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transformation to analyze metamaterials moving at a high speed. As an example, we consider a slab

of left-handed metmaterial (LHM) with both relative permittivity and permeability equal to —1.
Simulation results show that when the LHM slab moves at a high speed, its electromagnetic responses
are drastically different from the static case. Specifically, when the LHM slab moves toward the source,
for the case of normal incidence, there exists a special velocity at which fields experience a zero spatial
phase delay through the LHM slab; while for the oblique incidence, above a certain velocity fields inside
the LHM become evanescent. On the other hand, when the LHM slab moves away from the source, for
the case of normal incidence, at the same special velocity the magnitudes of both electric and magnetic
fields inside the LHM slab reach their minimum values; for the oblique incidence, the slab functions

as a field converter. Besides, the transmitted waves through the LHM slab experience a red-shift (to a
lower frequency) and the shift is proportional to the velocity of the LHM slab regardless of the moving
direction.

Metamaterials are defined as artificial periodic structures which possess extraordinary and desirable electromag-
netic properties that have not been found in naturally occurring materials'. Typical applications of metamaterials
include superresolution imaging®?, cloaking?, perfect wave absorption®, and subwavelength image magnifica-
tion®’ etc. The early development of metamaterials has been focused on the realization of three-dimensional
(3-D) structures®. However, due to their nature of being lossy, having a narrow bandwidth, and difficulty in fab-
rication, practical applications of 3-D metamaterials are very limited. For these reasons, more recently, exten-
sive efforts have been put into the analysis and design of metamaterial structures with reduced dimensions, i.e.
two-dimensional (2-D) metamaterials, referred to as metasurfaces®!?. These thin structures have been shown to
possess exceptional abilities to control electromagnetic waves, allow cost-effective fabrications, and may hold
promises for future applications in imaging, sensing, and quantum information processing etc.

To date, most of the research works have been conducted for static metamaterial structures, whose material
parameters are time invariant and their spatial locations remain unchanged. For dynamic metamaterials, the
initial analyses of time-gradient metasurfaces have revealed their interesting properties such as nonreciprocity
and frequency tunability'"'2. Nonetheless, so far the second issue of dynamic metamaterials—when the structure
is moving in space-has not been addressed in literature.

In the study of metamaterials, both analytical methods and numerical techniques have been extensively used.
The finite-difference time-domain (FDTD) method is especially popular due to its simplicity and capability of
handling inhomogeneous, anisotropic, nonlinear, and frequency dispersive materials'®. In this paper, we develop
anumerical model by combining the FDTD method and the Lorentz transformation, for modeling metamaterials
moving at a high speed. As an example, we consider a special type of metamaterial-the left-handed metamaterial
(LHM) with both relative permittivity and permeability equal to —1. Simulation results show that electromag-
netic responses of fast moving LHMs are drastically different from the static case, and many interesting properties
can be obtained when the LHM moves at a high speed.

Methods
In general there are two types of relativistic FDTD methods: applying the relativistic boundary condition (RBC)'*-¢,
and applying the Lorentz transformation!’-". Each method has its advantages and drawbacks. Specifically, the
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Figure 1. The FDTD simulation domain for modelling metamaterials moving at a velocity v=+vj, containing
a laboratory frame, K which is assumed to be static, and a rest frame, K’ which moves in the same direction and
at the same velocity as the metamaterial.

RBC-based method is applicable for objects moving at any velocity, either constant or varying, however, a map-
ping of material boundaries to discrete FDTD grid points at every time step is unavoidable due to the movement
of the object, which may lead to the numerical instability issue; the Lorentz transformation avoids boundary
mapping since the standard FDTD method is used in the moving frame, while the method is only valid for objects
moving at a constant velocity.

Both the RBC-FDTD method and the Lorentz-FDTD method have been used to analyze high-speed moving
conducting and dielectric objects, and numerical results have shown good agreement with analytical solutions. In
this work, due to its simplicity, we extend the Lorentz-FDTD method to take into account the frequency disper-
sion effects in materials, and then model metamaterials with negative material parameters.

