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Conservation of angular momentum in second
harmonic generation from under-dense plasmas

Chen-Kang Huang® '™, Chaojie Zhang', Zan Nie® !, Kenneth A. Marsh', Chris E. Clayton' &
Chandrashekhar Joshi'™

Spin and orbital angular momentum of an optical beam are two independent parameters that
exhibit distinct effects on mechanical objects. However, when laser beams with angular
momentum interact with plasmas, one can observe the interplay between the spin and the
orbital angular momentum. Here, by measuring the helical phase of the second harmonic 2w
radiation generated in an underdense plasma using a known spin and orbital angular
momentum pump beam, we verify that the total angular momentum of photons is conserved
and observe the conversion of spin to orbital angular momentum. We further determine the
source of the 2w photons by analyzing near field intensity distributions of the 2w light. The
2w images are consistent with these photons being generated near the largest intensity
gradients of the pump beam in the plasma as predicted by the combined effect of spin and
orbital angular momentum when Laguerre-Gaussian beams are used.
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paraxial light beam can carry two types of angular
A momentum, commonly called spin angular momentum
(SAM) and orbital angular momentum (OAM). The
former is due to the beam’s polarization state while the latter
arises from its spatial mode!. Such beams are known to produce
distinct effects on mechanical objects. For instance, a circularly
polarized beam is known to exert a torque on a suspended
birefringent disc?. More recently, vortex beams with helical phase
front have been shown to induce rotation of trapped particles*.
These effects are the result of angular momentum transfer from
light to microscopic objects. While the beam polarization is
associated with the rotation of particles about their own axis, the
helical phase front makes particles rotate about the beam axis.
Independent but simultaneous effects of spin and orbital angular
momentum have been used in sophisticated manipulation of
nanoparticles”~ and enable numerous applications®”. When an
inhomogeneous medium retains no angular momentum trans-
ferred from the beam, the coupling of the two types of angular
momentum could lead to the conversion between SAM and
OAM. Such effect has been observed in space-variant gratings!©,
liquid crystals'!, and plasmonic metasurfaces!13.

Unlike the interaction between SAM/OAM light and neutral
matter, the interaction between such light and plasma is less
studied, although the latter too is expected to be governed by the
conservation laws for energy, momentum, and angular momen-
tum. While the transfer of energy and linear momentum in laser-
plasma interactions has been extensively studied!®1°, there are
but a handful of theoretical studies on how the angular
momentum is transferred from a laser beam to either the plasma
electrons or secondary photons that may be produced during
laser-plasma interaction. For instance, it has been theoretically
shown that OAM light can be effectively coupled to electron
plasma/ion acoustic waves through stimulated Raman and Bril-
louin (parametric) instabilities!®. It has also been theoretically
demonstrated that the angular momentum of light can be
transferred to a plasma wakefield using a spatiotemporally shaped
beam!”. There are proposals to use intense OAM laser pulses for
creating a suitable wake for electron/positron acceleration!8-20,
ion acceleration?!, radiation emission?2, and magnetic field gen-
eration?324, Most of these applications require vortex beams with
relativistic intensity.

Using a plasma medium to generate vortex beams is tempting
since plasmas have no damage threshold, although in this work
efficient vortex beam generation is not principal concern. Various
ideas have been proposed to generate vortex beams using plas-
mas, such as spin-to-orbital angular momentum conversion2>-29,
high harmonic generation from laser interaction using solid target
plasmas?”-28, and stimulated Raman scattering?®. Despite these
proposals, there are few experiments?1:28:30 due to the highly
nonlinear nature of these processes and the experimental diffi-
culties associated with aberrations of large-aperture vortex
beams3!. Through an experimenter’s point of view, the process of
second harmonic generation (SHG) in plasma as a platform for
spin-to-orbital angular momentum conversion and testing the
conservation law for the optical angular momentum is attractive
since it is arguably a well understood nonlinear process. By using
finite diameter plasmas with sharp density gradients or by using
tightly focused intense pulses that carry SAM and/or OAM it is
possible to generate second harmonic vortex beams. It is not clear
which of these two mechanisms is dominant in a given experi-
ment. For example, Gordan et al.?> proposed a scheme to gen-
erate 2w pulses with OAM by converting circularly polarized laser
photons to second harmonic at the extremely sharp density
gradients that exist at the sheath of a blown-out wake of a plasma
accelerator. Recently, preliminary studies®? have purported to
show the spin-to-orbital angular momentum conversion during

second harmonic generation in an under-dense plasma. An a
priori assumption in these works is that the total angular
momentum (sum of SAM and OAM) is conserved during the 2w
generation process. Although the conservation of OAM and SAM
has been demonstrated in high harmonic generation in noble
gases>>34, the conservation rule for the total angular momentum
has yet to be systematically verified for plasmas.

