SCIENTIFIC REPLIRTS

Rebuilding of destroyed spin
squeezing in noisy environments
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: We investigate the process of spin squeezing in a ferromagnetic dipolar spin-1 Bose-Einstein

© condensate under the driven one-axis twisting scheme, with emphasis on the detrimental effect of
Accepted: 10 October 2017 © noisy environments (stray magnetic fields) which completely destroy the spin squeezing. By applying
Published online: 26 October 2017 . concatenated dynamical decoupling pulse sequences with a moderate bias magnetic field to suppress
. the effect of the noisy environments, we faithfully reconstruct the spin squeezing process under

. realistic experimental conditions. Our noise-resistant method is ready to be employed to generate

. the spin squeezed state in a dipolar spin-1 Bose-Einstein condensate and paves a feasible way to the

. Heisenberg-limit quantum metrology.
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Spin squeezing and quantum entanglement play a critical role in quantum computing’ -, quantum information
science*”, and quantum metrology beyond the standard quantum limit®~!¢. During the past two decades, much
effort has been devoted to realize spin squeezed and quantum entangled states in various physical systems, such
as trapped ions'”'%, and photonic systems!?. However, these delicate quantum states are difficult to prepare and
easy to lose their quantum coherence, due to the weak coupling to the environments.

A Bose-Einstein condensate (BEC) in ultracold atomic Bose gases shows another great potential in spin

. squeezing by utilizing the pseudospin or spin degrees of freedom, due to the fine tunability and controllability of
. the parameters and properties of the system. Recently, experimental realizations of spin squeezing beyond the

standard quantum limit, through the one-axis twisting (OAT) which has a theoretical scaling of 1/N*? for N par-
- ticles?, were reported in two-component BECs'*!>. However, the complete spin squeezed states in the Heisenberg
. limit, in particular for a large number of spins by two-axis twisting (TAT) method which has a scaling of 1/N for
© N particles®, have not been realized experimentally, because of the challenge to find a suitable system where the
' TAT method is directly applied.

In pursuing the perfect spin squeezed states in the Heisenberg limit, many theoretical proposals have been
developed, including a wonderful theoretical proposal to dynamically generate the TAT Hamiltonian from the
OAT one?!-?. We refer this method as driven-OAT. Among many candidates for perfect spin squeezing, a more

° natural one is a dipolar spinor BEC with real atomic spin, such as #Rb spin-1 condensates where the coherence

. time of these systems is extremely long in principle®*. Although the stray magnetic fields in a practical experi-

© ment are believed to severely prevent the realization of the perfect spin squeezed states in such systems [Private
communications with M. S. Chapman.], it has not been discussed how the noisy environments affect the spin
squeezing dynamics and how to suppress their negative effects.

In this paper, we first briefly review the driven-OAT spin squeezing dynamics in a Rb ferromagnetic dipolar
spin-1 BEC, where the magnetic dipolar interaction between atoms is employed to generate the driven-OAT
Hamiltonian. We then investigate systematically the stray magnetic fields’ effect on the dynamics of the spin
squeezing. Indeed, the stray magnetic fields in the order of microGauss completely destroy the spin squeezing.
In order to suppress the effect of the noisy environments, we further propose to use the concatenated dynamical
decoupling (CDD) pulse sequences with a bias magnetic field and faithfully rebuild the driven-OAT spin squeez-
ing dynamics. Our results show that the dynamical decoupling method is experimentally practical to significantly
suppress the noisy environments and effectively revives the spin squeezed state in a dipolar spin-1 BEC.

Spin squeezing dynamics in a dipolar spin-1 BEC

We consider a trapped dipolar spin-1 BEC whose Hamiltonian is**-°,

H = H, + H, (1)
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where H, represents magnetic dipolar interaction between atoms and Hj is the rest part. They are in the second
quantized form
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where M is the mass of the atom, \i/a the field annihilation operator for spin component o = —1,0, + 1, e = (r —
#/)/|r — #'| the unit vector. The trapping potential is V,_,(r) = (M/2)(w?x* + wyz y* + w’z®) with w, ,, being the
trap angular frequencies. F = (F,, F,, F,) with F, ,, being spin-1 matrices. The collisional interaction parameters
are ¢, = 4wh*(a, + 2a,)/3M and ¢, = 4wh*(a, — a,)/3M with g, being the s-wave scattering length of two
spin-1 atoms in the combined symmetric channel of total spin 0(2). The dipolar interaction parameter is
= uog; ,uBz/47r with p, being the vacuum magnetic permeability, g the Landé g-factor and 115 the Bohr magne-
ton. The repeated indices are summed.