The Lorentz transformation is a transformation between two coordinate frames that move at a constant veloc-
ity relative to each other. Here we consider two coordinate systems, K and K’ which coincide at time instant
t=1¢'=0. Assuming K’ moves at a constant velocity, v relative to K toward a particular direction. Thus the coordi-
nate system K’ is called the rest frame, and K is referred to as the laboratory frame, as illustrated in Fig. 1.

By applying the Lorentz transformation, the electromagnetic fields as well as space and time variables can
be transformed between these two systems K and K'. The transformation formulas for the electromagnetic field
components E, H, D, B in the general form are expressed by*":

; _vxE} e
B = §[B = ] (E—-DB -V, W
E =¢E+vxB)—(£—1)(E- V), )
; vx H _ o
D —§[D+ 2 }—i—(l (D - V)V, 3)
H = &H— v x D)+ (1 —&H -, (4)
where
1
= —
1— e

is called the Lorentz factor, ¢ is the speed of light in free space, and ¥ is the velocity unit vector. The above trans-
formations allow the calculation of field components in the rest frame, K. However in FDTD, in order to analyze
field scattering from moving objects in the laboratory frame K, it is necessary to solve the above equations for the
B, E, D, H components using their counterparts in the rest frame K'. Relevant equations are provided in the next
section for 1-D and 2-D cases.

The FDTD method was first proposed by Yee in 19662!. The method is based on an iterative process which
allows to obtain electromagnetic fields throughout the computational domain at a certain time step in terms
of fields at previous time steps using a set of updating equations'?. The typical discretization scheme involves
forming a dual-electric-magnetic field grid with electric and magnetic cells spatially and temporally offset from
each other. The main advantages of the FDTD method are its simplicity, effectiveness and accuracy as well as the
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capability of handling frequency dispersive and anisotropic materials. Although the FDTD method has been
extensively used to model various types of materials including metamaterials?*-%, its applications to analyze elec-
tromagnetic responses from moving objects are still limited'*~'**. To the best of authors’ knowledge, the FDTD
method has not been used to analyze high-speed moving metamaterials, which behave considerably different
comparing with the static case, as will be shown later in this paper. Besides, based on our proposed method, other
types of metamaterials such as metasurfaces”'’ when moving at a high speed, can be conveniently analyzed in a
straightforward manner.

Due to their frequency dispersive nature, metamaterials can be modelled as an effective medium, and are
usually characterized by the Drude dispersion model:

2
W) = p) =1 - — L
' ' W = ju'y ®)
where ' is the angular frequency in the rest frame, and w, and y are plasma and collision frequencies, respec-
tively. Here we assume both permittivity and permeability to have the same dispersion form, which is suited for
modeling the isotropic LHM with ¢, =y, = —1.
In order to model frequency dispersive materials using the FDTD method, the auxiliary differential equation
(ADE) method is applied, which is based on the Faraday’s and Ampere’s laws:

OB’
V x = ——,
x ot 6)
oD’
VxH =2,
x ot @)

as well as the constitutive relations D’ = ¢y, E’ and B’ = i, H' where ¢, and 1y, are free-space permittivity and
permeability, respectively, and ¢, and , are expressed by (5). Note that in the above and following equations in
this section, all field components, FDTD cell size, and the discrete time step refer to those in the rest frame, since
the LHM remains static in that frame, and the ADE dispersive FDTD method is applied.

Equations (6) and (7) can be discretized following a standard procedure!*?! which leads to the conventional
FDTD updating equations:

~ 1
B"1=B" — At .V x E'""2, (8)

~ 1
D"l =D" + At -V x H'" "7, 9)

where V is the discrete curl operator, At is the discrete FDTD time step and # is the number of time steps. In
addition, auxiliary differential equations have to be taken into account and they can be discretised through the
following steps. The constitutive relation between D’ and E’ reads

(W — jw D! = gy(w? — jw'y — w;)E’. (10)
Using inverse Fourier transform and the following rules:

