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ABSTRACT: Light-scattering patterns are calculated for a random assembly of ani
sotropic plates having finite dimensions. The results are compared with those calculated 
previously for a random assembly of one-dimensional rods having infinitesimally small 
lateral dimensions, and with those measured for the denatured collagen films. The 
effect of the finite lateral dimensions on the rod-like scattering is shown to be im
portant in accounts for the experimental scattered intensity distributions at large 
scattering angles. 
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In the previous papers, the light scattering 
from nonspherulitic or prespherulitic crystalline 
superstructures having fibrillar or sheet-like ap
pearances under observation of light and electron 
microscopes was explained in terms of the iso
lated rod theories. 1- 6 

The scattering labelled as rod-like were found 
for crystalline polymer films such as poly
(tetrafluoroethylene), 7 • 9 poly(chlorotrifluoroethy
lene), 8-10 collagen,2 •5 •6 •11 cellulose derivatives12 •13 

and etc. Theories of rod-like scattering were 
developed for various models; one-dimensional 
homogeneous rods with infinitesimally small 
lateral size oriented randomly in (i) two-di
mensional space, 1 ' 6 or (ii) three-dimensional 
space,2 •5 (iii) homogeneous cylindrical and disk
like particles3 • 4 oriented randomly in three-di
mensional space. These types of scattering 
turned out to be qualitatively identical. 

In one of the previous papers, the one-di
mensional rod theory was quantitatively tested 
by comparing the theoretical and experimental 
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intensity distributions. 6 Deviations from the 
theory were observed at small scattering angles 
where the interparticle interference effect is sig
nificant and at large scattering angles. The 
deviations at large scattering angles were partly 
accounted for by taking account of the optical 
inhomogeneities of the rods associated with fine 
structure of the texture. 6 

In this paper we shall deal with the scattering 
from a random assembly of anisotropic plates 
with finite dimensions partly to generalize the 
model of the rod-like texture and partly to 
search for a hypothesis that would account for 
the deviations at large scattering angles. 6 

THE MODEL AND GENERAL 
CALCULATIONS 

We shall calculate first Hv and Vv scattering 
(horizontal and vertical components of scattered 
light observed by using a vertically polarized 
incident beam, respectively) from the anisotropic 
plates with given orientation specified by angles 
fJ, <j;, and (fJ or angles a, (3, and r- In Figures 
l and 2 are shown the model and the Cartesian 
coordinate systems. 

The incident beam (whose propagation di
rection is denoted by a unit vector s0 ) enters 
into the assembly along the OX axis, and the 
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Figure 1. The coordinate systems used in this 
study. The vectors i, j, and k are the unit vectors 
along the coordinate system fixed to the apparatus, 
and /, m, and n are those fixed to the anisotropic 
plate. 

q 

I 
l 

a /; 
;: 

Figure 2. The model of anisotropic plate. The 
plate has dimensions of L, D, and G along the 
vectors /, m, and n. The optical axis of the uni
axially anisotropic scattering element is specified 
by a unit vector d, and makes an angle wo with 
respect to I and is parallel to the plane of / and 
m. The vector h' is a unit vector along the scat
tering vector s. 

scattered beam (whose direction is denoted as a 
unit vector s') is detected as a function of 0, 

scattering angle and µ, azimuthal angle taken 
from the vertical direction, OZ. The vectors i, 
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j, and k are the unit vectors along the coordi
nate axes (Figure 1). The vectors I, m, and n 
are the unit vectors along three principal axes 
of the plate. The plates are randomly oriented 
with respect to the angles e, ¢, and fJJ in three
dimensional space or with respect to the angle 
f:) under a condition of @=0° in two-dimensional 
space. 

