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ABSTRACT:

Density fluctuations in an infinite volume can be obtained by extrapolating the

scattering intensity to the zero scattering angle, while those in a finite volume having a radius of
several tens of Angstrom can be obtained from intensities at non-zero scattering angles. Small angle
X-ray scattering intensities for condensed phases were approximated by I(s) = I(0) exp (4s?). This s
dependence of the intensity arises from the repulsive interaction between two particles. Since the
density fluctuations in the above two types of volume (infinite and finite) were nearly the same in
magnitude and temperature dependence for an amorphous polymer (PMMA), it was concluded
that no density fluctuations due to structural inhomogeneity exist. The temperature dependence of
the density fluctuations in a finite volume for PMMA and PC exhibited a second transition
temperature 7* below T, the glass transition temperature.
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A study of thermal density fluctuations in
liquids and glasses including amorphous poly-
mers by small angle X-ray scattering is of
interest from two points of view. The first is its
relation to the structure of amorphous states,
which was investigated by Wendorff and
Fischer.! “®> The second is concerned with
providing a way to subtract the “liquid-like”
background scattering for semicrystalline
polymers, polymer solutions and so on.

The temperature dependence of density fluc-
tuations in liquids, oligomers and amorphous
polymers was measured by Wendorff ez al.,’
Fischer et al.,> Rathje et al.* and Wiegand et
al? using small angle X-ray scattering (SAXS)
techniques. Fischer et al'™3® measured the
scattering intensity at s, ;, where the influence
of a hole or large particle-scattering vanishes
(s=(2/2)sinB, A is the wavelength, 20, the

scattering angle), and calculated the density
fluctuation SN?/N from

' 5N2 _ I(Smin) 1
N~ Nf¥s ()
where N is the number of atoms, I(s), the
scattering intensity and f(s), the atomic struc-
ture factor. Ruland et al*® determined the
density fluctuation by extrapolating the scat-
tered intensity to the zero scattering angle
using the empirical equation

ON? I(s)

min)

where

I1(s)=1(0) exp (A4s5?) 3)

(s, small)

with A4, a constant.
These two methods yielded the temperature

* Present address: Research Institute for Polymers and Textiles, I-1-4 Higashi, Yatabe-machi, Tsukuba-gun, Ibaraki
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dependences of density fluctuation which were
similar near the glass transition temperature
but disagreed at low temperatures. In this
paper, the physical basis of these methods is
discussed.

THEORETICAL

Density Fluctuations in a Small Volume
The density fluctuation in a small fixed
volume v taken in a large volume V (v< V) is
given by Ruland® as follows:
2
(i) =Ii l‘,,(s)—1 @?(2nsR)ds  (4)
nj, n v

where n is the number of electrons in v,
(on?/fi), the density fluctuation averaged
over V, I (s) the observed scattering intensity
in electron units, v=(4/3)nR® and

)

sin x— X cos x>2

Y (x)= <3 o

The function ®?(x), derived from the Fourier
transform of the self-convolution of the form
factor, has a very sharp peak at x=0" and
decreases near zero for x> m.

When v is very large, i.e., R— o0, ®?(2nsR)
becomes a delta function, and eq 4 gives

on? 1
(%) =+ 1o

This equation indicates that the method of
Ruland ez al. (eq2) gives the density fluc-
tuation in an infinite volume.

If the observed intensity ,(s) is nearly con-
stant or changes very slowly with s for
0<sR<1, the term (1/n)1,(s) can be taken out
of the integral in eq 4 and because

lim

v

(6)

Ji &?(2nsR)ds=1,
v

we obtain

S 2
<5L> LT
n), " n

where s, is an arbitrary value of s such that

(s,, small) 7
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0<s,R<1. Equation 7 indicates that the den-
sity fluctuation in v is given by eq1l, which
was used by Fischer et al. However, in this
method, 1,(s) must change very slowly at small
S.

