a magnetic dot has been performed5,9. An
example of such a discrete spectrum for an in-plane magnetized (H0

5300 Oe) permalloy (Py) dot calculated in5 is presented in Fig. 1d for

R 5100 nm and L 510 nm (denoted 100310), showing the positions
of all the eigen-modes within +500 MHz of v0. It can be seen in
Fig. 1d that the frequency degeneracy between the FMR mode and
higher-k spin wave modes can be eliminated, and that there are only
five modes present.

Each of these features (the depletion of the long-wave part of the
spectrum, the spectrum discretization, and the lifting of the fre-
quency degeneracy) in the dots can modify the nonlinear dynamic
response on a nano-structured magnetic material compared to that
of a bulk material. In natural bulk magnetic materials the amplitude
of the FMR mode is usually limited by four-wave (2nd order) para-
metric nonlinear processes involving the higher spin-wave modes
degenerate in frequency with the FMR mode6,8. Nano-structuring
of the magnetic material and the related modification of the spin
wave spectrum can remove the frequency degeneracy between the
FMR mode and the higher spin wave modes, and can lead to a
substantial increase in the lifetime and amplitude of the main FMR
mode.

To prove this experimentally, we studied the process of parametric
generation of a sub-harmonic of an external microwave signal with
the frequency vp(such that v0~vp=2) in an artificial magnetic
meta-material formed by a planar array of non-interacting (interdot
distance d ?L, patterned area S, 1 mm2) cylindrical Py nano-dots
(see Fig. 2). The parametric excitation of spin waves and oscillations
in the array occurs via the method of parallel field pumping6,8, where
the magnetic field hp of the external microwave pumping signal
hp~h cos (vpt) is applied parallel to the direction of the bias mag-
netic field H0. When the value of the pumping field amplitude h ex-
ceeds a mode-dependent threshold value h(k)

th
6, the amplitude of the

spin wave mode, having the sub-harmonic frequency vk~vp=2,
starts to increase exponentially. The rate of this exponential growth
is proportional to the super-criticality f~h=h(k)

th
8,13. Thus, the mode

Figure 1 | Spin-wave spectrum of a finite-size magnetic nano-element. The qualitative picture of the spin-wave spectrum: (a) of a continuous magnetic

film, (b) of a magnetic dot having the radius R 5 1000 nm, and thickness L=R, (c) of a dot having R ,100 nm (L=R). The angular frequency of the

quasi-uniform FMR mode is denoted as v0. Panel (d) shows the results (&) of a quantitative calculation (presented in Ref.5) of the frequencies of all spin-

wave modes in an in-plane magnetized (bias magnetic field H0 5 300 Oe) cylindrical Py dot of the radius R 5 100 nm and thickness L 510 nm that differ

from the frequency v0 of the FMR mode by less than 500 MHz.
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having the lowest excitation threshold h(k)
th ~hmin

th has the largest
growth rate and, therefore, the largest amplitude. This dominant spin
wave mode, through four-wave (2nd order) nonlinear interaction
processes, starts to suppress all the other pumped modes and ulti-
mately is the only one to survive8. All the other modes for which
h(k)

th whmin
th decay exponentially until they are completely sup-

pressed14. In bulk magnets and continuous films6,15 the minimum
parametric threshold corresponds to spin waves having k,104

cm21. It is these waves that suppress all the other spin waves and
oscillations, including the quasi-uniform FMR mode that has
h(0)

th whmin
th .

It is clear from Fig. 1b that when the radius of a dot is reduced to
R, 1 mm, the waves with k,104 cm21 are eliminated from the
spectrum and the FMR mode becomes the dominant mode having
the lowest threshold of parametric excitation. This statement is sup-
ported by the results of the recent experiment performed by means of
the Brillouin light scattering spectroscopy11: the quasi-uniform FMR
mode, indeed, has the threshold of parametric excitation that is
3–10 dB lower than the threshold of excitation of higher-k spin-wave
modes (see Fig. 2 in Ref.11). In such a case only the dominant FMR
mode will survive in the parametric excitation process, and this mode
will suppress all other modes via the four-wave processes of non-
linear spin-wave interaction.