The plate is assumed to be composed of uni
axially anisotropic scattering elements with polari
zabilities cx 11 and ex 1. along and perpendicular to the 
principal optical axis whose direction is defined 
by a unit vector d, respectively (Figure 2). As 
shown in Figure 2, the optical axes are assumed 
to orient parallel to the plane composed of the 
vectors I and m with an angle w 0 with respect 
to the vector I. The plate has dimensions of 
L, D, and G along the vectors I, m, and n, 

respectively. 
The amplitude of the scattered light from the 

plate having a given orientation with respect to 
the reference coordinate is given, according to 
the Rayleigh-Gans theory, 14 by 

E=C ~:::-L/2 [::_D/2 [~-a12 (M·O) 

xexp [i(h-r)] dr1 dr2 dr3 ( l) 

where r is a vector within the plate and is given 
by 

(2) 

The vector h is defined by (2n/J..)s, where the 
vector s is the scattering vector defined by 
(s0 -s'). Therefore 

h=(2n/J..)[(l-cos O)i-(sin O sin µ)j 

-(sin O cos µ)k] 

=(4n/J..) sin (0/2)-h' 

where h1 is a unit vector defined by 

( 3) 

h' =i sin (0/2)-j cos (0/2) sin µ-k cos (0/2) cosµ 

( 4) 

The vector M is associated with the induced 
dipole moment of the scattering element located 
at r from the center of the plate, and is given, 
for a vertically polarized incident beam, by 

M=E0{0 0(k-d)d+btd) ( 5) 

where E0 is the field strength of the incident 
beam. The quantity i30 is the anisotropy of the 
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scattering element defined as (a 11 -a1_), and bt is 
defined as (a1_ -as) where as is polarizability of 
the surrounding medium of the plates. The 
vector d is given by 

RANDOM ASSEMBLY OF THE 
ANISOTROPIC PLATES IN 

THREE-DIMENSIONAL 
SPACE 

d=l cos m0+m sin m0 ( 6) 

The vector O is a unit vector along the polari
zation direction of the analyzer set in between 
the specimen and the detector registering the 
scattering. At small scattering angles, the vector 
O is approximated by the vectors j and k for 
Hv and Vv polarizations, respectively. 15 •16 

If the plate and its surrounding medium are 
homogeneous, as we assume in this report, the 
quantities /5 0 , bt, and m0 are constant within the 
plate, so that the quantity (M-0) is put outside 
the integral of eq 1. Therefore the eq 1 can 
be evaluated by giving the relationship between 
the coordinated systems, (i, j, k) and (/, m, n). 

When the plates are randomly oriented in 
three-dimensional space, it is easier to calculate 
the scattering in terms of the coordinate system 
shown in Figure 2 rather than to calculate in 
terms of the coordinate system shown in Figure 
1. In Figure 2, the vector h' is a unit vector 
along the vector s and is given by eq 4. The 
unit vector p is set perpendicular to the vector 
h' in the plane composed of the vectors h' and 
k' and the unit vector q is set perpendicular to 
both h' and p in a direction given by p X h'. 

The orthogonal matrices of the coordinate 
transformation are given by 

and 

( 
/) ( cos a 
m = -s~nac~sr 
n Silla Sill r 

sin a sin /3 
cos a sin /3 cos r+cos f3 sin r 

-cos a sin f3 sin r+cos /3 cos r 

-cos (0/2) sinµ 

sin a cos f3 ) (h') 
cos a sin /3 cos r-sin f3 sin r q 

-cos a cos /3 sin r-sin /3 cos r p 

(:) = (0/2) cos (0/2) cosµ -r112 cos2 (0/2) sinµ cosµ Jl/2 j 
-COS (0/2) COSµ) ( i ) 

q r 112 cos (0/2) sinµ r 112 sin (0/2) 0 k 

where J= 1-cos2 (0/2) cos2 µ. 