The Functional Shape of the SAXS Intensity in

Fluid or Amorphous State

The scattering intensity /(s) for gas phases
or isolated molecules decreases monotonically
with an increase in s in the neighborhood of
s=0, while I(s) of liquids and glasses becomes
very small in this region of s and a new peak
possibly due to intermolecular interactions ap-
pears. Amorphous polymers show the same
scattering behavior as the latter. For polymers,
it is impossible to observe the scattering
intensity in the gas phase. However, the scat-
tering intensity for a molecule in the bulk state
can be measured by neutron scattering from a
deuterated polymer dispersed in the matrix of
a protonated polymer (or vice versa).®

As Debye® showed theoretically, the de-
crease in scattering intensity in a condensed
phase at s small compared with the size of
isolated molecules is due to repulsive interac-
tion of the particles. Harvey'® demonstrated
this experimentally by measuring the pressure
dependence of scattering from N, gas.
Fournet!! attempted to improve Debye’s ap-
proximation using the Born and Green
theory.!2

When there exists an attractive interaction
of the type — 1/r® between atoms, Enderby et
al.'® showed that the structure factor S(s)=
I(s)/Nf*(s) may be described by the following
equation for small values of s,

S(s)=S(0)+ays* +a;s>+ - - - (8)

where the s> term reflects the attractive in-
teraction. For a low density van der Waals gas,
Albers et al.** rigorously evaluated the s*> and
s° terms from interactions of the types 1/r° and
1/r8, respectively. They suggest that a measure-
ment with the very high accuracy (about 0.2%)
is necessary to detect the difference between
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eq8 and 9,

S(5)=S(0)+bys? +bys*+ - - - )

Ruland et al*® found experimentally the
SAXS intensity for liquids or glassy polymers
may be represented by eq 3. This implies that
eq9 describes accurately the experimental
SAXS intensity.

For simplicity, we consider a monoatomic
liquid. The structure factor S(s) is represented
by

S(s)=1+ pfe_z"i”[g(r) —1]dr (10)

where p is the number density, and g(r), the
radial distribution function. The density fluc-
tuation in a given large volume can be ob-
tained from

N2 N?_-N?

voox 0

(11

In order to discuss the effect of intermo-
lecular interference on SAXS intensity, it is
relevant to use the Ornstein—Zernike equation

o0

c(lr—r Dhr)dmr'2dr (12)

h(r)=c(r)+ PJ

0

where h(r)=g(r)—1 is the net correlation
function and c(r), the direct correlation func-
tion. In terms of the Fourier transform of
these functions

é(s)zjc(r)e_z"is' dr (13)

)= f K~ 7 dy (14)

the structure factor S(s) can be expressed as

S(s)=1+ ph(s) (15)
1
T1- pd(s) (16)

Equation 15 is pertinent when S(s) at relatively
large s (or small r) is considered, because A(r)
can be obtained from an actual structure as the
pair correlation function. On the .other hand,

eq 16 is very useful when s is small (or r is
large), since the direct correlation between two
particles is short-ranged.

Expanding é(s) in powers of s yields

ds)= JmC(r)[l _@mn? + CL/ M -:|41rr2dr
o .

6 120
2n? 2m*
=CO——3“C282+'FC4S4— ct (17)
where
c,= j c(rydnr"t2dr (18)
0

The structure factor for small s can be approxi-

mated by
2/3)n2pc,
P [_( 1=pco >Sz] 1

With eq 11 and 19, the density fluctuation can
be related to the zeroth moment of the direct
correlation function ¢, by

1
S(s)=—ex
1—pcg

SN? 1
N _l_pCO

(20)

which indicates that pc,<1. The sign of the
second moment ¢, depends on the physical
state of the material. Experimentally, ¢, is
positive near the critical point but negative for
normal liquid or glassy states.