Previous experiments of parametric sub-harmonic generation in
magnetic films15 have shown that the amplitude of the FMR mode of
frequency v0~vp=2, that initially grew under the action of para-
metric pumping, decayed exponentially as soon as the amplitudes of
low-threshold spin waves with k,104 cm21 growing from the ther-
mal level became sufficiently large15. As a result of this nonlinear
suppression of the FMR mode, the electromagnetic radiation at the
sub-harmonic frequency caused by the FMR is observed only during
a short time interval (,200 ns) after the pumping is switched on.
The dominant spin waves with k,104 cm21 excited by parametric
pumping at the same frequency vk~vp=2 do not contribute to the
sub-harmonic electromagnetic radiation due to the large wave num-
ber mismatch between these waves and the electromagnetic waves
having the same sub-harmonic frequency. Thus, in a nano-
structured magnetic material (e.g. in an array of magnetic dots hav-
ing Rƒ 1 mm), where the low-threshold spin waves with k,104 cm21

are eliminated from the spectrum, one can expect a significant
increase of the time interval in which the FMR mode creates electro-
magnetic radiation at the sub-harmonic frequency.

Results
To prove these ideas experimentally we developed the set-up shown
in Fig. 3 for the investigation of parametrically induced sub-
harmonic generation in both continuous and patterned films. The

sample (1) (either a 2D array of nano-dots or a continuous film) on
the dielectric substrate (4) is placed inside an open dielectric res-
onator (2) made of ceramic with dielectric constant e>80. The
external microwave pumping field has the frequency
vp=2p59.4 GHz. The microwave magnetic field hp created in the
dielectric resonator was oriented along the plane of the sample and
was parallel to the in-plane bias magnetic field H0 (the geometry of
‘‘parallel’’ parametric pumping6,8). The short-circuited antenna (3)
made of 50-mm diameter Cu wire was used to supply to the experi-
mental sample (1) a short, synchronizing external signal of the power
Pin and to receive an output signal Pout of electromagnetic radiation
from the sample. Both the signals are at 4.7 GHz (half of the pump-
ing frequency) and were separated using a Y-circulator (see Fig. 3).
The external synchronizing signal Pin guaranteed the same initial
phase for the FMR sub-harmonic oscillations parametrically excited
by pumping in all the magnetic dots, thus creating the constructive
interference of all oscillations, resulting in a coherent macroscopic
output electromagnetic signal of the power Pout .

Figure 2 | Two-dimensional array of cylindrical magnetic dots as a novel magnetic metamaterial. (a) Geometric and magnetic parameters of the array:

R and L are the dot radius and thickness, respectively, d is the distance between the dot edges, M0 is the saturation magnetization, H0 is the in-plane bias

magnetic field, and hp is the magnetic field of microwave parallel pumping, (b) Experimental picture of one of the studied arrays of Py dots (R 5 1000 nm,

L 5 12 nm) obtained utilizing atomic force microscopy.

Figure 3 | Experimental setup. 1 – 2D array of Py dots (1.6 mm by

3.0 mm), 2- open dielectric resonator for the supply of microwave

pumping, 3- wire microwave antenna (diameter 50 mm), 4- non-

conductive GaAs substrate, Pp is the pumping power, Pin is the power of the

input synchronizing signal, Pout is the power of the output signal created by

the sub-harmonic radiation from the dot array, and H0 is the in-plane bias

magnetic field.
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The samples were 2D arrays of cylindrical non-interacting Py dots
(see Fig. 2) having the same radius R 5 1000 nm, the same dis-
tance d51000 nm between the dot lateral edges, and two different
thicknesses: L15100 nm (dot array #1) and L2512 nm (dot array #2)
formed on a non-conductive GaAs substrate of thickness 0.5 mm
(see Methods). As a control we used an unpatterned, continuous Py
film of the thickness 100 nm on the same GaAs substrate.