As for the source of the second harmonic genera-
tion reference? assumes that the source must be due to density
discontinuity at the plasma boundary. However, in an optically
field ionized plasma, the ionization contour can be much wider
than the laser spot size. Therefore, the intensity of the funda-
mental pump beam (which is close to the ionization threshold
intensity) at the plasma edge can be far less than peak intensity.
On the other hand, the intensity gradients can be very strong
within the bulk of the plasma, providing another possible source
for 2w generation®>. In the experiments described here we use
fundamental and higher-order Laguerre-Gaussian (LG) beams to
produce plasmas by optical field ionization (OFI) of neutral
helium gas. By observing the spatial distribution of the 2w pho-
tons from these plasmas we show that the strongest 2w emission
corresponds well with the locations of the intensity gradients of
the beams and not the density gradients of the plasma from
ionization.

In this paper, we show the conservation of the total optical
angular momentum during the second harmonic generation in an
underdense plasma. Whereas energy and linear momentum
conservation demand that two fundamental photons are required
to generate one 2w photon and that the 2w photons are emitted in
the same direction as the fundamental photons, conservation of
the total angular momentum requires the conversion of spin
angular momentum of a circularly polarized (CP) light pulse into
the orbital angular momentum of the second harmonic. By
measuring the OAM of the 2w photons using different funda-
mental beam mode configuration we confirm this latter con-
jecture. Although plasma currents at 2w are the physical source of
the emitted photons, the observed conservation rule implies that
in the absence of any dissipation, plasma electrons do not retain
any angular momentum and the plasma simply acts as a catalyst.

Results

SHG by pulses with angular momentum in underdense plas-
mas. In the experiments reported here a short laser pulse with
variable Laguerre-Gaussian spatial mode distribution and polar-
ization (certain well known combinations of spin and orbital
angular momentum) was focused to a “moderate” peak intensity
of about 1.5x 1017 W cm™2 inside a helium-filled chamber
(Fig. 1). By moderate, we mean the intensity of the pulse is high
enough to create a fully ionized region by a process known as
optical field ionization in a finite region within and surrounding
the laser spot but is well below the relativistic regime where the
plasma electrons begin to oscillate close to the speed of light
(~2x 101 W cm~2 for 800nm). This way we minimize the
relativistic effects on the one hand and a combination of relati-
vistic self-focusing and ponderomotive force of the ultrashort
laser pulse is not high enough to generate a significant transverse
electron density depression on the other hand. The back-fill
pressure of helium was set low (~3.3x107cm~3) to avoid
plasma-induced refraction of the pulse.

As we mentioned earlier, second harmonic photons can be
generated from a laser produced plasma when symmetry of the
plasma medium is broken. In our experiments the plasma is
underdense (laser frequency w larger than the plasma frequency
b )1/ ?, where n, is the ambient plasma density and
m is the electron mass). In such a plasma the dominant sources of

w, = (4ne’ny/m
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Fig. 1 Experimental setup. Schematic of set-up used to characterize the
second-harmonic generation near-field and the far field (inset). Relay lens
pair images the plasma exit to the objective lens. An ultrashort (50 fs full
width at half maximum), 800 nm laser pulse, containing up to 10 mJ of
energy with controlled amount of spin and orbital angular momentum
generated second harmonic light in plasma formed by optical-field ionization
of static helium gas to give an electron density of ~6.6 x 1017 cm=3 (double
ionization of helium atoms). The second-harmonic generation (400 nm)
was transmitted by a band-pass filter and transported out of the chamber.
QWP: quarter wave plate; SPP: spiral phase plate. CCD: charge-coupled
device. The imaging system was replaced by the diagnostics shown in the
inset for wavefront measurement. In this setup, the second-harmonic beam
was down collimated by a lens pair and then sent to a wavefront

sensor (WFS).