In normal liquid or glassy states with which
we are concerned here, one of the most im-
portant direct correlations between two parti-
cles is the repulsive interaction or the exclud-
ed volume effect. The hard sphere model is
pertinent for our purposes. It is well estab-
lished that the Percus—Yevick equation!® is a
very good approximation for describing lig-
uid states which have no long-range interac-
tions such as those of dipoles. An exact solu-
tion to the Percus—Yevick equation for the
hard sphere model was found by Wertheim!®
and Thiele.!” The direct correlation function
cpy(r) for this Percus—-Yevick equation is re-
presented by

447



Y. TANABE, N. MULLER, and E. W. FISCHER

‘ [(1 +2n)?

1
(1—1)
> (21)

o3
J] o<

n
+7 (1+211)2 <
L 0 (r>o0)

Q| ~

cpy(r)=1

al=~

where n=(1/6)na>p and ¢ is the diameter of
the hard sphere. Hence, for so <1, we obtain

1_ 4
Spyl5)2 ((1 . 2”3)2
2p(16 —11n+4n*
xex [“ i s +2Z)2 ")(sa)2] 22)

It is obvious that ¢, in eq 19 is negative for
0<%n<0.74 where #n=0.74 corresponds to the
closest packing of spheres. The density fluc-
tuation is described by
oN? _ (1-m*
N ~(1+2n?
Equation 22 suggests that the repulsive in-
teraction between two particles is significantly
responsible for the decrease in scattered in-
tensity or S(s) at small scattering angles in the
condensed state of a substance. For small s,
the atomic structure factor can be approxi-
mated by

fA(s)=n?exp(—ks?)

(23)

(s, small) (24)

where n, is the number of electrons in the
sphere and k is a constant. The observed
scattering intensity in the region of small s may
be expressed by

I(s)=

216 —11n+4n
1O exp [(n ! e ) "2_")32]

(25)
which provides the physical basis for eq 3.
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EXPERIMENTAL

A Kratky camera equipped with Ni-filtered
CuK, radiation and a xenon-filled propor-
tional counter combined with a pulse-height
discriminator was used to obtain density fluc-
tuation by the method based on eq 1. Absolute
scattered intensities were determined by a
comparison with scattering from a standard
sample.'® The values of s, were 0.020 A~ for
PS and 0.017A~! for PMMA and PC.

To evaluate the s dependence of the intensity
(see eq 3), the Kratky camera and a Guinier—
Simon camera (FR553, N.V. Verenigde
Instrumenten-fabrieken Enraf-Nonius,
Holland) with Cuk, radiation and a bent
quarz monochromator were used for amor-
phous polymers and liquid benzene, respec-
tively. The range of 26 for benzene was limited
to 26>5° on the basis of experimental con-
siderations. Corrections for the slit-like col-
limation were not made for the reason stated
in the Appendix.

The samples used were (1) polystyrene (PS),
M,=4x10°, thermally polymerized by
Dettenmaier et al.,'° taking care to minimize
heterogeneity effects due to additives,?® (2)
poly(methyl methacrylate) (PMMA),
(PMMA240, Réhm GmbH), M,=7x 10°,
and (3) polycarbonate (PC), (Makrolon, Bayer
AG Dormagen), M, =3.5x 10* All the sam-
ples were 2 mm in diameter.

RESULTS AND DISCUSSION

Density Fluctuations

In order to compare the theoretical equa-
tions with the experimental density fluc-
tuations of amorphous polymers, it is relevant
to consider a monomer as the scattering unit.
Hence, N in eql and 2 is regarded as the
number of monomers. The density fluctuations
per monomer obtained by the method based
on eq 2 for PS and PMMA at room tempera-
ture and the values of ¢ calculated from eq 23
are given in Table I, where ¢ represents the

Polymer J., Vol. 16, No. 6, 1984
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Table 1. Density fluctuations per monomer
(ON?/N) monomer determined by the
method based on eq 2 at room temperature
and the values of ¢ calculated

from eq 23
P I
Sample®  (3N?/N)monomer
gcm™? A
PS 0.010 1.05 5.5
PMMA 0.016 1.18 5.1
Benzene 0.026* 0.879 5.0