92
s 72
J‘y —_ —, W — —

ot o
Equation (10) can be rewritten in the time domain as
d? 0 d? 0 2
— 5D =zt ot B
[8t’2 o' V] O[é)t’z o (11)

The FDTD simulation domain is represented by an equally spaced 3-D grid with periods Ax’, Ay’ and Az’
along x’-, y'- and z/-directions, respectively. Following a standard discretization procedure'?, Eq. (11) can be
approximated as

D/n+1 _ 2D/n + D/nfl D/n+1 _ D/nfl B E/n+1 _ 2E/n + E/nfl E/n+1 _ E/nfl
(Ar) YA T (Ar)? A
+w2Em+1 + 2F" 4 E/n—l
b N
4 (12)

Therefore the updating equation for E’ in terms of E’ and D’ at previous time steps is as follows:
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The updating equation for H' is in the same form as (13) by replacing E’, D’ and ¢,, by H', B’ and 1, respec-
tively, i.e.
H/ﬂ+1 — 1 + 2 m+1l # m
B A 2p A Ho(AL'Y?
2
1 _ Y m—1 2 _ w_P H/n
AV 2p AY (AP 2
2 2
. 1 _ Y + w_P H/nfl / 1 + /y + w_P i
(AFY 2AY 4 (A 2AY 4 (14)

Equations (8), (9), (13) and (14) form the FDTD updating equation set for LHMs in the rest frame. The field
components in the laboratory frame can be calculated by solving Eqs (1) and (2) for B, E, and Eqs (3) and (4) for
D, H, respectively at every time iteration.

Results and Discussion

In our analysis, we model an LHM slab with its thickness equal to L. Its front and back interfaces are parallel and
perpendicular to the y-direction, as shown in Fig. 1. Assume that the slab is moving at a constant speed along the
y-direction, i.e. v = vj. To allow the LHM slab to be relatively static, the rest frame also moves at the same speed
v along the y-direction. The reason for aligning the direction of movement with the coordinate axis is that the
Lorentz transformation can be significantly simplified. For more general cases with arbitrary moving directions,
the equations with additional terms can be derived in a similar manner.

Implementation in one dimension and validation of the Lorentz-FDTD method. For the 1-D
implementation of the Lorentz-FDTD method, plane-wave incidence is assumed, with only E,, D,, H,, and B;
components being non-zero. In the FDTD domain, the slab is infinite in both x- and z-directions. Under the 1-D
assumption and v = v, the Lorentz transformation equations (1-4) reduce to

’ 14
Bx = g[Bx - C—ZEZ];

(15)
E, = &, — vB), (16)
D: = g[DZ ?H"]’ (17)
H, = &H, — vD). (18)
Solving for the field components in the laboratory frame gives
B, = g[B,; + CV—ZEZ'}, (19)
E, = {(E, + vB)), (20)
D, = g[Dz’ + lex]
c (21)
H, = &(H, + vD,). (22)
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Figure 2. The 1-D FDTD simulation domain containing an incident domain for the implementation of the
total-field scattered-field (TFSF) method, a rest frame, and a laboratory frame.
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Figure 3. The grid layout in the FDTD domain. An offset is caused by the movement of the rest frame relative
to the laboratory frame.

Notice that the above equations can be also obtained simply by replacing primed field components by their
unprimed ones and vice versa, and also letting v — —v, since the Lorentz transformation and its inverse transfor-
mation have the same form.