The samples were subjected at t~0 to the simultaneous action of a
long (tp5 9 ms) and powerful (the power Pp,1–100 W) pulse of
microwave parallel pumping field, and a short (tin530 ns) and rela-
tively weak (Pin,10 mW) pulse of synchronizing microwave signal
(see details in Methods). The Pout signal was received by the antenna
(3). As expected, the output signal at the antenna (3) appeared only
when the pumping power exceeded the threshold Pth

p of parametric
excitation of the FMR mode, which in both the dot arrays was around
Pth

p %20 W. The output power Pout increased with increase of the
pumping power from the threshold value to the maximum available
value of Pp~ 100 W. The maximum value of Pout was obtained by
tuning the bias magnetic field H0 to achieve the resonance condition
of the FMR mode v0 with the pumping sub-harmonic vp=2:
v0~vp=2.

The experimentally measured time dependences of the power
of microwave radiation Pout(t) with the sub-harmonic frequency
v0~vp=2 for all three samples are presented in Fig. 4. It is seen from
Fig. 4, that when the parametric pumping field is switched on at t~0,
the output power Pout , proportional to the intensity of the radiated
sub-harmonic microwave signal, starts to increase exponentially.
The theory of parametric excitation8,13 predicts an exponential
increase of the output power with time increasing described by the

expression Pout,exp 2C0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pp

.
Pth

p

r
{1

� �
t

� �
(C0 is the relaxation

frequency of the FMR mode) until this power reaches a maximum
level determined by the four-magnon phase mechanism of power
limitation8. In the experiment (Fig. 4) this level is reached after
t~200–300 ns. Also, we see that the output power in a continuous
film grows faster than in both the dot arrays investigated. This is due
to the higher threshold of parametric excitation of the spin waves in
the dot arrays caused by the increase of the relaxation frequency in
the dot arrays due to patterning. The temporal evolution of the out-
put power in a continuous film and arrays of nano-dots is very

different. As explained above, in a continuous film, the influence
of the low-threshold spin waves with k,104 cm21 leads to the rapid
exponential decrease the output power Pout after the time interval
t<200 ns.

In contrast, in the case of 2D arrays of magnetic dots of the thick-
ness L 5 100 nm the decrease of the output power with time is
approximately two orders of magnitude slower than in the case of a
continuous magnetic film (see Fig. 4). Also from Fig. 4, we see that
with decrease of the dot thickness to L 5 12 nm, the decrease of the
output power with time gets even slower. These are the main experi-
mental results obtained in our paper. Similar results – a slow decrease
of the power with time - were obtained on the dot arrays with the sizes
R3L of 900350, 1000340, and 1000312 (all the sizes are in nm).

We attribute the dramatic difference in the temporal evolution of
the parametrically excited, sub-harmonic radiation in the patterned
dot arrays vs. continuous films to the elimination from the dot spec-
trum of spin-waves degenerate in frequency with the FMR mode and
having kƒ104 cm21. The threshold of parametric excitation of the
quasi-uniform FMR mode then becomes lower than that of the other
modes. In such a case the theory of parametric excitation8 predicts
that in the stationary regime the amplitude of the parametrically
excited FMR mode, and, therefore, the output power Pout , should
remain constant during the action of the pumping pulse.

In the experiment shown in Fig. 4 we see that for the dot array
1000312 (sample #2) the output power is, indeed, nearly constant in
the whole temporal interval of the microwave pumping action, while
in the array 10003100 (sample #1) the output power slowly
decreases with time increasing, characterized by a time constant of
the order of t,10 ms, which is 2–3 orders of magnitude longer than
typical times of the magnon-magnon relaxation6,16. We believe that
the slow decrease of the power Pout results from the heating of the
dots caused by the absorption of pumped microwave power. In such
a case, the temperature change would be proportional to the dot
thickness, and the corresponding time constant would be of the order
of t,10 ms17–19 (see Methods), in agreement with the experimental
data shown in Fig. 4.