From eq 1 to 3 and 7, it follows that 

E=C(M-O)IL/2 ei{h-llr1 dr1 \D/2 ei{h-mlr2 dr2 \G/2 ei{h-nlr3dr3 
J-L/2 J-D/2 J-G/2 

=C(M-O)V sin [U1 cos a] sin [Ud sin a cos r] sin [Ug sin a sin r] 
[U1 cos a] [Ud sin a cos r] [Ug sin a sin r] 

where V=LDG, volume of the plate, and U1, Ud, and Ug are defined by, 

U1=(2rrL/J.) sin (0/2), Ud=(2rrD/J.) sin (0/2), Ug=(2rrG/J.) sin (0/2) 

The effective induced dipole moment (M-0) in eq 9 is given from eq 5 to 8, by 

(M-O)Hv=i50{(sin w 0 sin a cos r-cos m0 cos a) cos (0/2) cosµ 

+(cos m0 sin a cos f3+sin m0 cos a cos f3 cos r-sin m0 sin /3 sin r)J112 ) 

x {(cos w0 sin a sin f3+sin m0 cos a sin /3 cos r+sin m0 cos /3 sin r) sin (0/2)r112 

-(sin m0 cos a cos f3 cos r+cos m0 sin a cos /3-sin m0 sin /3 sin r) 

( 7) 

( 8) 

( 9) 

(10) 

xcos2 (0/2) sinµ cosµ r 112 +(sin m0 sin a cos r-cos m0 cos a) cos (0/2) sinµ} (11) 

for the Hv scattering, and 

(M-O)vv=i50{(sin m0 sin a cos r-cos m0 cos a) cos (0/2) cos µ+(cos m0 sin a cos /3 
+sin m0 cos a cos f3 cos r-sin m0 sin /3 sin r)J112 )2+bt 

Polymer J., Vol. 6, No. 2, 1974 
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for the Vv scattering. 
Average Hv and Vv scattered intensities from the assembly are given, by neglecting the inter

plate interference of the scattered waves, by 

l=-2 E 2 sin a da dp dr 1 ~· ~2, ~2, 

Sir a=O ~=O r=O 

(13) 

Therefore Hv and Vv scattered intensities can be calculated from eq 9 to 13, and are given by 

(14) 

(15) 

where the Ii terms are given by 

li(f})=[35(Has(0)-2H2a(())+H18(0)+6H32(0)-6Hd0)+H31(0)} cos4 w 0 

+ 10{-7 Has(0)+ 14H23(0)-7 Hia(0)-21H32(0)+ 18Hd0)+3H!2(0)-3H21(0)} cos2 w0 

+35Has(0)-7OH23(0)+35H13(0)+3OH2i0)-3OH12(0)+3H11(0)] cos4 (0/2) (16) 

/2(0)=121(0) cos2 (0/2)+ld0) (17) 

ld0)=2O(-H33(0)+2H23(0)-Hia(0)-6Ha2(0)+6H22(0)-H31(0)} cos4 Wo 

+8{5H3a(0)-10H23(0)+5H13(0)+ 15H32(0)-12H22(0)-3H12(0)+3H21(0)} cos2 wo 

+4{-5Has(0)+ 10H2a(0)-5Hd0)-6H2M)+6H12(0)-H11(0)} (18a) 

l 22(0)={Has(0)-2H23(0)+H1a(0)+6Ha2(0)-8H22(0)+H31(0)} cos4 Wo 

+2(-H3a(0)+2H23(0)-Hia(0)-3H32(0)+2H22(0)+H12(0)-H21(0)} cos2 w 0 

+Has(0)-2H2a(0)+H13(0)+2Hd0)-2H12(0)+H11(0) (18b) 

/a(0)=[{35Has(0)-7OH2a(0)+35Hia(0)+210H32(0)-186Hd0)+35H31(0)} cos4 w 0 

+2{-35Haa(0)+ 7OH23(0)-35Hia(0)-105H32(0)-66Hd0) + l5Hrn(0) 

-15H21(0)} cos2 w 0 +35Haa(0)- 7OH23(0)+35Hia(0)+54H22(0) 

