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Bell non-locality plays a fundamental role in quantum theory. Numerous tests of the Bell inequality have been reported as the
ground-breaking discovery of the Bell theorem. Up to now, however, most discussions of the Bell scenario have focused on a single
pair of entangled particles distributed to only two separated observers. Recently, it has been shown surprisingly that multiple
observers can share the non-locality from an entangled pair using the method of weak measurement without post-selection [Phys.
Rev. Lett. 114, 250401 (2015)]. Here we report an observation of double CHSH-Bell inequality violations for a single pair of
entangled photons with strength continuous-tunable optimal weak measurement in a photonic system. Our results shed new light
on the interplay between non-locality and quantum measurements and our design of weak measurement protocol may also be
significant for important applications such as unbounded randomness certification and quantum steering.
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INTRODUCTION

Non-locality, which was pointed out by Einstein, Podolsky and
Rosen (EPR),' plays a fundamental role in quantum theory. It has
been intensively investigated as the ground-breaking discovery of
Bell theorem by John Bell in 1964.% Bell theorem states that any
local-realistic theory cannot reproduce all the predictions of
quantum theory and gives an experimental testable inequality®
that later improved by Clauser, Horne, Shimony and Holt (CHSH).*
Numerous tests of CHSH-Bell inequality have been realized in
various quantum systems®> "> and strong loophole-free Bell tests
have been reported recently.'*'¢

To date, however, most discussions of Bell scenario focus on
one pair of entangled particles distributed to only two separated
observers Alice and Bob.”” It is thus an important and
fundamental question whether or not multiple observers can
share the non-locality from an entangled pair. Using the concept
of weak measurement without post-selection, Silva et al. give a
surprising-positive answer to above question and show a
marvellous physical fact that measurement disturbance and
information gain of a single system are closely related to non-
Iocaljgy distribution among multiple observers in one entangled
pair.

In this article, we report an experimental realization of sharing
non-locality among three observers with strength continuous-
tunable optimal weak measurement in a photonic system. We
produce pairs of polarization-entangled photons in our experi-
ment and send it to Alice and Bob1, Bob2 separately, in this case
two Bobs access the same single particle from the entangled pairs
with Bob1 performs weak measurement. The realization of sharing
non-locality is certified by the observed double violations of
CHSH-Bell inequality among Alice-Bob1 and Alice-Bob2. The
reason behind this is that weak measurement performed by
Bob1 can be strong enough to obtain quantum correlations

between Alice and Bob1, and weak enough to retain quantum
correlations between Alice and Bob2. Our results not only shed
new light on the interplay between non-locality and quantum
measurements but also could find significant applications such as
in unbounded randomness certification’®®® and quantum
steering."*?

RESULTS

As one of the foundations of quantum theory, the measurement
postulate states that upon measurement, a quantum system will
collapse into one of its eigenstates, with the probability
determined by the Born rule. Whereas this type of strong
measurement, which is projective and irreversible, obtains the
maximum information about a system, it also completely destroys
the system after the measurement. Weak measurement, i.e., the
coupling between the system and the probe is weak, however,
can be used to extract less information about the system with less
disturbance. It should be noted that this kind of weak disturbance
measurement combined with post selection usually refers to weak
measurement,>> which has been shown to be a powerful method
in signal amplification,>*® state tomography?’~® and in solving
quantum paradoxes®’ over the past decades. Hereafter, we follow
the definition in ref. '® where weak measurement just refers to the
measurement with intermediate coupling strength between the
system and the probe. In contrast to strong projective measure-
ment, weak measurement is non-destructive and retains some
original properties of the measured system, e.g., coherence and
entanglement. Because the entanglement is not completely
destroyed by weak measurement, a particle that has been
measured with intermediate strength can still be entangled with
other particles, and therefore, sharing non-locality among multiple
observers is possible.
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Fig. 1 Bell test. a Typical Bell scenario in which one pair of
entangled particles is distributed to only two observers: Alice and
Bob. b Modified Bell scenario in which Bob1 and Bob2 access the
same single particle from the entangled pair with Bob1 performs a
weak measurement

