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ABSTRACT: Computer simulation of dilute solutions of polymer chains has been carried out 
in the concentration range lower than the critical concentration of coil overlapping. For solvents of 
various thermodynamic strengths the intermolecular interaction of polymer coils was investigated. 
The concentration dependence of osmotic pressure n=n(c) was calculated. It was shown that near 
the 11-point the n(c) curves can be non-monotonic even at very low concentrations as a result of 
multiparticle interactions. The results obtained make it possible to interpret some anomalies 
observed in the experimental study of light scattering and osmotic pressure of extremely dilute 
polymer solutions. 
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At present, considerable progress in the un­
derstanding of equilibrium and dynamic prop­
erties of polymer solutions is being made. 
This is due to both the development of ex­
perimental methods of investigation and new 
theoretical approaches. 1 It should be noted 
that the main effort is directed to the study of 
concentrated and "semi-dilute"solutions in 
which the concentration of the polymer, c, 
greatly exceeds the critical concentration of 
coil overlapping c* '='=- Nj jp ( N is the number 
of units in the chain and R is the average chain 
size}. As regards dilute polymer solutions 
(c c*), it is usually considered that their 
thermodynamic properties are adequately 
described by the classical theories based on the 
works of Zimm, Flory, Krigbaum etc. 2 - 4 How­
ever, some data reported in the literature can­
not be explained in the frame-work of classical 
concepts5 •6 in which a polymer coil is consid­
ered to be a cloud of independently distrib­
uted units. Thus, it has been found7•8 that at 

infinite dilution and in a thermodynamically 
good solvent, the probability of overlapping of 
approaching polymer coils is greatly different 
from zero, which contradicts the conclusions 
of the Flory-Krigbaum theory (FK)?· 4 More­

over, it has been shown9 that the potential of 
the mean force of coil interaction obtaind in 
ref 4 (FK-potential) does not take into account 
quite correctly the dependence on the inter-coil 
distance and thermodynamic strength of the 
solvent. Interesting effects have also been 
found in the experimental study of very dilute 
polymer solutions by the light scattering 
method.10 •11 The results obtained in ref 10 
and 11 indicate that a "threshold" con­
centration limit c0 ( c0 c*) exists and below 
which, the experimental light scattering plot 
cKJRo=f1(c) (where Ro is the excess scattering 
intensity by 8 angle and K is the optical 
constant of the solution) and the related plot 
of osmotic pressure njc=f2(c) have the quasi­
horizontal direction and at c= c0 exhibits a 
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kind of inflection. Thermodynamic consid­
erations show, however, that the concentra­
tion dependences cKj R0 and nj c should be 
smooth functions without any inflections. 
This conclusion follows quite unequivocally 
from the analysis ofvirial expansion. Hence, the 
"disappearance" of concentration depen­
dences cKjR0 and njc at c<c0 found in 
ref 10 and 11 seems actually an apparent 
effect due to the fact that the true shape of the 
curves cannot be reliably determined in the 
range of limiting low concentrations. 

The main aim of this work is to calculate 
the concentration dependence of osmotic pres­
sure at low c with the aid of a computer ac­
cording to the Monte Carlo method (MC). Let 
us have a system which consists of n chains of 
N unit in the volume V. If we mean by c the 
volume fraction of units ( c = v0 nN / V, v0-vol­
ume occupied by one unit), then the osmotic 
pressure n is expressed12 by 

1 ic n/KTc =1-lnG(c)+- lnG(c)dc 
p c 0 

(1) 

where cP = nj Vis the chain concentration, K is 
Boltzmann's constant, T is the absolute tem­
perature, and are 
the partition functions for the systems consist­
ing of n and n-1 interacting chains. The cor­
relation function G(c) was determined by the 
MC method from the relation 

!] 

L exp{ -f3[Ein-l)+EP>+El"-L 0 ]} 

G(c) i= 1 
!] 