nonlinearity that produce the second harmonic light are
narrowed down to two first-order perturbation effects (Supple-
mentary Note 1). Both effects come from the density perturbation
on induced by the electron quiver motion in the laser field but
they have different physical interpretations. The first is associated
with the crossing of the quiver electrons in the ionization induced
density gradients. In this case, the second harmonic current is
directly proportional to the magnitude of the density gradient
Vny. The second is associated with quivering electrons in the
intensity gradient where the perturbed electron trajectories lead
to second harmonic emission. The first source is referred in this
work as the density gradient (dg) contribution and the second as
the intensity gradient (ig) contribution. Due to their distinctly
different physical origins, two contributions can be discerned by
the spatial distribution of the 2w photons within the plasma as we
show in this section.

Consider the complex electric field of an optical
Laguerre-Gaussian beam (LGIZJ) given by,
E = (5 -+ iof) B} p)es 1) 1)

where o describes the polarization state of the beam, k is the wave
number, p = /x> + y?/w, is the normalized radial coordinate,
¢ = tan"!(y/x) is the azimuthal coordinate, wj is the focal spot
size, and EIZ) (p) is the transverse field envelope which is governed
by the radial index p and the azimuthal mode index I. The SAM
value of the beam is determined by the polarization state o, where
0=0 for linear polarization (LP) and o==1 for left-circular
(LCP) and right-circular (RCP) polarization. The OAM value of
the beam is determined by the azimuthal index [=0, +1, +2,---
(also known as the topological charge). For instance, when p =0,

we have an intensity profile described by [E} (p)] ? where El(p) =

E, (\/Zp)mexp(—pz) and E, is a constant.
If the local laser field is large enough to suppress the potential
barrier of a bound electron in an atom/ion, this electron is

released in a process generally referred to as optical field
ionization. In the so-called barrier suppression ionization (BSI)
limit this process will lead to an extremely sharp density gradient
near the region where the laser exceeds the threshold intensity for
ionizing a specific atom/ion3¢. For instance, in the present
experiment we use He gas ionized by the laser. In this case, the
density gradient induced current source that will produce 2w light
is due to electrons quivering in two “shells” having large density
gradients—the first between the region of the doubly and singly
ionized He ions (He?t-He!") and the second between the singly
ionized He and neutral gas (He!*-He). We denote the second
harmonic current density from the density gradient contribution
by J2q; and it is proportional to the magnitude of the density
gradient and the local laser intensity. For a cylindrically
symmetric intensity profile, we have

Toag ¢ (9n/3p) [Eb (py)]” 2)

where p, represents the position of the density jump.

Unlike the density gradient contribution that only depends on
the local value of the intensity, the spatial distribution of the 2w
current from the intensity gradient is modulated depending on
the relative value of the beam’s polarization (SAM) and helical
phase front (OAM). This is because the quiver electron motion in
the field gradient will be azimuthally perturbed when there is an
additional azimuthal phase term /%, For circular polarization
(o= =1), the amplitude of the second harmonic current density
from the intensity gradient contribution (denoted by J,) is given

by

Toig o< 1y [(11] = al)p™" —2p] [Eb(p)]” (3)

where 0 =1 (—1) corresponds to LCP(RCP). When [ = 0, J;;; has
the same distribution as the intensity gradient.

Fortunately, these two mechanisms are separated in space. The
spatial locations where the density and intensity gradient
contributions are expected to be dominant, respectively, are
shown in Fig. 2a for a fundamental, /=0 mode LG beam. The
current due to the intensity gradient contribution J,;, (red-orange
curve) follows the intensity gradient (blue dashed curve) whereas
the density gradient contribution is the largest near the positions
where the BSI threshold intensities are reached for ionizing
neutral He (brown dotted line) and Hel™ (green dotted line).
Figure 2b shows the measured 800 nm beam profile of this mode
and Fig. 2¢, d show the measured near field 2w images (color) and
the expected positions of the of the largest intensity gradient
(dashed circles), respectively, for this case. There is an excellent
agreement between the measured distributions of the 2w photons
and the expected contour of the peak emission assuming the
intensity gradient contribution is dominant. These 2w images
have the expected annular shape from the intensity distribution
but they have azimuthal inhomogeneities thought to arise from
aberrations in the input beam. However, note that no detectable
amount of 2w radiation is observed where the density gradients
are the largest.