Figure 2 shows the 1-D FDTD simulation domains for the rest and laboratory frames, as well as an
incident-field domain for the implementation of the total-field scattered-field (TFSF) method. The TFSF method
is used to introduce the incident wave at the boundary between the scattered and total field regions (see Fig. 2),
and only allows the wave to propagate toward the right side of the domain. The excitation source is introduced in
the incident domain, and the arrows with dotted lines indicate that the E/™ and H™ fields (calculated from
FDTD simulations) are then introduced into the rest frame. Absorbing boundary conditions (ABCs) are applied
to terminate the FDTD domain for both the incident domain and the rest frame. However for the laboratory
frame, no ABCs are required and all field values are directly calculated by Eqs (19-22) at every FDTD time step.
Two observation points are located in the laboratory frame which are assumed to be static. The distances from the
left observation point to the TFSF boundary, and from the right boundary of the slab to the right observation
point are both sufficiently long considering the cases of the slab moving in both directions, to ensure that only the
scattered (reflected) and/or transmitted fields are recorded. The incident domain and the rest frame move at the
same constant velocity, and due to such movement, a mapping of FDTD grids between the rest and laboratory
frames is necessary when applying Eqs (19-22). Figure 3 shows the grid offset caused by the movement. In order
to ensure accuracy in FDTD simulations, the field components in the laboratory frame are calculated using
weighted average of adjacent components in the rest frame. For example, when calculating the E, component, the
following equation is used,
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Figure 4. Waveforms of reflected electric field in (a) time and (b) frequency domains when the slab is modelled
as a PEC and moving at various velocities. The frequency of incident wave is 1 GHz. A Doppler shift in both
amplitude and frequency is clearly shown.
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where d,, d,, d3, and d, are the offset distances between the E, component at location i 1n the laboratory frame, to
two nearest E components at locations i’ and i’ — 1 in the rest frame, and two nearest B components at locations
i’ and i’ — 1 in the rest frame, as defined in Fig. 3. Notice that d, + d,=d;+d,= Ax, d,+d,=15Ax, and
d, + d;=0.5Ax. The equations to calculate other field components in the laboratory frame can be derived
similarly.

In addition to the field updating equations in both rest and laboratory frames introduced in the previous
section, the source excitation also needs a special treatment. In our analysis, we assume that the metamaterial is
moving while the source remains static with respect to the laboratory frame, thus the Lorentz transformation is
applied to the excitation function to obtain its form in the rest frame (assuming sinusoidal excitation applied to
the E, component):

E, = E, sin(2nfnAt), (24)
E, = E, 1-5 sin | 27f ﬂnAt’ ,
148 1+ 3 (25)

where 3=v/c, and fis the frequency of the sinusoidal wave. It is evident from these equations that the incident
wave in the rest frame undergoes a Doppler shift in both amplitude and frequency due to the movement of the
rest frame.

In order to validate the Lorentz-FDTD method, we first model the slab as a perfectly electric conductor (PEC),
and compare the calculated frequency shift and amplitude variation due to the movement of the slab from FDTD
simulations with the theoretical ones. Here both cases of the slab moving away from the source (v = +vy) and
moving toward the source (v = —vj) are considered. The source is located at the origin of the rest frame, 0/, and
the observation point is located on the —y axis of the laboratory frame to allow only the reflected fields from the
PEC slab to be recorded. The operating frequency of the incident wave is f=1 GHz. The FDTD cell size in the rest
frame is Ay’ =5.0 X 107° m, equivalent to A\/60 where X is the wavelength at the operating frequency. According
to the Courant-Friedrichs-Lewy (CFL) condition'?, the discretized time step is chosen as At' = Ay’/c where c s
the speed of light in free space.

Figure 4 shows the reflected waveforms of electric field from the PEC when it is moving at various velocities
both toward and away from the source.

It can be seen that both the amplitude and frequency of the reflected wave increase when the PEC slab moves
toward the source (v < 0), and decrease when the slab moves away (v > 0). The theoretical Doppler shifts in ampli-
tude and frequency can be calculated as?

}/; >

1 —vlc
E,,=|——I|E =
= 1|
where E,; and f; are amplitude and frequency of the incident wave, and E;, and f, are amplitude and frequency of
the reflected wave. The comparison of calculated numerical values from our simulations are in excellent agree-

ment with the theoretical ones calculated from Eq. (26) with a maximum error of less than 0.5%, which validates
our Lorentz-FDTD method.

1 —vlc

1+ vic (26)
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Figure 5. Distributions of electric field for (a) v=—0.2¢, (b) v=4-0.2c in rest and laboratory frames. Only

a section of each frame is shown. The red vertical lines indicate the location of source. Notice the difference
between the wave amplitude inside the LHM slab in rest and laboratory frames when the slab is moving toward
or away from the source.