We consider a ¥Rb ferromagnetic spin-1 condensate, where ¢, < 0, ¢, > |¢,| and ¢; < 0.1|c,|, and the single
mode approximation is valid in a small or medium magnetic field*'~*. Under this single mode approximation®-!,
\i/a(r) ~ $(r)d, with ¢(r) being a spin-independent spatial mode function and d, the annihilation operator of
spin component c. In an axially symmetric trap, the Hamiltonian in Eq. (1) is remarkably simplified as®

H=(c) — eI + 3¢j02 + iig) — gtigB - T. @)

where /i, = d4;d,and J = S a'F, ;5 is the total spin operator of the dipolar spin-1 condensate. The rescaled
interaction strengths arec; = (cz/z)fdr\gzﬁ(r)|4 and¢) = (c,/4) fdrdr’\¢(r)¢(r’)|2(1 — 3.cos °6,)/|r — r'[ where
0, is the polar angle of the vector r — #/.

For a typical spin-1 condensate, the number of atoms N is much larger than 1, N > 1. Under this condition,
the term with 7, is proportional to N while the terms with J and J? are proportional to N2 Thus, we may safely
neglect the term with 7,**** (We justify this approximation in the Supplemental Materials). Consequently, one
finds that [J?, H] = 0 which means the total angular momentum is a constant. Apart from the constant, the
Hamiltonian in zero magnetic field becomes

Hour = XJ2- (3)

where \ = 3¢} and hereafter we set /i = 1. Such a Hamiltonian is nothing but the famous OAT Hamiltonian which
is used to generate spin squeezing.

Since the optimal squeezing direction is very complex to obtain and the optimal scaling of squeezing param-
eter is 1/N*? for N particles under OAT, one expects to generate the perfect spin squeezed state with a fixed spin
squeezing direction and with the Heisenberg limit by employing a TAT Hamiltonian®

_ X2 _p2
HTAT - 3 (]x ]y) (4)
This Hamiltonian is also known as double quantum Hamiltonian in nuclear magnetic resonance commu-
nity®>. The optimal spin squeezing occurs at ¢ & 3In(8N)/(4N). The direction of the optimal spin squeezing is
along the angle bisector of the x and y axes*'. The TAT Hamiltonian is theoretically proposed to be effectively
generated by periodically driving the OAT Hamiltonian?!*

Hp= > + %}fj[&(t — nT) — 6(t — (n+ 1/3)T) — 6(t — (n + 2/3)T)]. (5)
n=0

where n belongs to integer and the term with J, describes the spin rotation around the +y-axis with an angle 7/2
in a form of hard pulse, as shown in Fig. 1(a). We refer hereafter this Hamiltonian as driven-OAT.

In this paper, we choose the number of ¥Rb atoms N = 1250 in the spin-1 condensate. The coupling constant
X is evaluated for a typical optical trap with frequencies (w,, w,, w;) = 27 (150, 150, 1200) Hz. By searching for
the ground state of the fully polarized condensate with imaginary time propagation method based on the three
coupled Gross-Pitaevskii equations, the quantity for the interaction strength we numerically find x ~ 6.762 x
10~* Hz [Due to strong repulsive interaction described by the term with c,, the condensate density is much lower
than the ideal gases’ density. Thus, the x is also smaller than the value x & 2.324 x 1073 Hz, obtained analytically
by assuming a Gaussian ansatz in ref.”].

We prepare the condensate in a fully polarized initial spin state |J, = N) with the total spin ] = N. We define
the spin squeezing parameter among the triple of operator spanning the su(2) subalgebra®®. Due to the fact that
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Figure 1. (a) A pulse sequence used to effectively generate TAT from OAT at zero magnetic field. The red
(green) bars with Y (¥) represent a /2 pulse around y (—y) axis. The system evolves freely between pulses. T, is
the cycle period. (b) A CDD pulse sequence used to suppress the stray magnetic fields for driven-OAT. The
purple (blue, black) bars with x (y, z) represent a 7 pulse around x (y, z) axis. (c) Spin squeezing for OAT (grey
dashed line), TAT (grey solid line), and driven-OAT with x T, = 4 x 10~* (green triangles), 2 x 10~* (blue
squares), and 1 x 107* (red circles). As T, decreases, the driven-OAT approaches to the TAT.

our initial state |J, = N) is defined with respect to the Bloch sphere of the {J,, J,, J,} operator, one can extend the
definition of this parameter from the spin-1/2 ensemble to the spin-1 condensate?-***’

— Z(A]J_)fnin
J (6)

Here, (A]) )2, represents the smallest variance perpendicular to the mean spin direction.