When [# 0, the radial distribution depends on the value (|I| —
ol) (Eq. (3)) which is a quantity depending on both SAM ¢ and
OAM L J5ig is calculated for 0= +1 and /= 1 in Fig. 3a, where the
distributions of the intensity (black curve) and intensity gradient
(gray dashed curve) of the LG) mode are also shown. However,
the distributions of /i, for the LCP and the RCP cases are quite
different now compared to those for the /=0 shown in Fig. 2.
When o and [ have the same sign, a broad ring (red curve) is
expected that has a radius larger than radius of the peak intensity
position of the LG} mode. On the other hand, when o and [ have
opposite signs, two rings are expected to appear—one on either
side of the intensity peak. The stronger inner ring should be
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Fig. 2 Second harmonic current source and photon distributions from Gaus:

sian beams. a Normalized radial distributions of the pump beam intensity

(black), intensity gradient (dashed blue), and intensity-gradient-induced second harmonic current J,;; (red-orange) are calculated using circularly polarized
(CP) laser pulses with a peak intensity of 1.5 x 10177 W cm~2. Here p is the distance to the center of the beam. The pump beams carry spin angular

momentum (polarization state ¢ = %1 for left-circular and right-circular) but n

o orbital angular momentum (azimuthal mode index /= 0). The radial

coordinates where the laser intensity reaches the barrier suppression ionization threshold lgs are marked for He (dotted brown) and Hel* (dotted green)
indicating the estimated position of the density gradients. b 800 nm focal spot image used to estimate the focal spot size (wo ~ 6 pm) and calibrate the
scale in calculations. Measured 400 nm images from left-circular and right-circular polarization are shown in ¢ and d where the black dashed circles mark

the estimated peak location deduced from the calculated radial distribution.

accompanied by a weaker outer ring in contrast to the previous
case. This feature has been confirmed in the corresponding 2w
images. Figure 3b shows the measured 800 nm image of a left-
circular LG} beam, and Fig. 3c, d show the near field 2w images
from the left-circular and right-circular LG} beam. The excellent
agreement between the peak locations of the measured 2w
emission and the calculated peak locations of the intensity
gradients further confirms that the 2w photons are emitted from
the plasma region where the laser intensity gradients are the
largest rather than ionization induced density gradients.

Conservation rules of optical angular momentum. To deter-
mine the angular momentum properties of the output second
harmonic beam, we calculate the far field electric field from the
second harmonic current sources (see Supplementary Note 2 and
Supplementary Fig. 2a—c for details). The relevant terms of the 2w
electric field generated from both mechanisms are identical, and

therefore we have E,, op (icos 9m6¢$) expli(21£2)¢], where

O is the polar phase-match angle. When 6, is small, the emis-
sion can be regarded as a plane wave propagating in the forward z
direction

Eyocp o (Xt iy)expli(2l+ 1)) (4)

Equation (4) shows the polarization state and the azimuthal
phase terms of the 2w beam for a fundamental beam with SAM
value 0=+1 and OAM value I. By comparing the input and
output beams, several conservation rules of optical angular
momentum can be deduced. First, the polarization state is the

same for small 6,,,. In other words, the spin angular momentum is
preserved in the second-harmonic generation process,

$2w :Sw =0 (5)

where s, and s, represent the SAM values of the fundamental
and the 2w beams, respectively. Second, the azimuthal phase
factor of the 2w beam becomes 2!+ o. This relation gives

lZw = ZIw + Sw (6)

where [, and L, are the azimuthal mode indexes of the
fundamental and the 2w beams, respectively. Using Egs. (5)
and (6), rule for the conservation of the total angular momentum
can be immediately obtained.

ij = 2]u) (7)
where j, =1, + s, for respective harmonics n. Equations (5)-(7)
describe the conservation rules of spin, orbital, and total optical
angular momentum in the second harmonic generation,
respectively.

