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ABSTRACT: A self-avoiding polymer chain confined in a sphere is generated by Monte Carlo technique on a simple cubic 
lattice. The dependence of shape of polymer chain on concentration C of polymer solution is studied. The shape of polymer 
chain is denoted as (Lf): (Li>: <LD, where L 1 :5. L2 :5. L 3 are orthogonal components in the system of principal axes of 
gyration. At low concentration (C:5.0.001), <Li>I<Lf> and <Li>I<Lf) remain approximately unchanged with the 
concentration. Then, with increase of the concentration, (Li>I<Lf> and (Lj)I(Lf) decrease, and (Lj)I(Lf) decreases more 
rapidly than (Lf>I<Lf). Asymptotically, (Lf>I<Lf) and (Li>I<Lf> become 1.0 at a concentration C= 1.0. 
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As early as 1934, Kuhn pointed out that the most 
probable instantaneous shape of a polymer chain is 
ellipsoidal. 1 Many studies showed that the limited values 
of (Lf): (L£): (Lj) are about 1:2.7: 12.0 for many 
polymer chains in dilute solution. 2 -? (Ll )s (i = 1, 2, and 
3), mean eigenvalues of the radius of gyration tensor S, 
were introduced to study the shapes of flexible polymer 
chains by Sole and Stockmayer.2 •3 (Lf): (Li): (Lj) is 
taken as a measure of the shape of polymer chain. If the 
concentration of polymer solution varies or the polymer 
chain collapses, the instantaneous shape of the polymer 
chain may change. 

In many situations one can regard the polymer chain 
as constrained in a sphere. For example, a polymer chain 
in a dilute or semidilute polymer solution can be treated 
as each chain or part of the chain being subjected to a 
sphere,8 - 10 the same as a collapsed polymer chain. 11 •12 

Thus, the shape of the polymer chain may vary when 
the concentration of the polymer solution varies or the 
polymer chain goes from an extended swollen coil to a 
collapsed dense globule. One can simulate the increase 
of the concentration of the polymer solution or the 
collapse of the polymer chain by decreasing the di
mensions of the shpere. 

In the present work, the dependence of the shapes of 
polymer chain on the concentration of the polymer 
solution is studied. The model of polymer chain is a 
self-avoiding walk (SAW) on a simple cubic (SC) lattice. 
Polymer chains are simulated in spheres, which are taken 
to be completely permeable to solvent but whose walls 
are regarded as rigid constraints for the polymer chain. 
We find that (L£)/(Lf) and (Lj)j(Lf) decrease with 
increase of the concentration of the polymer solution, 
especially when the concentration exceeds 0.001, and 
(Lj)j(Lf> decreases more rapidly than (Li)j(Lf). 
Asymptotically, they tend to become 1.0 at a con
centration of 1.0. 

CALCULATION METHOD 

The work considers a self-avoiding polymer chain of 
length n consisting of n segments and n + 1 beads of unit 

mass, each bead locates on a simple cubic lattice. The 
polymer chain, which is confined in a sphere, is generated 
by the Monte Carlo technique. By the method, a chain 
is constructed by adding beads step-by-step. The first 
bead of a polymer chain is selected arbitrarily in the 
sphere. Then we scan the probable choices for the next 
bead by scanning the number Wk (k = 2, 3, · · ·, n + 1) of 
allowed lattice sites for the next bead from this lattice 
site. If Wk = 1, we let the next bead occupy the only lattice 
site. If Wk > 1, that is, there are more than one possible 
lattice site for the next bead to choose from, we let the 
computer generate randomly an integer among 1 to Wk> 
the lattice site for next bead is chosen according to the 
integer. Once there is no possible continuation in the 
procedure, i.e., wk = 0 for any k, then the construction 
is stopped, the uncompleted chain is abandoned and a 
new one is started. 

When a polymer chain of length n is successfully 
generated, the radius of gyration tensor S is calculated 
as 

(1) 

where sk = col(xk, yk, zk) is the position vector of bead k 
in a frame of reference with origin at the center of mass. 
Scan be diagonalized by a judicious selected orthogonal 
matrix Q to form a diagonal matrix 

L=Q- 1SQ 
(2) 

= diag(Lf, L£, Lj> 

The operation known as diagonalization of a tensor 
is in fact an eigenvalue-eigenvector problem, which can 
be solved easily by computer. L 1 , L2 and L3 (L1 

L 2 L3 ) are orthogonal components in the system of 
principal axes of gyration. 