We numerically simulate the evolution of the dipolar spin-1 condensate from the prepared initial state under
the OAT, TAT, and driven-OAT Hamiltonians. The results are presented in Fig. 1(c), similar to the previous results
obtained by Liu et al.*'. Clearly, the optimal spin squeezing parameter of the TAT is about an order of magnitude
smaller than that of the OAT. More importantly, the spin squeezing parameter of the driven-OAT approaches that
of the TAT if the cycle period T, is small enough. This condition is a reasonable results from the Magnus expansion,

é-Z

B . B . B . . n .
[e—t7r/2]ye—17})(]3/3817r/2]ye—17})(]3/3817#2]},8717})(]3/38—17#2]},] — nTC[HTAﬁOUAXs(TC/s)z)].

if]z(xTc)2 < 1. InFig. 1(c) with x T, = 1074, since ]z(xTc/3)2 ~ 0.002, the dynamical process of the driven-OAT
coincides with the TAT’s results, which is consistent with the analysis based on the Magnus expansion.

Detrimental effect of noisy environments
In a practical spin squeezing experiment of a dipolar spin-1 BEC, there are inevitably noisy environments, e.g., the
stray magnetic fields, originated from different sources. These fields are in the order of 1 mG in a common Lab and
0.1 mG in a magnetically shielded room™. The corresponding Lamor precession rates are about 70 Hz at 0.1 mG
and 700 Hz at 1 mG for Rb, which are much larger than the dipolar interaction strength for each atom ~ N. Such
a “strong” field certainly affects the spin squeezing dynamics and may eventually destroy the spin squeezed state.
In the following, we numerically examine the effect of the stray magnetic fields on the driven-OAT. We can
safely neglect the quadratic Zeeman energy on the dynamical squeezing process since it is extremely small. For
example, at a field B, = 4.83 mG, the quadratic Zeeman shift g = 1.681 x 10~% Hz is much smaller than the linear
one p = 3.381 x 10° Hz. In addition, the quadratic Zeeman energy is also much smaller than the dipolar interac-
tion (gN/xN %) ~ 2 x 107>, Thus, the Hamiltonian Eq. (5) in a stray magnetic field 3 = guB becomes

Hy=x;+B-T+ %inlé(t —nT) — 8t — (n+ 1/3)T)) — 8t — (n + 2/3)T.)]. -

We assume that the stray magnetic fields are constant for each experimental shot but change randomly for
different shots. The measured properties are actually averaged over many experimental shots. We mimic this
quantum process by simulating the spin squeezing over 100 random magnetic fields, which obeys a uniform
random distribution in the sphere |3 < (3,,|, as illustrated in Fig. 2(a).

The averaged evolution of the spin squeezing in stray magnetic fields with 3,, = 5 x 10° is plotted in Fig. 2(b)
for the direction of the mean spin and in Fig. 2(c) for the spin squeezing parameter (up triangles). We find that (i)
the mean spin direction is completely random; (ii) no spin squeezing compared to a classical coherent state, i.e.,
€% ~ 1. Such results are reasonable since the environments are so noisy and destroy significantly the spin squeez-
ing process. No spin squeezing occurs at all in the strong stray magnetic fields.As we decrease 3,,, the spin squeez-
ing emerges gradually and approaches the ideal Heisenberg limit. The moment of the optimal spin squeezing
parameter also extends to a longer time.

We investigate systematically the dependence of the optimal spin squeezing parameter on the /3,, and summa-
rize the results in Fig. 2(d). We observe two plateaus in the weak and strong stray magnetic fields and a crossover
in between. The weak field plateau is nothing but the Heisenberg limit from the TAT Hamiltonian, while the
strong field plateau shows no-squeezing as the same as the classical coherent state. This plateau-crossover-plateau
feature guides us to identify three regions: the Heisenberg region, the classical region, and the crossover. The
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Figure 2. (a) Samples of 100 random magnetic fields with the maximum magnitude 3,, =5 x 10°y (i.e., B,, =
4.83 mG). Color scales the optimal spin squeezing parameter during a driven-OAT process with a given
magnetic field. (b) Typical mean spin direction and error bars averaged over 100 samples with 3,, = 5 x 10°.
The purple diamonds denote the polar angle 6. (c) Averaged evolution of spin squeezing parameter in stray
magnetic fields with 3,, = 5 x 10°y (labeled by C, up triangles), 5 x 10%x (M, down triangles), and 0.1 (H,
right triangles). The driven-OAT cycle time T, = 1 x 10~*y .. The solid grey curve represents the dynamics of
TAT. (d) Optimal averaged spin squeezing parameter for different 3,,. The results shown in panel (c) are marked
correspondingly with the same type triangles. Three regions are identified as Heisenberg, crossover, and
classical, denoting the quantum Heisenberg limit, the crossover, and the classical limit, respectively. The vertical
dashed lines with 3 and B¢ mark the boundaries between the three regions. The blue and red horizontal dashed
lines are the classical (§ ~ 0.6) and Heisenberg limit (§ ~ 1/N), respectively. The green dashed line depicts
the analytic results of Eq (11) in the crossover region.

boundaries are defined approximately as 3;; where ¢ = 2¢7 (i.e., 3 dB above the Heisenberg limit) with fH ~ 1/N
the Heisenberg plateau value, and similarly 8. where £° = fc /2 (i.e., —3 dB below the classical limit) with
fc ~ 0.6 the classical plateau value.