L exp{- f3[Ein-1) + Ep>]} 
i= 1 

(2) 

where [3= 1/kT, is the potential energy 
of the intrachains interactions in the i-th con­
figuration, Eln - 1 > is the potential energy of 
the intra- and interchain interactions in the 
system of n-1 chains, mn- 1 ' 1 ) is the energy 
that appears when one chain is added to the 
system including (n-1) chains. All calcula­
tions were based on the model for a poly-
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ethylene chain described in ref 13 and refer 
to T=300K. 

The values of E in eq 2 were calculated 
according to the potential of the "6-12" 
type with the parameters a (depth of the hole 
in the kT-scale) and a= 0.4 nm (equilibrium 
distance). When r<d (d=0.3nm is the hard 
diameter of the unit) it was supposed that 
f(r) = oo and this configuration was rejected. 
When e=O, the properties of the good (ather­
mal) solvent were imitated. The increase in a 
intensified the attraction of the units and cor­
responded to the deterioration of the solvent 
quality. The chains were generated by the 
MC method9 •13 in the cubic cell with the 
periodic conditions and the length of the 
edge varying from 12 to 3333 d. 

The number Q of independent configura­
tions of the system consisting of one isolated 
chain and (n -1) interacting chains determined 
and placed in the cell (volume V). Hence we 
have Q terms in the sum of the denominator 
(eq 2). Subsequently for each Q configura­
tions an attempt was made to place randomly 
a separate chain into the cell already contain­
ing (n- 1) chains. If, after this procedure, 
there was no overlapping of units, the next 
term was added to the numerator of (eq 2). 
As a result, we obtained Q* (Q* Q) con­
figurations for the system consisting of n 
chains with a fixed concentration. In all cal­
culations, it was assumed that Q > 2000, and 
this ensured the accuracy for G(c) about 8%. 

The number of the chains in the cell was 
varied .from 2 to 6. The number N of units in 
the chain was usually 100. All calculations 
were carried out on a BESM-6/7 computer. 

It is clear from the results of calculation of 
the function G(c) that at c-+0 the function 
G(c) tends to unity, i.e., at infinite dilution the 
coils do not affect one another, as was to be 
expected. At c > 0 in a good solvent (at low a 
values) G(c) 1. If the attraction of units is 
suffi.cien tl y strong (a:<:: 0. 06), then some values of 
G( c)?!: 1 appear. It should be noted that the 
inequality G(c) < 1 means that the addition of 
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another chain into the system (i.e., an increase 
in its concentration) is thermodynamically 
unfavorable. In contrast, in the case G(c)> 1, 
this addition is preferable because the free 
energy of the system decreases. However, at 
the investigated values of the parameter B the 
free energy gain is observed only in the range 
of highly dilute solutions at c 0.03 which is 
lower than c* (for the 100-unit chain model 
considered here c* With increas­
ing c at c > c*, the function G( c) acquires much 
lower values than unity. 

In the determination of n according to eq 
1 it was found necessary to carry out a pre­
liminary approximation of the calculated val­
ues of G(c) by a smooth function. For this 
purpose, on the basis of theoretical consid­
erations/4 G(c) was represented by G(c) = a1 

exp (a 2c) +a3 exp (a4c2) where the parameters 
a1-a4 were determined by the method of 
multiparametric optimization. 15 After this 
integration necessary according to (1) was 
carried out, the results were approximated by 
means of the polynomials of the second de­
gree: 

(3) 

lim (cpM2K/R9v0 )= 1 +2A{c+3Aj"c2 (4) 

These relations following from the virial 
expansion -(here the values of At=AkMk 
(cp/vp)k- 1 and Ak are virial coefficients and 
M is the molecular weight of the chain). 
Figure 1 shows the value of n*(c) =(n/cp)kT -1 
vs. vc obtained for various values of c and 
B. The shape of the curve R*(c)=(cPM2K/ 

R0 v0- 1 )8 =o is quite similar to this depen­
dence. 