2 Calculated from eq 28.
b PS, polystyrene; PMMA, poly(methyl methacrylate).

diameter of a monomer. Here, p in =
(1/6)na>p was assumed to be the macroscopic
number density. Although the values of ¢ are
apparently reasonable, we must note the fact
that the radial distribution function gpy(r) for
the hard sphere model has the first (or the
innermost) peak at »=~¢. Experimentally, the
first intermolecular peak positions for PS,
PMMA and benzene were 10.0,2! 6.8,%2 and
5.3 A,23 respectively; they were obtained from
radial distribution function analyses. These
values for amorphous polymers do not agree
with the ¢ values in Table I. Therefore, the
packing units of amorphous polymers should
be larger than those of one monomer. If the
packing unit consists of z monomers, the
density fluctuation per packing unit® is given
by :

ON 1 (6N?
) o

When determined consistently from the ob-
served density fluctuations and ¢, z was found
to be 5 for PS and 2 for PMMA.

Density fluctuations measured by the above
two methods (eql and 2) should coincide
within several percent when the change in
scattering intensity in the region of small s is
moderate. This was confirmed by a compari-
son of Fischer et al.’s data® for PMMA with
Rathje et al.’s* and also by our measurements
on PS, PMMA, and PC at room temperature

Polymer J., Vol. 16, No. 6, 1984
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Figure 1. Small angle X-ray scatterings measured at
room temperature for various substances. Plots shift
arbitrarily along the ordinate.

(see Figure 1). Hence, the calculations based
on the density fluctuations in a finite volume
give almost the same results.

The s Dependence of SAXS Intensity

The SAXS intensity for PS, PMMA, and
benzene at room temperature is plotted against
s* in Figure 1. The linear ranges in log I vs. s
are narrower than those shown by Ruland ez
al.*® According to what was mentioned in the
THEORETICAL section, the approximation
of eq 3 should be better for smaller scattering
angles. For estimating the constant 4 in eq3
from the hard sphere model, the atomic struc-
ture factor f(s) for a sphere with a uniform
distribution of electrons was assumed to be

f3(s)=nld*(nso)
nZexp(—2.1816%s%) (s, small) (27)

I

The observed values of 4 are summarized in
Table II, along with those calculated. The
value of 4_,,. for benzene is about the same as

calc
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Table II. The constant 4 in I(s) = I(0) exp (4s?)
determined at room temperature or
calculated from eq 25 and 27
under the assumption of a
packing unit with
Z monomers

Aubs 4 calc
Sample z
A? A2
PS ~240 34 )
PMMA ~260 24 2
Benzene ~10 19 1

that of 4 ... However A4, and 4, for poly-
mers (PS and PMMA) show large differ-

ences, suggesting that chain connectivity must

be considered in the calculation. It is evident
that the present model is too simple to account
for all aspects of SAXS intensity and is con-
cerned with the equilibrium state, whereas the
observations were performed on polymers in
the glassy state.

Temperature Dependence of Density Fluctua-

tion

The temperature dependence of density fluc-
tuations in a finite volume for PS, PMMA, and
PC is shown in Figure 2. It is similar to that
reported by Rathje et al.* and Wiegand et al.’
The magnitude of the density fluctuations
measured by the two methods for PMMA
above room temperature also coincided within
several percent. This means that PMMA has
no special structural density fluctuations in a
range exceeding several tens of Angstrom.?

For PMMA and PC, a second transition
temperature T* was observed below T,, but
this was not seen clearly for PS. No such
transition temperatures were reported by
Rathje et al. For comparison, their data for
PMMA are shown in Figure 2 (the dot-dashed
line). The transition temperature 7* appeared
since the density fluctuations in a finite volume
decrease with temperature below T* more
slowly than those in an infinite volume. The
increase in the constant 4 below T* probably
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Figure 2. Temperature dependence of density fluc-
tuation in a finite volume of PS, PMMA, and PC. The
dotted lines describe the relation given by eq 29. The dot-
dashed line for PMMA shows the data by Rathje and
Ruland.*

contributes to the appearance of T* at least to
some extent. Since these transition tempera-
tures were observed with respect to density
fluctuation in a finite volume, they may be
related to the molecular motion in a region of
several tens of Angstrom, but the exact re-
lation still remains unclear.