The appearance of the classical plateau is easily understood as one follows Law et al’s derivation****. In a strong
stray magnetic field, the effective Hamiltonian e"™/?He™"™'2 in the first interval T./3 is

Hef:f = X])? - ﬁz]x + ﬁy]y + ﬁx]z (8)

The Heisenberg equations of motion for the condensate spin in the x and y directions are®

jx - —,Bx]), + ﬁy]z’

J, = —XUL + 1) + BJ. + B
The solutions are
]x(t) - (0) + ﬁx fIZX] cos(wt) /6 (0) . Sll’l(wt) _ ﬁx fzJZX],
1) = |],(0) — ﬁ—yx] cos(wt) + < ] J.(0) + i fIZX] sin(wt) + ﬁix]
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where we have adopted the approximation that J, & J in the first interval T,/3 because the initial spin is along z
!

direction and w = /(3,)* — 2/3,\J is defined. The variance of the spin in x-y plane becomes
((A]¢)2) = [V, cos 2(wt) + (ﬁ ) —5-V, sin 2(wt)] cos ¢
)] sin’¢.
X
where V, , = ([J,,,(0)]*) and ¢ is the azimuthal angle. For the initial coherent state, V= J/2 and consequently the
spin squeezing parameter becomes
EREICV T
J &)

because |§,|/w ~ 1 (3,] > xJ). Similar analysis is also applied at longer times. In the cases of extremely large
magnetic fields 3,,T./3 > 1, we split the time interval T,/3 into many smaller intervals T/ = T,/Kand 3, T//3 < 1.
The above analysis is performed similarly for each smaller interval T//3. Therefore, in a strong stray magnetic
field, the spin squeezing parameter is independent of the field strength B,, and is about the same as that for a
coherent state. We call the strong field plateau, where the optimal squeezing parameter is approximately 0.6 [the
blue dashed line in Fig. 2(d)], the classical region.

In the weak field limit, there exists another plateau, Heisenberg region, in Fig. 2(d). The optimal squeezing
parameter of the plateau almost equals to & = 1/N (the red dashed line)?, i.e., the stray magnetic fields do not
affect the squeezing dynamics. However, we note that the field strength 3, is about 5 nano-Gauss, which is impos-
sible to be realized in current ’Rb spinor condensate experiments.

Between the classical and Heisenberg regions, there exists a crossover region where the optimal squeezing
parameter increases monotonically with the increase of the stray magnetic fields 3,,. The feature in the crossover
region can be understood by adopting the Magnus expansion, where the effective Hamiltonian in a period of T, is

Hej:f =

(10

Similar to the classical region, the evolutions of the condensate spin in the x and y directions become

()
)

A+ C,
B+ D.

where

A = J,0) cosh(@t) — J,(0) | <L sinh(a1),
V=

B = J,(0) cosh(@t) — J,(0) |22 sinh(@),

Wy
C = ﬂ] cosh(@t) + —=— ﬁ] srnh(wt) ﬂ]
Wy Wz
3
D = —ﬁ cosh(@t) — 'B] sinh(@t) + ﬂ
Wy Wy

with w, =2xJ + B, w, =2xJ — f,and & = _/ww, /3. We have assumed J, & ] before the optimal squeezing time
which is verified numerically. The variance of the spin in the x-y plane with an azimuthal angle ¢ is

((ALY) = V(A) cos’(¢) + V(B) sin’(¢) + Cov(A, B) sin(2¢).

where V(A), V(B) are the variances for A and B, respectively. Cov(A,B) is the covariance between A and B. The
constants C and D contribute nothing to the variance ((AJ,)?). Since the optimal spin squeezing direction in TAT
at zero field is ¢ = 7/4, we calculate the following squeezing parameter

2 28k
¢ J
2 2
~ e + t<ﬂz>efr + <ﬁz>2(3e + el — 4)
6xJ 16X an

with r = 4xjt/ 3. We have averaged the squeezing parameters over all stray magnetic fields samples so that
(B2 = B2/5. For a given f3,,, the optimal squeezing parameter § is determined by finding the minimum value at
different evolution times. Interestingly, the relation between ¢ > and B, is in a simple square law. We plot the result
of Eq. (11) with green dashed line in Fig. 2(d). The analytrcaTresults are in good agreement with the numerical
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results in the crossover region [The deviation of the analytical results from the numerical ones close to the classi-
cal region is due to the breakdown of the first order Magnus expansion Eq. (10).].