Table 1 shows the combinations of angular momentum
components of the fundamental and 2w beams based the
conservation rules given by Egs. (5)-(7). For input beams with
SAM values (—1, 0, 1) and OAM values (—1, 0, 1), these
conservation rules give 5 combinations for the total, SAM and
OAM of the 2w photons as shown in Table 1. Case A simply
describes the situation where no optical angular momentum is
involved. This is just a LP, Gaussian mode. Case B demonstrates
the simplest case that involves the conversion of spin-to-orbital
angular momentum—a circularly polarized Gaussian pump
beam. Case C shows the complete transfer of OAM from the
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Fig. 3 Second harmonic current source and photon distributions from Laguerre-Gaussian beams. a Normalized radial distributions of the pump beam
intensity (black), intensity gradient (dashed gray), and intensity-gradient-induced second harmonic current J,;; (red and orange) are calculated using
Laguerre-Gaussian mode LG}, (azimuthal mode index | =1) and circularly polarized (polarization state ¢ = *1 for left-circular and right-circular) pulses with
a peak intensity of 1.5x 10" W cm~2. Here p is the distance to the center of the beam. Barrier suppression ionization threshold intensities (/gs) for He
(dotted brown) and He't (dotted green) are reached on both sides of the peak intensity. b Measured 800 nm LG}, mode. The 400 nm image from a left-
circular (LCP) LG}, laser is shown in € where the dashed circle corresponds to the peak of the red curve in a. The 400 nm image from a right-circular (RCP)
LG}, laser is shown in d where two dashed circles correspond to the inner and outer peaks of the orange curve in a.

Table 1 Angular momentum conversion.

Case Fundamental (w) Second harmonic (2w)

Jow Se lm ij S20 l2m
A 0 0 0 0 0
B +1 +] 0 +2 +] +]
C +1 0 +1 +2 +2
D +2 +] +] +4 +] +3
E 0 ¥l +1 0 - +]

Combinations of angular momentum components of the fundamental (w) and second harmonic
(2w) beams, for the input fundamental or pump beams with linear or circular polarization (6 =
0, 1) and the azimuthal index /=0, %1. Here j, s, and [ stand for the total, spin, and orbital
angular momentum value of the beam. The last column shows the expected | of the 2w beam,
which is the quantity measured in the experiments by measuring the spiral phase of the beam
using two different methods.

fundamental to the 2w photons for a linearly polarized but [ = +1
pump beam. Cases D and E show the coupling of SAM and OAM
in the second harmonic generation process. The SAM and OAM
add up to either increase (case D) or decrease (case E) the orbital
angular momentum.

Measurement of the helical phase front of 2w light. The
experimental verification of the aforementioned conservation
rules of optical angular momentum has been carried out by
characterizing the helical phase of the second harmonic radiation.
As shown in Table 1, by using various combinations of quarter-
wave plate (QWP) and spiral phase plate (SPP) we can control
the SAM and OAM, respectively, thereby generating the

fundamental or pump beam that has a known polarization and
azimuthal mode index. We also show the expected values of the
azimuthal index of the second harmonic light generated by the
plasma for each setting of the QWP and the SPP. The QWP is set
to make the output beam either LCP or RCP, corresponding to
the SAM value of +1 or —1. The SPP is set to generate a
Laguerre-Gaussian beam with p =0 and /= 1.

The emerging second-harmonic radiation was measured using
a commercial wavefront sensor (WFS-PHASICS SID4 HR) using
the setup shown in the inset of Fig. 1. The sensor captures the far-
field radiation intensity patterns (three examples are shown in
Supplementary Fig. 2d-f), as well as the spatial phase informa-
tion. Here we are more interested in the helical phase information
of these intensity profiles in order to test the conservation laws for
angular momentum. The helical phase structure is obtained from
these recordings in the following way. For example, the 2w phase
recorded by the WFS using LCP and RCP LG laser pulses are
subtracted to give the phase information (see “Methods” section
for more information). This procedure leads to an azimuthally
increasing relative phase distribution as shown in Fig. 4. The
magnitude of the total phase change is 271(l; — ) radians if two
beams have azimuthal indexes of [, and L. Since in this case we
compare two cases of beams with opposite sense of rotation
(helicity), I, = —1;, we expect twice the phase shift, which leads to
a total phase shift of 47]l,,| radians.