-3OH1a(0)+3H11(0)] cos4 (0/2) 

IM)=4la(0)+8/41(0) cos2 (0/2) 

ld0)=3{-5Has(0)+ lOH23(0)-5Hia(0)+3OHaa(0)+26Hd0)-5H3i(/})) cos4 w 0 

+[6{5Haa(0)-1OH23(0)+5Hia(0)+15Haa(0)-8H2a(0)-3H12(0)+3H21(0)) 

+l2P{Hd0)-H!2(0)+H21(0)}] cos2 w0 +3{-5H3a(0)+10H2a(0)-5Hia(0) 

-10H22(0)+6H!2(0)-H11(0)}+4P(-3H2a(0)+3H1a(0)-H1i(/})} 

li0)=3la(0)+8IH(0) cos2 (0/2)+/51(0) 

/ 61(0)=[24{Haa(0)-2H2a(0)+Hia(0)+6Haa(0)-6H22(0)+H3i(/})} cos4 w0 

+48{-Haa(0)+2H23(0)+Hia(0)-3H2a(0)+2H2a(0)+H1a(0)-H21(0)) 

+64P{-H22(0)+Hrn(0)-H21(0))] cos2 w0 +24{Has(0)-2H23(0)+Hia(0) 

+2H22(0)-2H12(0)+H11(0)}+64P{Hd0)-H12(0)+H11(0)}+64P2H11(0) 

(19) 

(2Oa) 

(20b) 

(21a) 

(21b) 

The terms Hi/0) are defined by 

154 Polymer J., Vol. 6, No. 2, 1974 



Light Scattering from Plate-like Crystalline Textures 

H ({}) - 1 ~" ~"12 21i-ll 21;-u sin2 [U1 cos a] 
ij -- cos Q'. cos r 2 

7r a=O r=o [U1 cos a] 

sin2 [Ud sin a cos r] sin2 [Ug sin a sin r] . d d X -~---~~-~~---~sm a a r 
[Ud sin a cos rJ2 [Ug sin a sin rJ2 (22) 

and the quantity p is defined by p=(a1. -as)/(a11 -a1.)=btfo. 
In the case of the homogeneous one-dimensional rods with infinitesimally small values of D 

and G, the terms Hi;({}) reduce to 

H ({}) - 1 ~" 21i-1l sin2 [U1 cos a] . d 
i - - cos a 2 sin a a 

2 0 [U1 cos a] 
(23) 

the integrations of which can be solved analytically as shown in the previous paper2, and the 
Hv scattered intensity reduces to 

/Hv({}, µ)=K3{(1/8)Picos w 0)[105 cos4 ({}/2) sin2 2µ-60 cos2 ({}/2)+ 12][35Hs(()) 

-30H2({})+3H1({})] + lOP2(cos w 0)[3 COS2 ({}/2)-2][3H2({})-H1({})]+28Hi({})} (24) 

The angular dependences of the Hv scattering 
intensities from the system with respect to µ 

depend upon the relative values of / 1 and / 2 for 
a given{} as seen in eq 14. For instance, when 
the absolute values of / 1({}) are greater than 
those of Jz({}), the scattering patterns have large 
µ-dependences. The scattering patterns are of 
the x-type (with maximum and minimum in
tensities at odd and even multiples of µ=45°, 
respectively) or of the +-type (with maximum and 
minimum intensities at even and odd multiples 
of µ=45°, respectively) appearances depending 
on the sign of Ii({}); i.e., the x-type pattern for 
positive Ii({}) and the +-type for negative Ii({}). 