Rebuilding spin squeezing with dynamical decoupling

It is clear from Fig. 2 that a small stray magnetic field (3,, > 5o =5 x 10%*y, i.e., 50 uG) completely destroys the
spin squeezing dynamics. To generate the squeezed spin state in such noisy environments, one has to suppress
significantly the noise. The often employed approach is dynamical decoupling, borrowed from nuclear magnetic
resonance community and quantum computing, including periodic dynamical decoupling, symmetrized dynam-
ical decoupling, and CDD*-*2. With numerical simulations, we find all these dynamical decoupling sequences
with hard pulses suppress well the stray magnetic fields” effect with a short enough pulse delay 7. However, in a
real spin-1 condensate experiment, the pulse delay is lower bounded by the 7-pulse width, which is in the order
of 20 ps according to Eto et al’s report*?, and upper bounded by the the driven-OAT pulse delay T./3. To satisfy
the hard pulse approximation, we must choose 7 as long as possible. Therefore, we set 7 = 7,, = T,/48, the upper
bound in the CDD sequence. For a ¥Rb condensate in a cylindrical trap with the previous given parameters, such
a pulse delay 7 is about 490 us (i.e., T, = 23.52 ms), much longer than the 7-pulse width. In our calculations, we
approximate these 71/2 and 7 pulses as hard pulses (i.e., § function with zero width).

At zero bias field, all the dynamical decoupling sequences with 7 = 7,, unfortunately fail to suppress the stray
fields’ effect [e.g., Fig. 3(d)]. The failures indicate that we have to apply a bias field 4. The direction of the bias field
must be along the z axis, due to the commutating requirement of the nonlinear squeezing term yJ2. As to the
strength of the bias field, one expects a possible small value in order to avoid its quadratic Zeeman effect. Among
these DD sequences, the CDD depicted in Fig. 1(b) with a nonzero bias performs the best.

We investigate systematically the CDD performance in various bias fields at 7= 7,, & 2 X 10~y ! and present
our numerical results in Fig. 3. As shown in Fig. 3(a) and (b), the optimal spin squeezing parameters in each real-
ization of a strong stray magnetic field are almost the same as the zero field case, indicating the significant sup-
pression effect of the CDD sequence with h/(3,, = 7 and 3,, = 5 x 10°x. Moreover, the polar 6 of the spin direction
and the azimuthal ¢ angle of the optimal squeezing direction are nearly the same as the theoretical prediction
from the TAT model, i.e., = 0 and ®= 7/4. We present in Fig. 3(c) the spin squeezing dynamics for three typical
biases. In the case of zero bias (h = 0, marked with ‘Z’ in the figure), the spin squeezing parameter changes little
with time and the optimal value is about the same as that of a coherent state, indicating the failure of suppressing
the stray magnetic fields. In the case of a small bias (h/3,, = 2.5, marked with ‘S’), although we observe quite large
spin squeezing, the optimal value is still above the Heisenberg limit. In the case of a large bias (h/(3,, = 7, marked
with C), the spin squeezing dynamics is rebuilt almost perfectly, manifesting clearly the significant suppression
of the stray magnetic fields by the CDD sequence. To understand more clearly about the bias field effect, we inves-
tigate systematically with numerical calculations and plot the dependence of the optimal squeezing parameter on
the bias in Fig. 3(d). The three typical cases in Fig. 3(c) are also included and marked with the same letters. It is
obvious that the stray magnetic fields effect is suppressed completely and the Heisenberg limit of the spin squeez-
ing parameter is reached, if the bias field is large. While in a small magnetic field, the optimal spin squeezing
parameter increases monotonically as the bias decreases. We may define a critical bias h,, which is the bias where
£2is 2 times as large as (i.e., 3dB above) the Heisenberg limit 1/N. For a ’Rb condensate in a cylindrical trap with
the previous given parameters, the critical bias is about 20 mG, a value to safely neglect its quadratic Zeeman
effect.