Figure 4a shows the azimuthal phase obtained when a
circularly polarized fundamental LG beam was used. This is
Case B in Table 1. Although the pump beam has no OAM we
expect the 2w beam to have L, = +1 and a total azimuthal phase
of 47 radians as seen in Fig. 4a. Figure 4b shows the phase shift
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Fig. 4 Spiral phase measured by the wave-front sensor. Relative helical phase distributions between two shots from a left-hand and right-hand circularly
polarized beams (CP;—CP5), b linearly polarized Laguerre-Gaussian (LG) beams with azimuthal mode index | = +1 (LG;—LG), ¢ circularly polarized LG
beams with opposite helicities ((CP+LG);-(CP+LG),). s,, and |, are the spin and orbital angular momentum value of the fundamental beam; I, is the
expected orbital angular momentum value for the second harmonic generation.

distribution when the 2w photons from LP LG beams with [, =
+1 are measured. The expected magnitude of total relative phase
shift (Case C in Table 1) is now 87 radians if there were twice the
amount of OAM in the 2w beam (I, = +2) indicating OAM was
completely transferred from the fundamental to the second
harmonic. Now we discuss what happens when the SPP was used
in tandem with the QWP (for both case D and E in Table 1). In
Fig. 4c, OAM and SAM values of the input beams were set
according to case D. A total relative phase shift of 127 radians is
expected and observed since the 2w output beam possesses I, =
+3. Even though this method only demonstrated a relative helical
phase shift, the total phase shift implies the amount OAM carried
by the output beams are as predicted in Table 1.

A second technique was used to confirm the results of the
helical phase measurement obtained using the WEFS. In this set-up
the collimated second harmonic light was sent through a double-
slit interferometer for a direct measurement of the azimuthal
mode index of the beams (Fig. 5a). The beam passed through the
center of a custom-made double-slit target and generated an
interference pattern. A double slit mask with a slit width of 30 um
and a separation of 2.8 mm was used to retrieve the difference in
the spatial phase from a range of azimuthal coordinates
intercepted by the slits. A screen was placed about 1 m behind
the mask. Contrary to the typical straight fringe pattern obtained
when a plane wave traverses the two slits in Young’s double slit
experiment, a beam with a helical wavefront yields a kinked fringe
pattern bent in a direction according to its helicity3”. This effect is
clearly demonstrated in Fig. 5. For a linear polarized Gaussian
beam (case A), its radiation pattern has two lobes along the
polarization direction (Fig. 5b) and its interference pattern yields
straight line fringes (Fig. 5c) showing that the output 2w beam
carries no OAM. For a circularly polarized Gaussian beam (case
B, s, = 1), annular emission pattern (Fig. 5d) appears. Figure 5e,
f are results of double slit experiments from the LCP and RCP
cases, respectively. The fringe patterns for two cases now have
kinks (bends) in opposite direction with nearly equal amount of
shift.

Single-shot measurements of the interference pattern using
different polarizations and spatial modes of the 2w beams are
shown in Fig. 6a for the cases B, C, D, and E listed in Table 1. For
different cases, different magnitudes of shift of the fringes were
observed. Figure 6b shows a series of calculated fringe patterns
(synthetic interferograms) by using the slit width and the slit-
screen distance in the experiment and assuming a homogeneous

input light with different index I. The exact value of OAM carried
by the beam can be evaluated measuring the shift for a fringe
from the top to bottom and by comparing the experimental
interference pattern with the synthetic pattern. Contrary to the
calculated results, the actual patterns have inhomogeneous
intensity distributions due to the local variations of intensity on
the slits. For cases shown in Fig. 6, the estimated L, are —1.00 +
0.04 (—1), 1.85+0.07 (+2), 3.11+£0.04 (+3), and 1.03£0.04
(+1) where the predicted values are in the parentheses. The
agreement is good (See Supplementary Note 3 for the discussion
of the error bars). Similar magnitudes of shift between the
experimental and calculated fringes are also demonstrated by the
white and red dashed lines in Fig. 6a, b. These results are strong
indications that the conservation law for OAM given by Eq. (6) is
obeyed.