After generated a large number of chain samples, the 
statistical average (Lf), (Li), and (Lj) are calculated 
as 
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(3) 

where N is the number of chain samples and Pi the 
Rosenbluth-Rosenbluth probability of chain ). 13 Pi is 
named as 

n+1 

pj =cw2;6) x n cwd5) (4) 
k=3 

where Wk is the number of allowed choices for the 
bead k in the process of chain building. The maximum 
number of allowed choices for the second bead (k = 2) is 
six, while five for other beads (k;:::: 3). 

RESULTS AND DISCUSSION 

In this paper, the polymer chain lengths considered 
were n=20, 40, 80, and 120 with chain sample numbers 
N = 5000 up to 20000, increasing with chain length n. 
One reason that we did not consider much longer chain 
length is that, for an unconfined SAW chain on a sim
ple lattice (which is similar to our model), the ratio 
(Li)j(Lf) and for chain length n= 120 is 
almost the same for even longer chain according to the 
results of Bruns. 14 Another reason is that it becomes 
difficult to build a long chain in spheres when the 
concentration reaches some value. For example, it was 
almost impossible to build a chain with length n = 240 
at concentration C = 0.5, n = 360 at concentration 
C = 0.4. The concentration of polymer solution, defined 
in the paper as the ratio of the lattice sites occupied by 
the polymer chain to the total lattice sites Vin the sphere 

n+I 
C=-

V 
(5) 

Polymer solution concentration C varies from 10- 5 to 
0.6 in this work. 

Figure 1 shows the dependence of (Li)j(Lf) and 
(Lj)j(Lf) on the concentration for chain of length 
n = 120. Dots and squares in Figure 1 are experimental 
data derived from the computer simulation, while the 
solid curves, as a guide to the eye, come from these 
experimental data using the least square method. The 
results for chain length n = 20, 40, and 80 are similar to 
that of n = 120, thus we only show the results of n = 120 
here. Considering that (Li)j(Lf> and to be 
independent of chain length n after reaching 120 for our 
chain model, we believe the results deduced from short 
chains should thus be valid for much longer chains. One 
finds. from Figure I that (Li)j(Lf) and 
remam approximately constant while the concentration 
less than 0.00 l. This indicates that the shape of polymer 
chain is almost independent of concentration when the 
chain is in the solution which concentration is less than 
0.001. 

One could also find that both (Li,)j(Lf> and 
(Lj)j(Lf> decrease as the concentration increases when 
the concentration exceeds 0.001, indicating that the 
deviation of shape of polymer chain from sphere 
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Figure 1. Log-log plots of and <LD!<Lf> versus 
concentration for polymer chains confined in spheres. Curve A and 
squares, <Li>f<Lf); curve B and dots, (L;)/(Lf). 

decreases with increase of the concentration. Obviously, 
decreases more rapidly than (Li)j(Lf>, 

revealing that (Lj)j(Lf> is more susceptible to con
centration. The probable reason is that L 3 , the largest 
component of gyration, is the first to be restrained by 
the wall of sphere, L 2 is the second and L 1 is the last. 

In the computer experiment, with an increase in 
concentration, it becomes more and more difficult to 
construct a polymer chain for a large proportion of 
conformations has to be abandoned before they have 
been constructed. 10 Thus, simulation is not carried out 
for even larger concentration. Even so, it is not difficult 
to see that (Li)j(Lf> and (Lj)j(Lf> tend to be 1.0 as 
the concentration approaches 1.0. 

In summary, the dependence of the shapes of polymer 
chains on the concentration of polymer solution is 
studied. Results show that, (Li.)j(Lf> and (Lj)j(Lf) 
decrease with the increase of concentration, (Lj)/(Lf) 
decreases more rapidly than (Li,)/(Lf), and they both 
tend to be 1.0 as the concentration approaches 1.0. From 
these results, one could image the variation of the shape 
of a polymer chain with the concentration, which goes 
from ellipsoid of large ellipticity to ellipsoid of small 
ellipticity with increase of the concentration. Results also 
show that (Li)j(Lf) and (Lj)/(Lf> remain approxi
mately unchanged with concentration when the con
centration is less than 0.00 l. 
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