On the other hand, if the absolute values of 
Ii({}) are smaller than those of 12(()), then the 
scattering patterns have little µ-dependences and 
show the circular-type appearance. The critical 
conditions at which the scattering patterns change 
their appearance from the x-type to circular type, 
from the circular to the +-type, and etc., depend 
upon the size and shape of the plate as well as 
the orientation of the optical axes w0 within the 
plate and the scattering angle {}, as seen in eq 
16 to 18. Therefore the shape of the scattering 
patterns generally depend upon {} in a manner 
determined by the value of w0 , and the shape 
and size of the plate. For example, the scattered 
pattern may change from the +-type to the 
circular-type and to the x -type with increasing 
{} for a given value of w 0( =45°) as shown in 
later in Figure 4. 

In contrast to the scattering from the plates, 

Polymer J., Vol. 6, No. 2, 1974 

the Hv scattering from the one-dimensional rods 
is given in a form of 

IH/{}, µ)=K4[sin2 2µPicos w 0)F1(U1)+F2(U1)] 

(24a) 

where F 1 is a function of U1, and F2 depends 
also upon Pi cos w 0) and P2(cos w0) as seen in 
eq 23 and 24. The functions F 1 and F2 are 
positive irrespective of the values Ui, i.e., {} and 
L, so that the shape of the scattering patterns 
are the x-type, circular-type, and +-type irre
spective of values of {} and L for w 0 satisfying 
Pi cos w 0 ) to be positive, zero and negative, 
respectively, for the one-dimensional rods. 

Results of Numerical Calculations 

Numerical calculations were carried out for 
the plates with same volume but different shapes; 
(i) the plate with L/J.=30, D/L=0.2 and G/L= 
0.067, and (ii) the plate with L/J.=30, D/L= 
0.067 and G/L=0.2. The length Dis the lateral 
width of the plane containing the optical axes 
d and the vector / as shown in Figure 2. 

In Figures 3 and 4 are shown the calculated 
Hv scattering patterns from the assembly of the 
plate with the length L/J.=30, the width D/L= 
0.067 and the thickness G/L=0.2, and with 
L/J.=30, D/L=0.2 and G/L=0.067, respectively. 
The Hv scattering patterns from the plate with 
a thin width D (Figure 3) are similar to those 
from the one-dimensional rods. The scattering 
patterns change from the X -type to the nearly 
circular-type, the +-type, the nearly circular-type 
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Hv patterns L/ A=30, q=0.067, s=0.2 
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Figure 3. Hv scattering patterns from the random assembly of the anisotropic plates with L/J.=30, 
D/L=0.067, and G/L=0.2 in three-dimensional space. 

and to the X -type with increasing value of w 0 • 

The critical values of w0 at which the patterns 
change their appearances, however, depend upon 
the size and shape of the plate in contrast to the 
one-dimensional rod. The angular dependences 
of the Hv scattering intensities with respect to 
the azimuthal angle µ increase with increasing 
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scattering angle as in the case of the one-di
mensional rod except for the case of the value 
of w 0 being nearly equal to 20° where the effect 
of finite lateral width still remains. 

The effects of increasing the width D/L on 
the Hv scattering patterns are clearly seen in 
Figure 4. It is seen, by comparing Figures 3 
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Hv patterns L/A= 30, q=0.2, s=0.067 
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Figure 4. Hv scattering patterns from the random assembly of the plates with L/J.=30, D/L=0.2, 
and G/L=0.067 in three-dimensional space. 

and 4, that the critical values of w 0 at which 
the scattering patterns change their appearance 
are quite different from the previous case. The 
µ-dependence of the scattered intensities are 
complex and does not continuously increase with 
increasing (} as in the plate with thin width D. 
For the +-type (e.g., the patterns for w 0 =40 
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to 60°), the µ-dependence increases and then 
decreases to a minimum, and again increases 
with increasing (} so that the scattering patterns 
are the +-type at small (} and the x-type at 
large (}. Similar tendencies are also expected 
for the scattering from the cylindrical particles 
studied by Hayashi and Kawai, although they 
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Vv patterns LIA=30, q=0.067. s=0,2, p=-1/3 

12 

9 

5 

4 

12 
10 

5 

4 

o• 

5 

4 

3 

~'----"--'---l.L--L-L....1.-....J 90° -=c..---L....._....L.L_IL----L-....l 90° 
o• 4• a· o• 4• a• 

Figure 5. Vv scattering patterns from the random assembly of the plates with L/J.=30, D/L=0.067, 
and G/L=0.2 in three-dimensional space; p= -1/3. 