Discussion
In this article we have studied the influence of magnetic particle sizes
on its non-linear dynamic properties. In bulk samples and continu-
ous magnetic films the amplitude of the FMR mode is limited at a
rather low level by the four-wave magnon-magnon interaction pro-
cesses involving spin wave modes having large magnitudes of the
wave number and frequencies that are close to the frequency of the
FMR mode. We demonstrated above that in sufficiently small mag-
netic particles it should be possible to completely eliminate the fre-
quency degeneracy of the FMR mode with short-wave spin wave
modes and, therefore, to substantially increase the possible ampli-
tude and life-time of the FMR mode excited in a magnetic particle. As
a result, in a small magnetic particle the efficiency of all the nonlinear
processes, such as the frequency multiplication, rectification, para-
metric amplification or/and generation, parametric wave front
reversal, and Brillouin inelastic light scattering should be substan-
tially increased.

The above results allow us to conclude, that for both 2D arrays of
magnetic nano-dots studied in our experiments the nano-structuring
of the magnetic material lead to the exclusion of the majority of four-
wave processes of magnon-magnon relaxation limiting the ampli-
tude of the quasi-uniform FMR mode in a continuous magnetic film
and bulk magnetic samples. This exclusion resulted in a substantial
enhancement of the nonlinear properties of the magnetic dot array at
the frequency of the main FMR mode. In particular, this nano-
structuring resulted in the drastic increase of the characteristic time
of parametrically induced subharmonic radiation from the array by
two orders of magnitude in comparison with the case of a continuous
magnetic film of a similar thickness. The slow decrease of the

Figure 4 | Experimental dependence of the normalized output power
Pout=Pmax

out on the time of action of the microwave pumping. black line –

continuous Py film of the thickness L 5100 nm, H05260 Oe, red line –

dot array #1 (R 51000 nm, L 5100 nm), H05300 Oe, green line – dot

array #2 (R51000 nm, L 512 nm), H05300 Oe. Parameters of the

pumping and signal pulses: Pp 5 100 W, tp 5 9 ms, vp=2p 5 9.4 GHz;

Pin 5 10 mW, tin5 30 ns, vin=2p 5 4.7 GHz.
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radiated subharmonic power observed in Fig. 4 is caused by the
microwave heating of magnetic dots and can be substantially reduced
by reducing the dot thickness (compare curves for the dot arrays of
the thickness L 5 100 nm and L 5 12 nm shown in Fig. 4).

In summary, we have proven experimentally that nano-
structuring of a magnetic material can substantially enhance the
nonlinear dynamic properties of the material. Thus, using the nano-
structuring, it is possible to develop novel artificial metamaterial with
nonlinear microwave properties that are superior to that of magnetic
films and traditional bulk magnetic materials. These novel patterned
meta-materials can be useful for applications in reciprocal (filters,
oscillators), non-reciprocal (isolators, circulators) and nonlinear
(detectors, frequency multipliers) microwave signal processing
devices operating at high levels of microwave power.

Methods
Microfabrication. Permalloy (Fe20Ni80) disks were defined on an undoped ,100.

GaAs wafer by mean of photolithography and electron-beam evaporation techniques.
The process starts with spin coating of positive tone S1813 photoresist (Shipley Co) at
3,000 rpm for 60 sec; followed by soft baking on a hot plate at 115uC for 90 sec. After
exposure to 365-nm light, the sample was developed using a 155 mix of Microposit
351 (Microresist Technology GmbH) and de-ionized water. Then, the electron beam
evaporation of Py was performed at room temperature at a base pressure of 131028

Torr, with a deposition rate of 0.2 A/sec. The Py layer was topped with 2 nm of Ti in
situ to prevent oxidation of the samples. Finally, an ultrasound-assisted lift-off in
acetone completes the process.