Consider a von Neumann-type measurement®® on a spin-1/2
particle that is in the superposition state |@)=a|t) + B|l) with |
al> + |82 =1, where |1) (|})) denotes the spin up (down) state.
After the measurement, the spin state is entangled with the
pointer’s state, i.e. [)) ® ) ~ alt) ® l¢y) + B|1) ® |,), where |¢)
is the initial state of the pointer and |¢;) (|¢,) indicates the
measurement result of spin up (down). By tracing out the state of
the pointer, the spin state becomes

p = Fpo + (1 = F)(mpomy + 1007 ), M

where po = W)yl m =1)(1], 1, =[1)(1] and F=(4|¢;). The
quantity F is called the measurement quality factor because it
measures the disturbance of the measurement.'® If F = 0, the spin
state is reduced to a completely decoherent state in the
measurement eigenbasis, representing a strong measurement;
otherwise, if F=1, there is no measurement at all. For other cases,
ie, Fe (0, 1), it refers to the measurement with intermediate
strength called weak measurement.

Another important quantity associated with weak measurement
is the information gain G that is determined by the precision of
the measurement.’”® In the case of strong measurement, the
probability of obtaining the outcome +1 (—1) that corresponds to
spin eigenstate |1) (|})) can be calculated by the Born rule P(+1)
=Tr(mpo) (P(—1) =Tr(m po)). However, the non-orthogonality of
the pointer states (¢;|¢;) =0 in weak measurement results in
ambiguous outcomes. An observer who performs a weak
measurement must choose a complete orthogonal set of pointer
states {|¢.1), |¢_1)} as reading states to define the outcomes {+1,
—1} corresponding to the spin eigenstates {|1), ||)}. The
probabilities of the outcome #1 in weak measurement then
become P(1) = Tr(mp0)|(punld) + Trimpa|(bul). Here, |
(pd)? and [(p_i|¢p,)|° correspond to the probabilities of
obtaining the correct outcomes while [{¢_1|¢:)|* and |(¢.1|¢p,)|>
correspond to the probabilities of the wrong outcomes. For
simplicity, we consider the case of symmetric ambiguousness in
which [(§1|g)I* = gl )I” and [(d_1lg)[* = [(dlep,)I thus,
the probabilities of the outcomes can be reformulated as
P(i1):G~%[1iTr(op0)}+(1—G)%, @)
where 0 =m; — mm; defines the spin observable and G=1—|(¢_1]
&P~ 1(p1]#,))* represents the precision of the measurement
(see more details in Methods). The quality factor F and the
precision G are determined solely by the pointer states and satisfy
the trade-off relation F+G°<1.'"® A weak measurement is
optimal if F 4+ G> =1 is satisfied.

Modified Bell test with weak measurement

In a typical Bell test scenario, one pair of entangled spin-1/2
particles is distributed between two separated observers, Alice
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and Bob (Fig. 1a), who each receive a binary input x, ye {0, 1} and
subsequently give a binary output a, b € {1, —1}. For each input x
(y), Alice (Bob) performs a strong projective measurement of her
(his) spin along a specific direction and obtains the outcome a (b).
The scenario is characterized by a joint probability distribution P
(ablxy) of obtaining outcomes a and b, conditioned on measure-
ment inputs x for Alice and y for Bob. The fixed measurement
inputs x and y defines the correlations Cy,,y = >, abP(ablxy).
The CHSH-Bell test is focused on the so-called S value defined by
the combination of correlations

S =|Co0 + Co) + Cao) — Capl- (3)

Whereas S<2 in any local hidden variable theory,” quantum
theory gives a more relaxed bound of 21/2.*"

Here, we consider a new Bell scenario in which there are two
observers Bob1 and Bob2 access to the same one-half of the
entangled state of spin-1/2 particles (Fig. 1b). Alice, Bob1 and
Bob2 each receive a binary input x, y1, ¥ € {0,1} and subsequently
provide a binary output g, by, b, € {1, —1}. For each input y,, Bob1
performs weak measurement of his spin along a specific direction,
whereas Alice and Bob2 perform strong projective measurements
for their input x and y,. With the outcome b;, Bob1 sends the
measured spin particle to Bob2. The scenario is now characterized
by joint conditional probabilities P(ab,b,|xy;y,), and an incisive
question is raised whether Bob1 and Bob2 can both share non-
locality with Alice. The answer is surprisingly positive that the
statistics of both Alice-Bob1 and Alice-Bob2 can indeed violate the
CHSH-Bell inequality simultaneously.'®