The slab is then modelled as an LHM with its thickness equal to 1.5 m. The spatial distributions of electric
field in both rest and laboratory frames are plotted and shown in Fig. 5 for two cases of v=—0.2c and v=+0.2c.

The electric field distributions directly observed in the rest frame shows that the amplitude remains the same
after the wave enters the LHM slab, independent of the slab’s moving direction, while the spatial frequency
decreases or increases when the slab moves toward or away from the source, respectively. In the laboratory frame,
on the other hand, inside the LHM slab the spatial frequency remains the same as that in the rest frame, while the
wave amplitude increases for the case of v < 0 and decreases when v > 0. By varying the velocity in simulations,
some interesting wave behaviours can be observed. Particularly, when the slab moves toward the source and the
velocity gradually increases, backward waves are generated inside the LHM slab. When the velocity is further
increased after passing a critical value, backward waves change to forward waves which cannot be observed inside
a static LHM slab. In simulations, this critical velocity is found to be va2 —0.3322c¢. In addition, the spatial fre-
quency of wave also decreases when the velocity gradually increases, and the spatial frequency increases again
after this critical velocity. At the exact critical velocity, we can observe a wave with spatially constant amplitude
inside the LHM slab. In other words, waves experience zero spatial phase delay through the LHM slab, as shown
in Fig. 6(a). The constant wave amplitude and zero phase delay inside the LHM slab can be explained by the effec-
tive permittivity and permeability of the slab as follows. According to the Lorentz transformation for the angular

frequency, w'?,

W =&w—v-k), (27)

where w and k are the angular frequency and wave vector in the laboratory frame, respectively, when the LHM
slab is moving at various velocities, the effective permittivity and permeability in Eq. (5) vary accordingly.
Theoretically, when the slab is moving at v= —c/3, both effective permittivity and permeability are equal to zero,
resulting in a slab of zero-index material which introduces zero phase delay to the incident wave?. Nonetheless,
the slight discrepancy (with an error of 0.3%) between the theoretical velocity (v = —c/3) and the numerical value
v=—0.3322¢ obtained from FDTD simulations is mainly due to the numerical dispersion effect, and can be
further reduced when a finer FDTD mesh is used. However, this may result in an excessive requirement for the
computational time and computer memory. Note that the plasma frequency remains unchanged regardless of the
moving velocity of the LHM slab?’.

If the LHM slab moves away from the source, it is observed in simulations that, the waves inside the LHM are
always backward waves. However, in the laboratory frame the amplitude of wave inside LHM varies with the
velocity. It is found that there also exists a critical velocity with the same absolute value, i.e. v~ +0.3322¢ below
which the wave amplitude decreases when the velocity increases, and the amplitude increases when v is increased
further from the critical value. At this critical velocity, the amplitude of waves inside the LHM slab reaches its
minimum value, as shown in Fig. 6(b). Similar to the analysis above for v < 0, the minimum amplitude inside the
LHM slab in the laboratory frame can be also explained by the effective permittivity and permeability. Applying
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Figure 6. Distributions of electric field for (a) v=—0.3322c and (b) v=+40.3322c. Only a section of each frame
is shown. The red vertical line indicates the location of source. When the slab is moving toward the source at the
critical velocity, a constant amplitude of wave and zero spatial phase delay are observed inside the slab. When
the slab is moving away from the source at the critical velocity, the amplitude of wave retains a very small value
inside the slab.

Maxwell’s equations inside the LHM slab in the rest frame, B;C = (ky/o’ )EZI, the 1-D Lorentz transformation for
the E, component, Eq. (20) can be written as,

’

kyr
EZ: 5 1 =+ VU EZ’

(28)

where k= —(w'lc),le, ()W) (due to backward waves). At the exact theoretical velocity, v=+c/3, according
to Eqs (5) and (27), the effective material parameters due to the movement of the LHM slab can be calculated as
e,= p,= —3. Substituting the above values into Eq. (28) results in E,=0, i.e. zero field amplitude inside the LHM
slab moving at v=+c¢/3. Again the slight discrepancy between the theoretical value of v=+-c/3 and v=+40.3322¢
obtained in FDTD simulations is mainly due to the numerical dispersion effect. Note that the above results are
obtained when a small amount of loss is used for the LHM (¢, = p,= —1 — 0.001j). When the loss increases, the
behaviors of waves remain the same, while the amplitude of wave decreases with propagation distance.