The temperature dependence of density fluc-
tuation may be described by the following
relations:

1) Above T,,

ON?
N
where kg is the Boltzmann constant, 7, the

absolute temperature and f;, the isothermal
compressibility.

(28)

= pkyT Py
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2) Below but near T,

ON?2
= = PkBTﬁT(E)

X (29)

which was derived by Wendorff and Fischer.?
The dotted lines in Figure 2 show the latter
relation.

3) At very low temperatures (near 7=0
(K)), the density fluctuation consists of frozen-
in disorder and thermal vibrations which occur
under constraints imposed by the frozen struc-
ture. This structure of density fluctuation has
been proposed by Ruland et al*?®

CONCLUSIONS

Two methods are available for measuring
the density fluctuations of liquids and glasses
including amorphous polymers by small angle
X-ray scattering.

(1) The density fluctuation in an infinite
volume can be obtained by extrapolating the
scattering intensity to the zero scattering angle.
The density fluctuation in a finite volume
whose radius is several tens of Angstrom can
be obtained by measuring the scattering in-
tensity at a single value of s (#0).

(2) The X-ray scattering intensity for con-
densed phases (fluids and glasses) at small
scattering angles can be approximated by
I(s)=1(0) exp (As*). This s dependence of the
scattering intensity arises from repulsive in-
teraction between two particles.

(3) The observed slopes A, of logI(s) vs.
s* plots for polymers are much larger than
those calculated on the basis of the hard sphere
model. Chain connectivity must be considered
in the calculation.

(4) The density fluctuations in PMMA
measured by the above two methods have
nearly the same magnitude and temperature
dependence, suggesting this amorphous poly-
mer to have no special structural density
fluctuations in a range exceeding several tens
of Angstrom.

(5) PMMA and PC have a second tran-

Polymer J., Vol. 16, No. 6, 1984

sition temperature T* below T,, which may be
related to the molecular motion in the region
of several tens of Angstrom.
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APPENDIX

Smearing Effect

In a small angle X-ray scattering measure-
ment, a slit-like collimation system instead of a
point collimation one is used to obtain strong
scattered intensity. For an infinitely narrow
beam, the observed smeared intensity I(s) is
related to the desmeared (pinhole) scattering
intensity I(s) by

1= oA

where V() is a weighting function depending
on the collimation and receiving system. If 1(s)
is represented by eq 3, eq 30 gives

I(s)=CI(0)exp (4s?)

(30)

(3D

where

C=J V() exp (Ay2)dy (32)

Therefore, when the density fluctuation is mea-
sured by the method based on eq 1, it is only
necessary to note the constant term C. The s
dependence of [(s) is the same as that of I(s).

The actual scattering intensity for polymers
is not described by eq 3 but by

I 2
I(5)= (0) esp (Asz) (s<sp) (33)
1(0) exp (As%)+p(s)  (s>5o)
The smeared intensity is then given by
451
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vy)
Y
. <
4] £ 0 X b3 7

Figure 3. The weighting function V(y).
Is)= [2J V(»I(0) exp (4y?) dy] exp (As?)
0

V2
+2f _ VIr/s*+y*)dy (s<s,)
Vsg—s?
(34)

where s, is the deflecting point of I(s) on the
curve for exp(4s?), and y, and y, given in
Figure 3. Experimentally, the function p(s)
changes gradually in the range s,<s<y,,
where 5,20.03~0.06, y;~0.026, and y,=
0.078 (A1) for the present samples and ex-
perimental conditions. Hence, the contribu-
tion of the second term on the right-hand
side of eq 34 to the slope of the log I(s) vs. s*
plot is very small, and this plot gives 4 di-
rectly. Since its contribution to the intercept is
not very small, the correction for the slit effect
must be made for a correct determination of
density fluctuations.
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