The quantities G and F of weak measurement, respectively,
determine the S values of Alice-Bob1 and Alice-Bob2 in the new
Bell scenario. In the case that the Tsirelson’s bound 2v/2 of the
CHSH-Bell inequality can be attained, the calculation gives (see
more details in Methods)

Sa_g1 = 2V2G,Sp gy = V2(1 +F). @)

Realization of optimal weak measurement in a photonic system

To observe significant double violations of the CHSH-Bell inequal-
ity, the realization of optimal weak measurement is a key and
necessary requirement. In the original scheme proposed in ref. '
the spatial degree of freedom of particle is used as the pointer.
However, the particle with common used spatial distributions, e.g.
Gaussian distribution, only realizes sub-optimal weak measure-
ment, i.e, F> + G* < 1. Here, we propose and realize optimal weak
measurement in a photonic system by using discrete pointer, i.e.,
path degree of freedom of photons instead of continuous
pointer.3? It should be noted here that whether or not the pointer
is continuous or discrete do not change any results discussed
above.

Before illustration of the experimental realization, it should be
emphasized first that weak measurement is mathematically
equivalent to positive operator valued measures (POVMs)
formalism3® and this becomes our basis of experimental design.
For the spin system discussed above, if Bob1 performs weak
measurement and obtains outcome 1, the states of measured
system will accordingly collapse into

Wer)s = al@rlop)] T) +Bldailo)] ) (5)

with probability P(+1) = Tr(|W.1)s(W+1]). The weak measurement of
Bob1 is actually to realize a two-outcome POVMs with Kraus
operators*

Mar = (o)) DT 1+ (arld)] 1)L ©

corresponding to outcome *1.

In our realization of weak measurement of Bob1 with photonic
elements as shown in Fig. 2a, the measured photons are in
polarization state and the path degree of freedom of photons is
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Fig.2 Optimal weak measurement realized in a photonic system. a HWP2 and HWP3 are rotated at 6/2 and 71/4 — 6/2 degree determining the
strength of measurement F = sin26. Photons with vertical polarization state |V) transmit calcite beam displacer (BD) without change of its path
while photons with horizontal polarization state |H) suffer a shift away from its orlglnal path HWP1, HWP4 and HWPS5 are rotated at the same

degree ¢/2 to realize weak measurement of polarization observable o, = |p){¢| —

|o*){(¢@"|. The measurement outcome -+1(—1) is encoded in

path 0(1) separately. b The setup, used in actual experiment, realizes same optimal weak measurement as shown above. The only difference is

that specific outcome +1(—

1) can be selected by rotating HWP1 and HWP4. In the measurement of observation o, with HWP1 and HWP4

rotated at ¢/2 degree, outcome +1 is obtained when photons comes out of the setup and outcome —1 is obtained when HWP1 and HWP4
rotated at ¢/2 + n1/4. Note that measurement outcome values are extracted in the final coincidence detection

used as pointer. In order to perform weak measurement in specific
polarlzatlon basis {|@), [¢™)} with defined observable o, = |(p)((p|

— @) (@*|, we first transform the measured basis {|@), |¢™)} to
basis {|H), |V)} via half wave plate (HWP1), then realize weak
measurement of observable oy =|H)(H|—|V)(V| via optical
elements between HWP1 and HWP4, HWP5 and finally transform
back to {|@), |¢*)} basis via HWP4 and HWP5. HWP1, HWP4 and
HWP5 are rotated by the same angle ¢/2.