As shown in Fig. 3, the effect of the noisy environments is significantly suppressed by the CDD sequence in a
large bias field. The spin squeezing dynamics of the driven-OAT is rebuilt perfectly. Such a good decoupling ena-
bles the condensate spin practically immune to the noisy environments. In the following, we calculate the effective
stray magnetic fields to explain our numerical results in a bias magnetic field h. The time-modulated Hamiltonian
is, in the laboratory reference frame,

Hpp(t) = Hp + hJ, + Hepp(t). (12)
where
oo 2 7
Heppft) = 72220 Jka&(t — (n+j3)T, — 2k + 1)7) + 1,
n=0j=0] k=0

3
D6(t — (n + jI3)T, — (4k + 2)7)
k=0

1
L3268t — (n + JI3)T. — (8k + 4)7)].
k=0

denotes the CDD hard pulse sequence. The term Hj, in Eq. (8) includes the nonlinear interaction and the stray
magnetic fields’ effect.
In the toggling frame defined by the CDD pulses*, the evolution operator becomes approximately (time

ordered) Uy, = ¢ 16TV T, I}, U, where U; = exp(—iTH)) with
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Figure 3. Same as Fig. 2(a) and (b), except with the CDD pulse sequence and a large bias h/3,, = 7. Inset shows
the azimuthal angle of optimal squeezing direction in the x-y plane. (c) Averaged evolutions of spin squeezing
parameter under the CDD sequence with the bias #//3,, = 0 (circles), 2.5 (stars), 7 (squares). Each curve (with an
error bar at optimal squeezing time) is over 100 realizations of stray magnetic fields. The solid grey curve
represents the dynamics of TAT. (d) Dependence of the optimal (averaged) spin squeezing parameter 5; (red
asterisks with CDD, grey diamonds without CDD) on the bias k. The horizontal red dashed line denotes the
Heisenberg limit, §£:1/N . The green curve represents the analytic result of Eq. (11). The vertical dashed line
with . marks a boundary where £ >=2/N. Obviously, the CDD sequence with CDD and a large bias rebuilds the
optimal spin squeezing perfectly while a bias alone can not. Inset shows the maximum of the effective stray
magnetic fields 3,,, in a CDD cycle.

= BJ. + BJ, + WL,
= B8J. - BJ, — WL,
= —BJ. — BJ, + W',
= —BJ. + BJ, — WL,
= B8J. - BJ,— WL,
= BJ. + BJ, + WL,
= —BJ. +BJ, — WL,
= —BJ. = BJ, + 1],

and H; = H,;_;forj=9, 10, ..., 16. Here, we have assumed ]z2 a constant and introduced 4’ = h + 3,%. To calculate
the product of Uj's, the usual average Hamiltonian theory is not applicable because 3, 7 < 10 and h'7 < 100
beyond the convergence radius*-*". We employ, instead, a continuous rotation method developed by us previ-
ously*®, by numerically calculating the effective magnetic field 3,. The field 3, generates the same rotation opera-
tor as the CDD one, i.e.,

16

—i1678,] _ .

e’ =T ] U.
j=1 (13)

The maximal magnitude of the numerically obtained effective stray magnetic fields 3, is presented in the inset
of Fig. 3(d). As shown in the figure, the maximum of the effective stray magnetic fields 53, ,,, = max(|3,|) decreases
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as the bias h increases, except h/[3,,, < 1 where (3, equals its largest possible value 7/(167). With these effective
stray magnetic fields at hand, we further calculate the spin squeezing parameter by employing Eq. (11) and also
present the results in Fig. 3(d). Note that the analytical Eq. (11) is invalid if 3,,, < B;; or t > t, where t, denotes the
optimal spin squeezing moment, because the assumption of a constant J, is violated. Clearly, the analytical results
agree quite well with numerical ones. Such a good agreement justifies the validity of the approximations we make.

Conclusion and outlook
With numerical and analytical methods, we explore the spin squeezing dynamics of a ferromagnetic dipo-
lar spin-1 BEC in stray magnetic fields. We find the spin squeezing dynamics of the condensate through the
driven-OAT is severely destroyed by the stray magnetic fields. However, by introducing the CDD pulse sequence
and a bias magnetic field, the spin squeezing dynamics is recovered almost perfectly. Our results point out a prac-
tical way to realize the optimal spin squeezing in a dipolar spin-1 BEC and can be employed to find a way to reach
the Heisenberg limit quantum metrology.

In our calculation, although the stray magnetic fields are randomly distributed in both strength and direction,
they are static. To be more practical, one may consider further time-dependent stray fields, pulse duration, and
pulse imperfection, which are worth exploring in the future.