Discussion

The results from two different diagnostics indicate that the helical
phase structure and the OAM mode index of the second har-
monic radiation emitted from an optical-field ionized helium
plasma matches the value predicted by the conservation rule Eq.
(6) for the input SAM and OAM values of 0 or *1. It is then
reasonable to suppose that the conservation rules can be extended
to other integer OAM values [ = +2, +3, +4,.-.. Therefore, variable
orbital angular momentum can be generated this way using the
spin-to-orbital angular momentum conversion. However, small
but definite changes of polarization between the fundamental and
2w beams were observed (shown in Supplementary Note 4; also
see Supplementary Figs. 4 and 5 and Supplementary Table 1).
This can give rise to a fractional value of spin angular momen-
tum. There are physical mechanisms that may depolarize the 2w
radiation in the plasma itself. First, it is well known that the light
with angular momentum can generate axial magnetic field in
plasmas through inverse Faraday effect?338. Axial magnetic field
can depolarize the radiated 2w emission via the Faraday effect.
Second, laser-ionized plasmas are known to have non-thermal
electron velocity distributions and are susceptible to plasma
kinetic instabilities3>40. The axial helicoidal magnetic field
induced by electron filamentation/Weibel instability can cause
depolarization of the 2w radiation and plasma emission. Third,
refraction from the density gradients (He!*-He?* and He!T-He)
can rotate the polarization plane for a fraction of emitted 2w light
and cause depolarization. It should be noted that the coherent
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Fig. 5 Double-slit interferometry. a Schematic setup of the interferometer. b Second-harmonic radiation pattern from a linearly polarized (LP) beam and ¢
the corresponding fringe pattern. d Second-harmonic radiation pattern from a circularly polarized (CP) beam. e and f show the fringe patterns for the left-
circular and right-circular polarization cases. The red rectangles in b and d indicate the approximate position of the slits. The white dashed lines in e and f

show the relative bending of the fringes. All fringe patterns share the same color bar. QWP: quarter wave plate; SPP: spiral phase plate. CCD: charge-
coupled device.
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Fig. 6 Interference patterns from spiral phase fronts. a Observed and b calculated interference fringe patterns for different cases in Table 1. The input
beam parameters from left to right: Case B (s=—1,/=0), Case C (s=0, I=+1), Case D (s=+1, [=+1), Case E (s=—1, |=+1), where s and | are the
spin and orbital angular momentum value of the fundamental beams. The white and red dash lines in a and b overlap with one of the bright fringes at the
top for each case B-E for measuring the phase shift. The experimental patterns shown were selected from sets of 10 consecutive shots (movies of 10 shots
are shown in Supplementary Movie 1-4 for the case B-E).
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nature of the single-shot double slit measurement provides a
better measurement than the azimuthal phase deduced from the
WES which requires subtraction of two independently obtained
shots that have equal but opposite mode index. The agreement
between the experimental results and theoretical predictions
provides strong support that Eq. (7) is valid for our experimental
parameters.

In conclusion, the source and the conservation of total optical
angular momentum in the second harmonic generation from
optical-field ionized plasmas has been verified experimentally. The
conservation law is accompanied by conversion of the spin-to-
orbital angular momentum. The results agree with the conserva-
tion rules of angular momentum, which have been derived using
the simple electron quiver motion model. In the model, free
electrons absorb both spin and orbital angular momentum from
the input beam and move accordingly. When these electrons pass
through density or intensity gradients, second harmonic currents
with the same polarization and phase factor of the beam are
generated and angular momentum is transferred to the resultant
radiation. In our experiment 2w radiation originates from plasma
regions in the vicinity of the largest intensity gradients of the
pump laser. We note that the present mechanism for the current
source assumes no dissipation (collisions) or coupling to a plasma
mode and the plasma electrons simply catalyze this conversion of
the OAM in the harmonic generation process unlike in the case of
parametric instabilities where energy, momentum, and angular
momentum conservation involves a collective mode of the plasma.

Methods

Calculation of far-field radiation. Following a two-step procedure described in
ref. 41, the far-field radiation field can be calculated systematically from a known
current source. In the first step, the vector potential is found from the integration

///d,lzw@ ¢, z)‘r"“: ;“

in the far-field approximation. In the second step, the electric field E,,, is calculated
from the vector potential A,,. The integration over the current density is done in
cylindrical coordinates, but the components of the vector potential and the field are
solved in spherical coordinates (Supplementary Fig. 1).

For the density gradient contribution, because of the steep density change
induced by optical-field ionization, it is simpler to assume a region of density
gradient as a delta function at p = p,. Substitute on,/dp = + C,6 (p — po) into Eq.
(2), where C, is a constant. The electric field distribution from the density gradient
is found to be

E, g (i cos Gé\i/d;) sinc[(k, cos 6 — 2k, )zg]

x let . (k2p0 sin 9) ei[kzr—zwﬂ(l: 1)¢]

(®)

where B, is the Bessel function of the first kind of order 2+ 1 and zy is the
Rayleigh range. Note that each density jump in plasma can be calculated separately
using Eq. (8).