Vv patterns L/A=30, q=0.2, s=0.067, p=-1 /3 

12 

9 
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3 

Figure 6. Vv scattering patterns from the random assembly of the plates with L/J.=30, D/L=0.2, 
and G/L=0.067 in three-dimensional space; p= -1/3. 

did not show up clearly. 3 The tendencies may 
be attributed to the effect of finite lateral di
mensions of the rod-like texture. 

As seen in eq 15, the Vv scattering depends 
upon the density fluctuations related to the 
quantity p as well as the orientation and ani
sotropy fluctuations related to the quantities w 0 

and o0 • The term /s(O) depends only upon the 
anisotropy and orientation fluctuations, while 
the terms li0) and / 5(0) depend also upon the 
density fluctuations. 

The calculated Vv scattering patterns are 
shown in Figures 5 and 6 for p = -1 /3, the 
value of which gives the predominant contri
bution of the anisotropy and orientation fluct
uations compared with the contribution of the 
density fluctuation. If the term / 3(0) predominates 
over the others, the Vv patterns become four-
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fold symmetric with respect to µ as seen in the 
pattern close to that for w 0=45° in Figure 5. 
If the term / 4(0) is predominant, the patterns 
become two-fold symmetric as seen in the figures. 
The density fluctuation increases the contribution 
of the term / 5(0), so that the scattering patterns 
become the circular-type if the absolute value 
of p is large. It is seen, by comparing Figures 
5 and 6, that the relative contribution of the 
terms depends again upon the value of w 0 and 
the size and shape of the plate as well as the 
value of p, and that the Vv patterns from the 
plate with thin width (Figure 5) are similar to 
those from the one-dimensional rod. 

RANDOM ASSEMBLY OF THE ANISOTROPIC 
PLATES IN TWO-DIMENSIONAL SPACE 

The two-dimensional distribution of the plates 
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is given by setting <1>=0 in Figure 1. Two cases 
are considered for orientation of the plates with 
respect to ¢; (i) the case of ¢=0° where the 
optic axes are constrained in the plane parallel 
to OYZ, and (ii) the case of ¢=90° where the 
plane composed of the vectors I and m is oriented 
perpendicular to the plane of OYZ. 

Case of ¢=0° 
The calculations can be performed in a manner 

similar to the previous calculations based upon 
the coordinate system as shown in Figure 1. 
The results for ¢=0° are given by, 

IH/0, µ)=K5{F1(cos w0)[8G3(0)-8Gi0) 

+Gi(())] sin2 2µ+4F1(cos w0)[G2(0) 

-Ga(0)]+4F2(cos w0)Gi(0)} (25) 
and 

lv/0, µ)=K6{F1(cos Wo)[8Ga(0)-8G2(0) 

+Gi({})] cos4µ 

+4(2p+ l)F3(COS Wo)[2G2(0) 

-G1(0)] cos 2µ+[8p(p+ 1) 

+24F2(cos w0)+3F1(cos w0)]G1(0)} (26) 

where the functions Gi(0) and F;(x) are given 
by 

G;(())=}-____ sin2 [wg tan (0/2)] 
re [wg tan (0/2)]2 

~
~12 21;-11 sin2 [w1 cost] 

X cos t 2 
o [w1 cost] 

sin2 [wct sin t] dt 
X . 2 

[wct sm t] 
(27) 

W1=rc(L/J.) sin 0, 

Wg=rc(G/J.) sin 0 

and 

F1(x)=8x 4-8x2+l, 

F 3(x)=2x2-l 

Wct=rc(D/J.) sin 0, 

(27a) 