References
1. Horodecki, R., Horodecki, P., Horodecki, M. & Horodecki, K. Quantum entanglement. Rev. Mod. Phys. 81, 865-942 (2009).
2. Bigelow, N. Quantum engineering - squeezing entanglement. Nature (London) 409, 27-28 (2001).
3. Haffner, H., Roos, C. F. & Blatt, R. Quantum computing with trapped ions. Phys. Rep. 469, 155-203 (2008).
4. Sorensen, A. S., Duan, L. M., Cirag, J. I. & Zoller, P. Many-particle entanglement with bose-einstein condensates. Nature (London)
409, 63-66 (2001).
. Sorensen, A. S. & Molmer, K. Entanglement and extreme spin squeezing. Phys. Rev. Lett. 86, 4431-4434 (2001).
6. Korbicz, J. K., Cirag, J. I. & Lewenstein, M. Spin squeezing inequalities and entanglement of n qubit states. Phys. Rev. Lett. 95, 120502
(2005).
7. Pezzé, L. & Smerzi, A. Entanglement, nonlinear dynamics, and the heisenberg limit. Phys. Rev. Lett. 102, 100401 (2009).
8. Wineland, D. J., Bollinger, J. J., Itano, W. M., Moore, F. L. & Heinzen, D. J. Spin squeezing and reduced quantum noise in
spectroscopy. Phys. Rev. A 46, R6797-R6800 (1992).
9. Wineland, D.J., Bollinger, J. J., Itano, W. M. & Heinzen, D. J. Squeezed atomic states and projection noise in spectroscopy. Phys. Rev.
A 50, 67-88 (1994).
10. Giovannetti, V., Lloyd, S. & Maccone, L. Quantum-enhanced measurements: Beating the standard quantum limit. Science 306,
1330-1336 (2004).
11. Leibfried, D. et al. Toward heisenberg-limited spectroscopy with multiparticle entangled states. Science 304, 1476-1478 (2004).
12. Roos, C. E, Chwalla, M., Kim, K., Riebe, M. & Blatt, R. ‘designer atoms’ for quantum metrology. Nature (London) 443, 316-319
(2006).
13. Polzik, E. S. Quantum physics - the squeeze goes on. Nature (London) 453, 45-46 (2008).
14. Gross, C., Zibold, T., Nicklas, E., Esteve, ]. & Oberthaler, M. K. Nonlinear atom interferometer surpasses classical precision limit.
Nature (London) 464, 1165-1169 (2010).
15. Riedel, M. E. et al. Atom-chip-based generation of entanglement for quantum metrology. Nature (London) 464, 1170-1173 (2010).
16. Luo, X.-Y. et al. Deterministic entanglement generation from driving through quantum phase transitions. Science 355, 620-623
(2017).
17. Blatt, R. & Wineland, D. Entangled states of trapped atomic ions. Nature (London) 453, 1008-1015 (2008).
18. Svandal, A. & Hansen, J. P. Collapse and revival dynamics of two entangled trapped ions. Phys. Rev. A 65, 033406 (2002).
19. Pan, J. W. et al. Multiphoton entanglement and interferometry. Rev. Mod. Phys. 84 (2012).
20. Kitagawa, M. & Ueda, M. Squeezed spin states. Phys. Rev. A 47, 5138 (1993).
21. Liu, Y. C,, Xu, Z. E, Jin, G. R. & You, L. Spin squeezing: Transforming one-axis twisting into two-axis twisting. Phys. Rev. Lett. 107,
013601 (2011).
22. Zhang, ]. Y., Zhou, X. E, Guo, G. C. & Zhou, Z. W. Dynamical spin squeezing via a higher-order trotter-suzuki approximation. Phys.
Rev. A 90, 013604 (2014).
23. Zhang, Y. Quantum manipulation and simulation of nonlinearity in Bose system. Ph.D. thesis, He Fei: University of Science and
Technology of China (2015).
24. Kajtoch, D. & Witkowska, E. Spin squeezing in dipolar spinor condensates. Phys. Rev. A 93, 023627 (2016).
25. Ho, T.-L. Spinor bose condensates in optical traps. Phys. Rev. Lett. 81, 742-745 (1998).
26. Law, C. K., Pu, H. & Bigelow, N. P. Quantum spins mixing in spinor bose-einstein condensates. Phys. Rev. Lett. 81, 5257-5261
(1998).
27. Yi, S., You, L. & Pu, H. Quantum phases of dipolar spinor condensates. Phys. Rev. Lett. 93, 040403 (2004).
28. Yi, S. & Pu, H. Magnetization, squeezing, and entanglement in dipolar spin-1 condensates. Phys. Rev. A 73, 023602 (2006).
29. Huang, Y., Zhang, Y., Lii, R., Wang, X. & Yi, S. Macroscopic quantum coherence in spinor condensates confined in an anisotropic
potential. Phys. Rev. A 86, 043625 (2012).
30. Ning, B. Y., Yi, S., Zhuang, J., You, J. Q. & Zhang, W. Manipulating dipolar and spin-exchange interactions in spin-1 bose-einstein
condensates. Phys. Rev. A 85, 053646 (2012).
31. Yi, S., Miistecaplioglu, O. E., Sun, C. P. & You, L. Single-mode approximation in a spinor-1 atomic condensate. Phys. Rev. A 66,
011601 (2002).
32. Zhang, W,, Yi, S. & You, L. Mean field ground state of a spin-1 condensate in a magnetic field. New J. Phys. 5,77 (2003).
33. Zhang, W,, Yi, S., Chapman, M. S. & You, J. Q. Coherent zero-field magnetization resonance in a dipolar spin-1 bose-einstein
condensate. Phys. Rev. A 92, 023615 (2015).
34. Xing, H., Wang, A., Tan, Q.-S., Zhang, W. & Yi, S. Heisenberg-scaled magnetometer with dipolar spin-1 condensates. Phys. Rev. A
93, 043615 (2016).
35. Zhang, W. et al. Nmr multiple quantum coherences in quasi-one-dimensional spin systems: Comparison with ideal spin-chain
dynamics. Phys. Rev. A 80, 052323 (2009).
36. Yukawa, E., Ueda, M. & Nemoto, K. Classification of spin-nematic squeezing in spin-1 collective atomic systems. Phys. Rev. A 88,
033629 (2013).
37. Ma, J., Wang, X., Sun, C. P. & Nori, E. Quantum spin squeezing. Phys. Rep. 509, 89-165 (2011).
38. Eto, Y. et al. Spin-echo-based magnetometry with spinor bose-einstein condensates. Phys. Rev. A 88, 031602 (2013).
39. Law, C. K., Ng, H. T. & Leung, P. T. Coherent control of spin squeezing. Phys. Rev. A 63, 055601 (2001).
40. Viola, L., Knill, E. & Lloyd, S. Dynamical decoupling of open quantum systems. Phys. Rev. Lett. 82, 2417-2421 (1999).
41. Khodjasteh, K. & Lidar, D. A. Fault-tolerant quantum dynamical decoupling. Phys. Rev. Lett. 95, 180501 (2005).