The key part of our setup is the realization of weak
measurement of observable oy and this is achieved by
interference between calcite beam displacers (BDs) (Fig. 2).
Consider photons with polarization state |®) = a|H) + |V) to be
measured, after interaction, the composite state of photons
becomes [¢) = alH)|dn) + BIVIdy) with | () is the corre-
sponding pointer state. The reading states {|¢,1), |¢_1)} in our
realization are chosen as states of two separated paths 0 and 1
(Fig. 2a) denoted by [0) and |1). By rotating HWP2 and HWP3
between BDs at 6/2 and 71/4 —6/2 degrees respectively, the
pointer states become

|¢y) = cosB|0) + sin6|1),

|y ) = sinB|0) + cosO|1) ?)

with 0<8<m/2. The quality factor and information gain in our
case are F=(pulpv) =sin20 and G=1—[(1lp)|* — Olpy)[* =
€0s26. The condition of optimal weak measurement F> + G> =1 is
satisfied.

In practical experiment, we use the setup shown in Fig. 2b
instead of that shown in Fig. 2a. The setup shown in Fig. 2b can
realize the same optimal weak measurement as that in Fig. 2a and
the only difference is that specific outcome can be selected by
rotating HWP1 and HWP4. When Bob1 performs weak measure-
ment of observable o, with HWP1 and HWP4 rotated at ¢/2 (or i1/
4 — @/2) degree, photons comes out of setup have state |V ;) =
M_4|®) (or |W_;)=M_,]|®)) corresponding to outcome +1 (or
—1). Here, M= cos|p)(¢| — sinBlo™ (@], M_1=sinBlo)(p| —
cosB|g™)(¢t| are Kraus operators and Bob1 extracts his measure-
ment outcomes by final coincidence detection given that the
rotation angles of HWP1 and HWP4 are known to him. It should be
emphasized here that the outcomes of Bob1 are actually obtained
by Bob2 in our photonic experiment. This is because that the
measurement of Bob1 is realized by coupling polarization of
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photons to its path and the outcomes are encoded in the path
after measurement.

Experimental observation of double Bell inequality violations

In our Bell test experiment (Fig. 3), polarization-entangled pairs of
photons in state (|H)|V) — |V)|H))/+/2 are generated by pumping
a type-ll apodized periodically poled potassium titanyl phosphate
(PPKTP) crystal to produce photon pairs at a wavelength of
798 nm. A 4.5 mW pump laser centered at a wavelength of 399 nm
is produced by a Moglabs ECD004 laser, and a PPKTP crystal is
embedded in the middle of a Sagnac interferometer to ensure the
production of high-quality, high-brightness entangled pair.3>3¢
The maximum coincidence counting rates in the horizontal/
vertical basis are ~3200s . The visibility of coincidence detection
for the maximally entangled state is measured to be 0.997 + 0.006
in the horizontal/vertical polarization basis {|H), |V)} and 0.993 £
0.008 in the diagonal/antidiagonal polarization  basis
{(JH) £|V))/+/2}, achieved by rotating the polarization analyzers
for two photons.

Alice, Bob1 and Bob2 each have two measurement choices, and
for each choice, two trials are needed, corresponding to two
different outcomes. For each fixed 6, which determines the
strength of the weak measurement F=sin26, we have imple-
mented 64 trials for calculating S,_g; and Ss_g,. To ensure that the
Tsirelson’s bound 2v/2 can be approached, Alice chooses
measurement along direction Z or X, while Bobs choose
measurement along (—Z + X)/v/2 or —(Z + X)/+/2 direction. In
this experiment, HWP6 is set at (0°, 45°) or (22.5°, 67.5°),
corresponding to Alice’s measurement along the Z or X direction,
while HWP1 and HWP5, representing measurements of Bob1 and
Bob2, are set at (—11.25°, 33.75°) or (11.25°, 56.25°), corresponding
to the (=Z 4 X)/v/2 or —(Z + X)/+/2 direction, respectively. For
instance, if HWP1, HWP4 and HWP5 are rotated at —11.25°
and HWP6 is fixed at 0°, the three-variable joint conditional
probability Pla=1,by = 1,b, = 1x = Z,yy = (=Z+ X)/V/2,y, =
(—=Z + X)/+/2] is obtained by the final coincidence detection. The
other joint conditional probabilities can be detected via similar
various combination of HWP1, HWP4, HWP5 and HWP6.