For the intensity gradient contribution, integration for Eq. (3) can be done
analytically (Supplementary Note 2). The electric field distribution from the
intensity gradient can be written as

Ej g (z cos 99+¢) sinc[(k, cos @ — 2k, )zp]eller 20 20= 04y (9)  (9)

where ¥, () is a function of 6 and +1 correspond to LCP/RCP. ¥, ., (0) has the
similar feature of high-order Bessel functions and also yields a pattern with
multiple rings.

Experimental setup. The experimental setup is shown schematically in Figs. 1 and
5a. The pump laser pulse has a central wavelength of 800 nm and a pulse duration
of ~50 fs (full width at half maximum). The vacuum chamber was filled with a
static fill-pressure of 10 torr of He gas. Helium was ionized by focusing the pump
beam by an off-axis parabolic mirror (OAP) with a f-number of 12. To ensure a full
ionization at the focus, different pump energies were used for different input modes
to keep the peak intensity larger than 1.5 x 1017 W cm~2, which is far beyond the
ionization threshold of He!* ion. A blue glass (Newport BG40) was placed after the
focus to block most of the 800 nm pump beam energy but allow the transmission of
the 400 nm beam. The divergent second harmonic radiation was then collimated by
a lens pair and was guided into different detection systems. For most measure-
ments, another band-pass filter (centered at 406 nm with a bandwidth of 40 nm)

was inserted in front of the detector to block stray light and plasma line emission.
SAM and OAM of the input beam were introduced by a zero-order quarter-wave
plate and a spiral phase plate. Since the incident beam had a top-hat (super-
Gaussian) intensity profile, the output beam of the SPP is better described as a
modified Laguerre-Gaussian beam. The modified LG beam has slightly different
intensity profile at the focal plane compared with the ideal mode3.

Detail of the spiral phase measurement. Shack-Hartmann wavefront sensors
have been shown to be useful in reconstruction of the helical phase of high-
harmonic generation with optical vortices?>43 despite difficulties related to phase
dislocation inherent in optical vortices. Numerical methods are often required to
avoid the discontinuities in the phase front>#4. In this work, we applied annular
numerical masks matching the 2w beam profiles (Supplementary Fig. 2d-f) and
took the local wavefront information with a plane wave reference for each shot.
The recorded interferograms (phase distribution between the signal 2w beam and a
plane wave reference) with opposite signs of helicity were subtracted to reconstruct
a relative phase distribution. The main reason for using a relative measurement is
to exclude the defocus and spherical aberration of the 2w beam, which is constantly
larger than 27 rad. The spiral phase information is present together with additional
phase information that is sensitive to azimuthal index and laser conditions. Since
two beams with the same |I| value have similar spiral phase profiles, the subtraction
of two images can mitigate the additional phase information. What remains will be
the differential spatial phase that reveals the spiral phase structure of vortex beams.
The magnitude of the total phase increment is 271(l; — ;) radians if two beams have
azimuthal index of [, and I,.

The WES method has some issues when the spiral phase is being extracted from
the beam directly, so it has to be inferred from a relative phase measurement. The
double slit interferometer has no such problem. The azimuthal phase can be
obtained in single shot but this method unlike the WES method is not able to give
the phase distribution of the whole beam. In this respect the two methods
complement one another. The calculated double-slit interference patterns are
generated using the intensity profile given by I(x, y) = I cos?(nxa/AL 4+ A¢(y)/2)
where I is the normalized peak intensity, a is the distance between two slits, A is
the wavelength of the input light, L is the distance between the slits and the screen,
and A¢(y) is the phase difference between two slits along the vertical direction y.
The vertical phase shift term A¢(y) is proportional to azimuthal index of the input
light but modulated by a. It could be difficult to precisely determine arbitrary
azimuthal index due to the inhomogeneous light intensity distribution*>. However,
one can estimate this value using I(x, y) and mitigate the effect of inhomogeneity by
using average amount of shift in the estimation.

Both methods were calibrated using 800 nm beams that carried known
azimuthal indexes (/= 0, 1) and gave the expected results. (See Supplementary
Fig. 3 for the calibration of the double-slit interferometry.) Measurement errors at
2w are mainly due to shot to shot variations of the wavefront aberrations.

Data availability
The data that support the findings of this study are available from the corresponding
author upon reasonable request.

Code availability
The codes used for the theoretical calculations in this study are available from the
corresponding author upon reasonable request.
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