Measurements. The dielectric resonator together with the experimental sample (2D
array of Py dots or a continuous Py film) was placed in the maximum of the magnetic
field hp of microwave pumping (hp jj H0) inside a hollow metallic waveguide
(wavelength l 53 cm) carrying the H10 mode (see Figs. 2,3). The plane of the sample
was parallel to the wider wall of the waveguide. The impedance matching between the
waveguide and the dielectric resonator, and the fine-tuning of the resonator
frequency, was done by means of a piston short-circuiting the waveguide. The
resonator was tuned to the frequency vp of the microwave pumping by minimizing
the reflection from the resonator. The bias magnetic field H0 was chosen to make the
FMR frequency in the sample equal to vp=2. The input synchronizing signal of power
Pin , duration 30 ns, and carrier frequency vp=2, was supplied to the wire antenna (see
‘‘3’’ in Fig. 3) through the circulator and a coaxial cable. This signal was only weakly
absorbed by the experimental sample (absorption , 1%) and was nearly totally
reflected, forming an image of the input synchronizing pulse on the oscilloscope.
Simultaneous with the input signal, the microwave pumping pulse of the carrier
frequency vp and duration tp~9 ms was supplied to the resonator. When the
pumping power Pp was lower than the threshold Pth of parametric generation of a
pumping sub-harmonic, the only signal on the oscilloscope was the input
synchronizing pulse. When the pumping power exceeded the threshold PpwPth , an
additional delayed signal, caused by the parametric radiation of the pumping sub-
harmonic vp=2 from the sample, appeared on the oscilloscope. In the following
experiments this additional signal was obtained by subtraction of the input
synchronizing pulse from the total output signal.

Microwave absorption and heat exchange in Py dot formed on a non-conductive
substrate. In the case of a thin cylindrical magnetic dot (with radius R that is
substantially larger than the thickness L, LvvR) formed on a solid, non-conductive
substrate, the equation describing the dot heating due to the absorption of the external
microwave pumping field can be derived from the first law of thermodynamics (or
conservation of energy) which for the constant volume V of the dot can be written as
the equation of a heat balance:

DU~DQz{DQ{, ð1Þ

where the change of the internal energy DU~cVDT of the dot is equal to the
difference between the amount of heat DQzabsorbed from the microwave pumping
and the amount of heat DQ{ radiated into the substrate, c is the volume heat capacity
of the dot material, and DT is the change in the dot temperature.

Taking a time derivative of the equation of the heat balance (1), the following
equation describes the temporal evolution of the dot temperature:

cV
LDT
Lt

~Pabs{Prad : ð2Þ

Here the power Pabs absorbedby the dot is determined by the equation:

Pabs~
LQz

Lt
~

1
2

x’’vph2
pV, ð3Þ

where x’’ is the imaginary part of the dimensionless dot magnetic susceptibility, vp is
the angular frequency of microwave pumping, and hp is the amplitude of the pumping
microwave magnetic field that can be considered constant along the dot thickness L, if
this thickness in much smaller than the skin depth at the pumping frequency d(vp).

The power Prad radiated by the dot is proportional to the area of the dot base A 5

V/L and, in accordance with the Newton’s law17, to the change of the dot temperature
DT caused by the microwave heating:

Prad~
LQ{

Lt
~b

V
L
DT, ð4Þ

where b is the coefficient of heat exchange (heat transfer coefficient) between the dot
and the substrate measured in W/(K.m2). Solving equations (2–4) the following
expression is obtained for the temperature change of the magnetic dot:

DT~
1
2

vph2
pL

x’’
b

1{e{ t
tT

� �
, ð5Þ

where the characteristic time tT of the dot heating is given by:

tT~
c
b

L: ð6Þ

It is clear from the solution of (5) and (6) that the DTinduced by the microwave
heating of the dot, and the characteristic time tT of this heating, are proportional to
the dot thickness L. For the typical value of the specific heat of Permalloy c , 4.106

J/(K. m3) and the value of the heat exchange coefficient between the dot and the
substrate of b , 4.104 W/(K. m2)19 we get the characteristic time tT , 10 ms for the dot
of the thickness L 5 100 nm, which agrees reasonably well with the characteristic
time of power decrease in the dots of this thickness shown in Fig. 4. Since the change
of the dot temperature (5) due to the microwave heating is proportional to the dot
thickness L, the heating-related decrease of the power of sub-harmonic radiation is
much less pronounced for the dots of smaller (L 512 nm) thickness (see upper curve
in Fig. 4).
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