v

SCIENTIFICREPORTS |7: 14102 | DOI:10.1038/s41598-017-14442-5 8



www.nature.com/scientificreports/

42. Zhang, W. et al. Long-time electron spin storage via dynamical suppression of hyperfine-induced decoherence in a quantum dot.
Phys. Rev. B77, 125336 (2008).

43. Eto, Y., Sadgrove, M., Hasegawa, S., Saito, H. & Hirano, T. Control of spin current in a bose gas by periodic application of 7 pulses.
Phys. Rev. A 90, 013626 (2014).

44. Haeberlen, U. High Resolution NMR in Solids Selective Averaging (Academic Press, New York, 1976).

45. Takegoshi, K., Miyazawa, N., Sharma, K. & Madhu, P. K. Comparison among magnus/floquet/fer expansion schemes in solid-state
nmr. The Journal of Chemical Physics 142, 134201 (2015).

46. Mananga, E. S., Moghaddasi, J., Sana, A., Akinmoladun, A. & Sadogi, M. Advances in theory of solid-state nuclear magnetic
resonance. Journal of nature and science 1, €109 (2015).

47. Slichter, C. P. Principles of Magnetic Resonance (Springer, Berlin, 1990).

48. Zhang, J., Han, Y., Xu, P. & Zhang, W. Preserving coherent spin and squeezed spin states of a spin-1 bose-einstein condensate with
rotary echoes. Phys. Rev. A 94, 053608 (2016).

Acknowledgements

W. Z. thanks M. S. Chapman for inspiring discussions on the spin squeezing. We thank the Beijing Computational
Science Research Center for the hospitality at the early stage of this project. This work is supported by the
National Natural Science Foundation of China Grant Nos. 11574239, 11434011, and 11275139, the National
Basic Research Program of China Grant No. 2013CB922003.

Author Contributions
W.Z., PX. and S.Y. conceived the idea. P. X. performed the calculations. PX., H.S. and W.Z. analysed the results.
PX. and W.Z. wrote the manuscript. All authors reviewed the manuscript.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-017-14442-5.

Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International
G ] jcense, which permits use, sharing, adaptation, distribution and reproduction in any medium or

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2017

SCIENTIFICREPORTS |7: 14102 | DOI:10.1038/s41598-017-14442-5 9


http://dx.doi.org/10.1038/s41598-017-14442-5
http://creativecommons.org/licenses/by/4.0/

	Rebuilding of destroyed spin squeezing in noisy environments

	Spin squeezing dynamics in a dipolar spin-1 BEC

	Detrimental effect of noisy environments

	Rebuilding spin squeezing with dynamical decoupling

	Conclusion and outlook

	Acknowledgements

	Figure 1 (a) A pulse sequence used to effectively generate TAT from OAT at zero magnetic field.
	Figure 2 (a) Samples of 100 random magnetic fields with the maximum magnitude βm = 5 × 106χ (i.
	Figure 3 Same as Fig.