The two-parameter eq 3 and 4 adequately 
approximate the results of the calculation at 
c < c*. This fact confirms the possibility of 
using the van der Waals equation, which is 
also two-parametric. It should be noted that 
the model for a dilute polymer solution based 
on the van der Waals state equation has been 
proposed in ref 11 and 16. 
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Before considering the functions n*(c) 

and R*(c), a value more convenient than the 
parameter B will be introduced for the char­
acterization of the strength of the solvent. 
It is natural to express this property in the 
terms of the swelling coefficient rx=(<R 2 )/ 

<Rl> )112 calculated for an isolated coil (c-->0). 
In this case, the average dimensions of a chain 
with volume interactions are obtained by the 
Monte Carlo method for the predetermined B, 

whereas the values of <Rl)112 representing 
the mean-square dimensions of an ideal (un­
perturbed) chain can be obtained by a precise 
analytical method.17 Figure 2 shows the de­
pendence of (rx 2 -1) on B for chains of various 
lengths. The condition rx 2 = 1 determines 
the values of B8 when coil swelling disappears 
and the conditions of the 8-solvent are simu­
lated. It was found that for the N values 
considered an explicit dependence of B9 on 
N exists. The values of B8(N) are represented 
as a function of the argument N- 1 in Figure 
3. Treatment of results by the least-squares 
method in the range of N = 40-400 gave 
B9(N)=0.114-2.82/N. Hence, at N->oo for 
the model investigated, B9=0.114. Thus, at 
B = B9, finite chains are compressed with re­
spect to their 8-dimensions. On the other 
hand, it is possible to say that at B 0.1 the 
conditions of a good solvent are essentially 
simulated for the isolated coils considered 
here if the solvent strength is evaluated from 
the position of the "true" 8-point corre­
sponding to B9 = 0.114. 

Now we will consider intermolecular ef­
fects. Figure 1 shows that if repulsion forces 
between units predominate (B 0.06), the 
value of n*(c) increases monotonically with 
increasing c. For the range of c ;:S 1. 5 x 10- 2 , 

the function n(c) is almost linear, which in­
dicates the predominant part played by bi­
nary interactions of polymer coils in a dilute 
solution. At high c, the multiparticle (ternary, 
etc.) interactions of polymer coils begin to be 
observed. This leads to the deviation of the 
dependence n *(c) from a linear dependence. 
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Figure 1. Dependence of n• on cat E= I) 0; 2) 0.02; 3) 
0.04; 4) 0.06; 5) 0.08; 6) 0.1 0. 
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Figure 2. Dependence of rx2 - I on E for N =I) 50, 2) 
100 and 3) 200. 

It is characteristic that although the coils are 
compressed, the contribution of multiparticle 
interactions increases with decreasing solvent 
strength. Thus, at C= 1.5 X w-z and e=O 
the contribution of the term (A:fc 2) to the 
overall value of n*(c) is ;:::::: 1%, whereas at 
e=0.06 and at the same concentration, this 
contribution increases to 20%. This fact can 
be explained as follows: the increase in e leads 
to coil compression (Figure 2) and an increase 
in the distance at which their interaction 
begins to appear. 

Moreover, since the repulsive part of the 
potential of the mean force of coil interaction 
is flat, 7 - 9 if a relatively strong attraction 
exists, the coils should exhibit a much more 
pronounced trend towards the formation of 
clusters (intermolecular aggregates) than 
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Figure 3. Dependence of Ee{N) on the inverse value of 
the number of units in a polymer chain. 
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Figure 4. Dependence of I) Af and 2) Af on parameter 

small molecules. The authors will consider this 
problem again in a separate publication. 