Five different angles 6 ={4°, 16.4°, 18.4°, 20.5°, 28°} are chosen
from which the values of 6 ={16.4°, 18.4°, 20.5°} are located in the
region where double violations are predicted to be observed. In
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Fig. 3 Measurement setup. Polarization-entangled pairs of photons are produced by pumping a type-ll apodized periodically poled
potassium titanyl phosphate (PPKTP) crystal placed in the middle of a Sagnac-loop interferometer with dimensions of 1 mm x 2 mm x 20 mm
and with end faces with anti-reflective coating at wavelengths of 399 nm and 798 nm. The photon emitted to Alice is measured via a
combination of HWP6 and PBS. The green area shows the weak disturbance measurement setup of Bob1. During the experiment, HWP2,
HWP3 are rotated by 6/2, n/4 — 6/2 according to the experimental requirement. HWP1 is used for Bob1’s measurement, and HWP4 is rotated
by the same angle as HWP1 to transform the photons polarization state back to the measurement basis after the photon passes through two
beam displacers (BDs). The photon passing through HWP4 is then sent to Bob2 for a strong projective measurement with HWP5 and PBS. In
the final stage, two-photon coincidences at 6 s are recorded by avalanche photodiode single-photon detectors and a coincidence counter
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Fig. 4 Experimental results. The yellow and green curves represent
the theoretical predictions for S;_g; and S,_g,, respectively, whereas
the red circles and blue rhombus indicate the practical measured
results for Sy_gy and S,_g;, corresponding 6 = {4°, 16.4°, 18.4°, 20.5°,
28°}. Double violations are observed in 6 ={16.4°, 18.4°, 20.5°} with
~10 standard deviations. The error bars are calculated according to
Poissonian counting statistics

particular, the balanced double violations Sy_g; = Sp_>, = 2.26 are
presented under optimal weak measurement when F=0.6,
corresponding to 6 = 18.4°. Our final results are shown in Fig. 4,
where double violations are clearly displayed at 6 ={16.4°, 18.4°,
20.5°} with ~10 standard deviations. Specifically, when 6 = 18.4°
we obtain S4_g; =2.20+0.02 and S;_g, =2.17 £ 0.02. Considering
the possible statistical error, systematic error and imperfection of
our apparatus, these experimental results fit well within the
theoretical predictions.

DISCUSSION

In conclusion, we have observed double violations of the CHSH-
Bell inequality for the entangled state of photon pairs by using a
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strength continuous-tunable optimal weak measurement. Our
experimental results verify the non-locality distribution among
multiple observers and shed new light on our understanding of
the fascinating properties of non-locality and quantum measure-
ment. The weak measurement technique used herein can find
significant applications in unbounded randomness certifica-
tion,'?° which is a valuable resource applied from quantum
cryptography®’>® and quantum gambling®***° to quantum simula-
tion.*! Here, the S value of the correlation between Alice and Bob2
is determined by the quality factor of Bob1’s weak measurement,
implying that Bob1 can control the non-local correlation of Alice
and Bob2 by manipulating the strength of his measurement. This
result provides tremendous motivation for the further quantum
steering research.?'*

Note added. After we have posted this work online we noticed
that double Bell inequality violations was also observed using
similar method in ref. * though they did not realize optimal weak
measurement.

METHODS
Weak measurement on a spin-1/2 particles

Consider a typical measurement of spin observable o, of a spin-1/2 particle
with eigenstates satisfy o,|1) =|1) and o,|l) = —|l). The initial pointer
state |¢) is entangled with spin system after measurement interaction

Ule® |4) (@) UT = myom; @ ;) (¢hy| + mi0m, @ |h)) ()]

(8)
+mien; ® |y )| +mom @ |é)) (¢,

where ¢ represents the initial state of spin system, m = |1)(1], m, = |[{){{|
are the projectors on the eigenstates of o, and |¢;), |¢,) are the evolved
pointer states corresponding to |1), |1), respectively.
The state of spin system, after tracing out pointer, becomes
p =mem +1emy +men @ ($l¢r) +10m @ (¢]g)). ©
To quantify the disturbance of measurement to the spin system, a
quantity F called quality factor of measurement can be defined'®

F= <¢T‘¢l>'

Usually, F is a complex value. Without loss of generality, here we take it
as a real number for the simplicity of discussion. The Eq. (9) thus can be

(10)
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reformulated as
p=Fo+(1—F)(mem +mem) an

as that p = mpm; + mpm, + mpm, + mpmy.