To investigate the frequency domain characteristics of transmitted waves, we record the fields both inside the
LHM slab in the rest frame and in the free space behind the LHM slab in the laboratory frame. As shown in Fig. 7,
due to the movement of the slab, the spectra of waves observed inside the LHM slab shift to different frequencies,
which is a similar behavior to dielectric slabs.

However, behind the LHM slab the transmitted waves experience a red-shift of frequency when the slab moves
in either direction, as shown in Fig. 7(b).

The above results show significantly different behaviours of transmitted waves and waves inside a moving
LHM slab for the case of normal incidence. For the oblique incidence, it is well known that negative refractions
occur at the interfaces between the free space and LHM slab. Using our proposed Lorentz FDTD method imple-
mented in 2-D, we also investigate the effect when the LHM moves at a high speed.

Two-dimensional implementation. In the 2-D implementation, we consider the transverse electric (TEz)
mode with E,, D,, E,, D,, H,, and B, components being non-zero. Same as the 1-D case, the slab is moving along
the y-direction, i.e. v = vj. The Lorentz transformation equations from the rest to laboratory frames can be

derived as
! Vv ’
B, =¢&|B, — —=E._|,
= ol - 5 -
E, = {(E, — vB), (30)
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Figure 7. Normalised spectra of recorded electric field when the observation is located (a) inside the LHM slab
in the rest frame, and (b) behind the LHM slab in the laboratory frame. Frequency shifts are observed when the
observation point is located within the slab (moving at the same speed). Behind the LHM slab, a red-shift of
wave frequency is observed regardless of the slab’s moving direction.
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Figure 8. (a) The 2-D FDTD simulation domain for modelling oblique incidence on the LHM slab. (b)
Distribution of magnetic field component, H, demonstrating negative refraction at the interfaces between the
free space and LHM slab. The angle of incidence is 30 degrees.

E, = EJ¢, (1)

D =¢D — LH|,
= ¢fpi - -
D, = D,/¢, (33)
H, = £(H, — vD)). (34)

Figure 8(a) shows the 2-D FDTD simulation domain in the rest frame. Perfectly matched layers (PMLs)* are
used to terminate the domain in y-direction, and periodic boundary conditions (PBCs) are applied in x-direction
to model an infinitely-long LHM slab. The thickness of the LHM slab is L =0.5m, and the source plane is located
at a distance equal to the thickness of LHM slab, as shown in Fig. 8(a). The line source can be defined as

Y g 1 -— ﬁ . 1 — B ik i’ Ax’
H(',j)=H/('j) + H, sin |27 nAt |e 7t Ax
z ]5 z ]3 0 1+ ﬁ f 1+ 6 (35)

where ]5/ is the location of source along y'-direction, i’ € [1, I'] is the index of cell location, I is the total number of
cells in x-direction, and k, is the x’-component of the wave vector, and can be calculated as

v .
k, = ko[l - cosG,-] sinf, (36)
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Figure 9. Distributions of magnetic field component, H, in the laboratory frame when the LHM slab is moving
toward the source at two different velocities: (a) v=—0.1c, (b) v=—0.2¢. In both cases, the angle of incidence is
30 degrees.
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Figure 10. Distributions of field components, H,, E, and E, in the rest and laboratory frames when the LHM
slab is moving away from the source at two different velocities: (a) v=+0.1c, (b) v=+0.3322c. In both cases,
the angle of incidence is 30 degrees. The line source is indicated by the red vertical lines.