Figure 4 shows the dependence of At 
and A;' on e. Taking into consideration the 
fact that the errors in calculation increase 
greatly at e <:; 0.12, the corresponding results in 
the range of e > 0.1 should be considered only 
as tentative. It is noteworthy that the gen­
eral shape of the curves At(e) and A:f(e) ob­
tained for polymer coils coincides with that 
characteristic of a gas consisting of the Len­
nard-Jones particles. Figure 4 shows that 
the inversion of the sign of At occurs at a 
slightly lower value of e than e6• Alternatively, 
at 0 the coils remain slightly swollen. 
Hence, by using for finite N various methods 
of the determination of the 8-point (rt= 1, 
A2 = 0, etc.) we obtain various values of the 8-
temperature (or the parameter e). Hence, at 
N- 1 >0 there is no single 8-point at which all 
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the properties of a real system coincide with 
those of an ideal system but a certain finite e­
range exists. It should be noted that the 
concept of the e-range has been first intro­
duced in ref 18 and 19. At N--HfJ thee-range 
contacts the e-point. 19 

The behavior of curves 5 and 6 (at a;?: 0.08) 
in Figure 1 is similar to that of experimental 
dependences obtained for benzene solutions 
of polystyrene samples with . the number of 
repeat units N"" 100.10 •11 At c<c0 where 
c0 = -At/A{ the value of n*(c) is negative 
(Figure 1). The maximum inflection of the 
curve equal to n::;,in= -(A2*)2/4Aj at c=c0 j2 
if very small and hence is very indistinguish­
able. This is probably the reason for the 
apparent "disappearance" of the dependence 
of n* and Rt on cat c<c0 .10 •11 

Unfortunately, since computer simulation 
is a very laborious procedure, it was impos­
sible to study the molecular-weight depend­
ences (we intend to do so in another paper). 
However, some rough evaluations can be 
made by using the concepts of the scaling 
theory. According to ref 1, the dependence of 
the k-th virial coefficient on N is expressed 
as where 11 is the critical 
index close to 1/5. Hence, at N>p 1 the third 
virial approximation gives c0 - 1 and 
n!in ""const, i.e. the maximum inflection on 
the curve of osmotic pressure should be in­
dependent of N (or M). It should be empha­
sized that in these evaluations, the identical 
relationship is assumed between Ak and N 
both at T> () and near the ()-point at the 
inversion of the sign of A2 • The dependence of 

,.,_,N-415 coincides with that of c* on 
N. However, computer simulation shows that 
c0 This is in agreement with experimen­
tal data.10 •11 

Now some conclusions may be formulated. 
The behavior of osmotic pressure (and hence 
of the function of light scattering R *(c)) in the 
range of limiting low concentrations at 
is, naturally, determined only by the value 
and sign of the second virial coefficient. A 
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complicating feature for solutions of chains 
of finite length is the existence of a very 
wide e-range in which various characteris­
tics (a, A2 , A3 , ... ) acquire "ideal" values at 
different T (or a). For short chains the {}­
range may also cover the conditions under 
which long chains exhibit considerable swell­
ing and which from this standpoint may be 
regarded as conditions corresponding to a 
good solvent. Moreover, as shown above, near 
the {}-point, even at very low concentrations, 
the multiparticle interactions of coils begin 
to be appreciable. It is the "addition" of these 
coils that leads to the non-monotonic de­
pendences of n*(c) and R*(c) (see Figure 1). 
However, this effect may be very weak and, as 
already indicated, its experimental detection 
is difficult. This may cause many artifacts. 
Thus, if the experimental investigations of 
short-chain solutions (N"" 100) are limited to 
the observations in the range c:<:c0 , then ex­
trapolation of the curves n(c) or cKjR9 to c=O 
can give both excessively high values of mo­
lecular weight of the chain and excessively 
high values (and even the wrong sign) of the 
second virial coefficient. The latter fact will 
evidently lead to erroneous evaluation of the 
thermodynamic strength of the solvent. On 
the other hand, investigations in the range of 
c ;5 c0 for solutions of chains of low molec­
ular weight involve considerable technical 
difficulties, and at c < c0 it is impossible to 
determine the true shape of the curves (simi­
lar to curve 5 in Figure 1). In this case, the 
scattering of experimental points leads to 
the above mentioned "disappearance" of 
concentration dependence of the cKj R9 

value. 10• 11 • 16 
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