If F=0, the spin-up state |t) and spin-down state ||) can be
distinguished definitely through the orthogonal pointer states |¢;) and |
¢,). The state of spin system p is thus reduced to a state of completely
decohered in the eigenbasis of 0, and the measurement in this case is
called a strong measurement in which we can obtain the maximum
information about the system. There is no measurement at all if F=1, i.e,,
the pointer state is the same for spin up or spin down. The measurement is
called weak when F € (0, 1) in which we can obtain partial information of
the spin states with partial disturbance on it. It is obvious from Eq. (11) that
a weak measurement can be considered as the combination of a strong
measurement and none of measurement operationally. The quality factor F
thus reflects the strength of measurement and the disturbance of
measurement.

The measurement of a spin-1/2 system only have two outcomes +1 and
—1 corresponding to eigenstates |t) and |l), respectively. If the
measurement is strong, the probability of obtaining outcome +1 (or —1)
can be easily determined by the Born rule that P(+1) = Tr(m;p) (or P(—1) =
Tr(m,p)). However, in weak measurement the non-orthogonality of pointer
states F=(¢;|¢,) =0 brings the uncertainty ambiguity. In practice, an
observer, who performs weak measurement, has to choose a complete
orthogonal set of pointer states |¢.1), |¢_1) as reading states of pointer to
define outcomes +1, —1 corresponding to the spin eigenstates |1), [{). To
calculate the probability of outcome +1 (or —1), the state of pointer after
measurement have to be considered. Tracing out the spin degree of
freedom in Eq. (8), we obtain the post-measurement state of the pointer

pp = Tr(me) @ gy ) (] + Tr(mi0) @ |b)) (). (12)

The probability of outcome +1 (or —1) now becomes the probability of
obtaining the state |¢.1) (or |¢_1)) of pointer. The probability of outcome
+1 becomes

P(£1) =Tr(m10) (a1 |p) > + Tr(mi0) (sl (13)

If the pointer states are considered in position representation, the
observer can associate positive positions to outcome +1 and negative
positions to outcome —1. In general, the reading states of pointer |¢_1),
¢_1) should be chosen that the maximum of [{¢.1|¢1)[* and [{(¢_1|¢,)|
are achieved. If the reading states ensure that |(¢,1|¢p1)|* = [{d_1|p )] ie.,
the probabilities of obtaining correct outcomes are equal for spin up and
spin down, the measurement is called unbiased. Here we only focus on
unbiased measurement and assume that the reading states satisfy

conditions [(¢1|p1)” = (b1l )* and (b alp)]* = K—1lp)I*. In this
case, the probability P(+1) can be reformulated as
P(11):G-%[11Tr(ozg)}+(176)%, (14)

where g, =, — m, is the spin observable and G=1— [{¢p11|¢)]* — [{¢_1]|
P =1—=2[{ps1|p,)]* defines the precision of measurement. The
precision of measurement G indicates the correctness or the extent of
unambiguity of outcomes.

The state of the spin system, after the observer obtains outcome +1,
becomes

Pir= (1|00 @ ) (#|U|)

= mom[(aa | +mi0m (hoale)) (15)
+10M (P o111 ) (P | 21) + 711071 {D 21| ) Pr]sa)

Since that |<¢+1‘¢1>‘ =HE [(p,1l¢) ? =16 and
<¢’+1“/’¢><¢1‘¢+1> = (41 |¢T><¢l|¢+1> :§ Eq. (15) can be reformulated
as (unnormalized)

F 1+G—F 15G—F
i1 =50+ ———mem + +2 men,. (16)

The quality factor F and the precision G satisfy the trade-off relation'®
FP+& <. a7
A weak measurement is optimal if F?+ G?=1, otherwise it is sub-

optimal.
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Relation between weak measurement and Bell non-locality