where k; is the free space wave number, and 6, is the angle of incidence. Note that a correction term, (v/c)cosb; is
included in Eq. (36) due to the movement of the slab. The operating frequency is 1 GHz, same as in 1-D FDTD sim-
ulations in the previous subsection. The FDTD cell size also remains the same, i.e. Ax’ = Ay’ =5.0 X 107> m (\/60).
The time step is chosen according to the CFL condition, At’ = Ax’/+/2¢'3, The TFSF method is implemented for
the 2-D case for the rest frame. For the laboratory frame, the fields are directly calculated by Eqs (29-34) and no
boundary conditions are required. In all cases of oblique incidence, we restrict the angle of incidence to be 30
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degrees. As it is clearly shown in Fig. 8(b), when the LHM slab is static, negative refractions occur at the interfaces
between the free space and LHM slab.

However, when the slab is non-static, the field distributions appear to be very different, especially when the
moving velocity is high. Figure 9 shows the distributions of magnetic field component, H, in the laboratory frame
when the LHM slab is moving toward the line source with two different moving speeds, v=—0.1cand v=—0.2c.
It can be observed from Fig. 9(a) that when v < 0, the LHM slab is no longer matched to the free space and reflec-
tions occur at the interfaces. The angle of refraction also becomes larger than the angle of incidence (in the case of
static LHM, these two angles are equal), and fields inside the LHM slab have a larger wavelength comparing with
the free-space one. When the velocity is further increased from v= —0.1¢, the LHM slab becomes more reflec-
tive, and more components of waves inside the LHM slab turn into evanescent such that little or no fields can be
transmitted through the slab when the velocity is high, as shown in Fig. 9(b). Note that the field distributions in
the rest frame are very similar to those shown in Fig. 9, thus only distributions in the laboratory frame are shown.

When the LHM slab is moving away from the line source, we can observe a smaller angle of refraction and
a smaller wavelength inside the slab. Besides, the LHM slab is still matched to the free space and no apparent
reflections occur at the interfaces, as shown in Fig. 10(a) for the case of v=+0.1c. When the velocity increases,
both the angle of refraction and the wavelength of fields inside the LHM slab become even smaller. Moreover, it
can be also observed that as the velocity gradually increases, the magnitudes of H, and E, components inside the
LHM slab decrease, while the magnitude of E, component increases. When the LHM slab moves at the critical
velocity of v=4-0.3322c, the H, component inside the slab retains a very small magnitude, while the magnitude of
E, becomes very high, as shown in Fig. 10(b). After passing through the LHM slab, the magnitudes of H, E, and
E, are restored to their original values before the LHM slab with slight decay due to the loss in the slab, and the
magnitudes decrease as the amount of loss increases. Thus we can conclude that when the LHM slab moves away
from the source at the critical velocity, it functions as a field converter.

Conclusion

In conclusion, we have applied a relativistic FDTD method by combining the Lorentz transformation with an
ADE dispersive FDTD method for analysing metamaterials moving at a high speed. As an example, we consider
the left-handed metamaterial (LHM) with both relative permittivity and permeability equal to —1. It is shown
from our results that when the LHM slab is moving toward a source, the spatial frequency inside the LHM slab
decreases, and the spatial frequency increases when the slab is moving away from the source. For the case of nor-
mal incidence, it is also found that there exists a special velocity at which fields inside the LHM slab experience a
zero spatial phase delay when the slab is moving toward the source; when the slab is moving away, the magnitudes
of both electric and magnetic fields inside the slab reach their minimum values. For the case of oblique incidence,
the angle of refraction is inverse proportional to the moving velocity, and the fields inside the LHM slab become
evanescent when the slab is moving toward the source above a certain velocity; when the slab is moving away, it
functions as a field converter and the maximum conversion is achieved when the slab moves at the critical veloc-
ity. In the present work we have considered the LHM as an example, and results show considerably different wave
behaviours comparing with the static case. Using our proposed Lorentz-FDTD method, other types of metamate-
rials can be readily analysed such as the mu-negative material (MNG), zero-index material and metasurfaces etc.
We anticipate that when these metamaterials move at high velocities, some interesting properties can be further
discovered.
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