The connection between weak measurement and non-locality can be
shown in the new Bell scenario that one pair of entangled spin-} particles
are delivered to Alice, Bob1 and Bob2, here Bob1 and Bob2 access to the
same particle shown in Fig. 1 of main text. Contrary to Bob2 who performs
the strong measurement, Bob1 performs the weak measurement before
Bob2. After the measurement of Bob1, the particle will be sent to Bob2
who has no idea of Bob1’s existence. Suppose that the entangled pair is in
the singlet state

1
I‘V>:ﬁ(\ DED =1DI)- (18)

Similar to the standard Bell scenario, Alice, Bob1 and Bob2 each receives
a binary input x, y;, y-€ {0, 1} and accordingly performs measurement of
their spin along the corresponding direction A, i, , 7, respectively. The
outcomes of their measurement are labelled by g, b,, b, € {+1, —1}. To
study correlations between Alice and Bobs, we need to calculate the
conditional probability distributions P(ab,b,|xy;y,) that can be simplified
by using no-signalling condition

P(abyby|xy1y2) = P(a|x)P (b |xy1a)P(by |xy1y2ab1). (19)

The probability of obtaining outcome a conditioned on x for Alice can
be easily shown to be P(a]x) = ] as that any strong measurement on one-
half of singlet state gives outcomes with equal probability. After the
measurement of Alice, the spin state of another particle sent to Bob1 will
collapse into the state that in an opposite spin direction with respect to
Alice’s post-measurement state

1 ¥ o
Pha =T_gi, = —(I — aly - G), (20)

where 1 _a%, represents the spin projector along the direction a)\ and /.G

are |dent|ty operator and Pauli operator, respectively. The measurement of
Bob1 is weak, the probability P(b;|xy,a) is determined by Eq. (14) and

G- Tr(Moyg, Pya) + (1-G) -3

1—Gaby A iy,
2

P(bi|xy1a) =
(21)

)

1—ab,

where Tr(nwy1 p‘xa) 7ﬂ and G is the precision of Bob1's weak

measurement. The spin state of Bob1’s particle after weak measurement,
according to Eq. (16), becomes

_F 14b,G—F 3
Pixyraby = 3Pixa 2 iy, Pxa'™,

(22)
1-b:G—F
+ 0 g, Phal,

with its norm trace Tr<p\xy1ab1> = P(b1|xy,a) and F is quality factor of the

weak measurement. The probability of obtaining outcome b, for Bob2's
strong measurement is

P(ba|xy1y2ab;) = Tr (nbz% Bt )
= sy {5 (1 — abake 73,
+15£ [1 = aby (A - By, ) (B, -7 )|
+28 (b, -7, — ah-1,) ).

is a normalized state.

(23)

~ _ 1
where Ply,ab, = P(bi[xy1a) Pixy,ab;

Now we can calculate conditional probabilities P(ab,b,|xy.y,) according
to Eq. (12)
F1- abz)\, vy,
()

{1 —aby (i, )y, >}
2

P(abiby|xyr1y,) =

+3 (24)
b1 G (a)‘x Hy, ’bzﬂh Vz) )
As probability lies between 0 and 1, if do = Z, Ho = —X and 7y =
Zsin@ — Xcos6 are chosen, we obtain
P(1 —11]000) = Fsin6 + GcosO < 1 (25)

along with outcomes a=b, =1 and b; = —1. This is the expression of a
tangent to the unit circle 2+ G?=1 and obviously the optimal pointer
saturates this constraint.
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The non-local correlation of Alice and Bobs's can be shown by
calculating S value defined as

Shiice~Bob, = ’C?o.o) + Clony + Cho) — Cii ’-, (26)

where n € {1, 2} and C( , defines correlation of Alice and Bob's
measurement outcomes

Clyy = Tr(Pa03, @03, ) = Zb abnP(abnxyn) 27)
a,on

with p, is the state of the spin-J entangled pair possessed by Alice and
Bobs, oy ,0ji,, represent the spin observables corresponding to directions
A and ﬁyn, respectively.

Since that P(abi|xy1) = P(a|x)P(b;|xy,a) = , the correlation
Cixyy) Of Alice and Bob1 is C(yy,) = —GAy - iy, and thus we have

1-Gaby Ay iy,
4

Sas =G [ho- i+ Ao iy + A1 - flg — A - [l . (28)
Similarly
P(ab;|xy2) = 5 P(abiba|xyry2)
b1y
1—aby A7,
=4 (7“ 3 ”) 29)
e[ )|
»n
and
F- 1—F > o
Cixga) = _EAX B yZ <)‘X ‘“m) (“yu : Vyz)' (30)
The S value of Alice and Bob2 is calculated as
Sa-m = ‘%(Xo Vo +X0 -1 +X1 o *X1 7y
55 [Ro - By, ) @y, - 70) + (o - iy )y, - ) G1)

»n
+ By ) By, - To) = (Ko, ) By, - 71)] |-
In the case that quantum bound 21/2 is obtained, i.e., Alice measures in
the directions Z or X according to her inputs 0 or 1, whereas Bob1 and

—(Z4%)

Bob2 measure in the directions 7

or %f( for their respective inputs 0
or 1, we obtain

Sa_g1 = 2v/2G

Sag2 = V2(1+F),

which implies that the non-locality correlation of Alice and Bob1 and
correlation of Alice and Bob2 are totally determined by the weak
measurement performed by Bob1. Double violations happen when quality

factor F and precision G of weak measurement satisfy F € (v/2 — 1,1] and
Ge (4 1]. Restricted by the general condition F* 4 G* < 1, the area that

double violations exist is limited. In the case that optimal weak
measurement is realized, which means F? + G = 1, double violations can

be observed only when F € (\/571,4) If F=06 and G=0.8 are

chosen, we obtain the optimal double violations Sajice_Bob1 = Salice_Bob2 =
2.26.

(32)

Demonstration of entangled photons source in experiment

In our experiment, high-quality polarization-entangled photon source is
produced by pumping a type-ll apodized periodically poled potassium
titanyl phosphate (PPKTP) crystal inside a Sagnac-loop interferometer. The
PPKTP has dimensions of 1 mm x2mm x 20 mm and the end faces are
anti-reflective coated at wavelengths of 399nm and 798 nm. The
temperature of the crystal is controlled by using a home-made
temperature controller with stability of +2 mK. The ultraviolet (UV) pump
beam is generated from a commercial Moglabs ECD004 laser. One UV
quarter wave plate (QWP) and one UV half wave plate (HWP) are placed at
the input port of the interferometer for controlling the power and relative
phase of pump beam inside the Sagnac-loop interferometer. Polarization
orthogonal pump beams are separated by a dual wavelength polarized
beam splitter (DPBS). The vertical polarized pump beam is rotated to
horizontal polarization by using a dual wavelength HWP before interact
with the PPKTP crystal for spontaneous parametric down-conversion
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Fig. 5 Polarization interference results

(SPDQ). Orthogonal polarized photon pairs are generated in two counter
propagating directions combined at the DPBS. The photon emitted to Alice
is first separated from the pump beam by using a dichromatic mirror (DM)
and then measured projectively via combination of HWP and PBS by Alice.
The photon sent to Bob, first passes through the weak measurement setup
of Bob1 and is subsequently sent to Bob2 for projective measurement.

The state of photon pair output from the interferometer can be
expressed as

71
WJ>—E

where the relative phase 9 is determined by the relative position of QWP
and HWP at the input port. In our experiment, the phase 9 is tuned to 7
such that the singlet state is produced

1

™) 7

The quality of our source is characterized by using a two-photon
polarization interference shown in Fig. 5. The 399 nm wavelength pump
beam’s power is fixed at 4.5 mW and the coincidence windows is set in
2ns. The single counts in 6s is about 375,000 and 275,000 and the
maximum coincidence is about 19,000. The raw visibilities in 0°/90° and
45°/—45° are (99.70 £ 0.06) percent and (99.32 + 0.08) percent, respectively.
Therefore high visibilities guarantee the large violation of Bell-CHSH
inequality.

(IH)IV) +€?[V)[H)), 33)

(I)V) = IV)IH)). (34)
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