(28) 

It is seen, from eq 27, that the thickness G 
along the propagation direction of the incident 
beam affects only the absolute intensities of 
Hv and Vv scatterings through the term 
(sin2 [wg tan (0/2)]/[wg tan (0/2)]2), the value of 
which is close to unity at very small scattering 
angles. When D=G=0, the eq 25 and 26 reduce 
to the case calculated by Stein, et al, for the 
two-dimensional distribution of the one-di
mensional rods, the analytical results of which 
were given by Hashimoto, et al. 6 • 

As seen in eq 25, the Hv scattering from the 
plates is independent of µ irrespective of the 
size and shape when the value of w0 satisfies 
the condition, Fi(cos w0)=0. Therefore the scat
tering pattern becomes the circular type for w0 = 
22.5° and 67.5° irrespective of 0 both for the 
one-dimensional rods and for the three-di
mensional plates. 

Similarly to the Hv scattering from the one
dimensional rods, the scattering from the plates 
with dimensions of L/J.=30, D/L=0.2, G/L= 
0.067, and L/J.=30, D/L=0.067 and G/L=0.2 
is the x-type, the circular-type, and the +-type 
when F 1(cos w0) is positive (i.e., for w0 satisfy
ing 0° :s;w0 <22.5° and 67.5° <w0 :s;90°), zero 

Hv patterns L/>..=30, q=0.067, s=o.2 

3 

2 

Figure 7. Hv scattering patterns from the random assembly of the plates with L/2=30, D/L=0.067, 
and G/L=0.2 in two-dimensional space; cp=0°. 
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Hv patterns L/>,.,= 30, q= 0.2, s=0.067 
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Figure 8. Hv scattering patterns from the random assembly of the plates with L/J.=30, D/L=0.2, 
and G/L=0.067 in two-dimensional space; ¢=0°. 

(i.e., for w 0 satisfying w0=22.5° and 67.5°) and 
negative (i.e., for w 0 satisfying22.5°<w0 <67.5°), 
respectively. This is because the term (8G 3 -

8G2+G1) is positive for any values of (} for the 
one dimensional rods and for the range of (} 
examined for the plates. 

Numerical Calculations 
In Figures 7 and 8 are shown the results of 

calculated Hv scattering patterns for the plates. 
As seen in eq 25 the patterns for w 0=0 and 90° 
are identical in contrast to the previous case of 
the three-dimensional distribution of the plates. 
The µ-dependence of the Hv scattering from the 
plate with thin lateral dimension D increases 
with increasing scattering angles as seen in Figure 
7. The tendency is similar to that seen for the 

one-dimensional rods oriented randomly in a 
two-dimensional plane.1 ' 6 For the plate having 
a larger lateral dimension D, the µ-dependence 
of the Hv pattern increases and then decreases 
with increasing scattering angles as seen in 
Figure 8. 

In Figures 9 and 10 are shown the calculated 
Vv scattering patterns for p= -1/3 where the 
anisotropy and orientation fluctuations contribute 
more than the density fluctuation. It is seen, 
by comparing the figures, that the Vv patterns 
for the plates with small D is similar to those 
for the one-dimensional rods, and that upon 
increasing the thickness D, the µ-dependence 
becomes smaller at high scattering angles. 

When the value of w 0 is 45°, the term F 3 in 

Vv patterns L/>,.,=30, q=0.067, s=0.2, p=-1/3 

Figure 9. Vv scattering patterns from the random assembly of the plates with L/J.=30, D/L=0.067, 
and G/L=0.2 in two-dimensional space; ¢=0° and p= -1/3. 
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Vv patterns L/A=30, q=0.2, s=0.067, p=-1 /3 

5 

3 

o"' o· 

19 

12 

4 

IE:::~-l"-,,-l"'--""'--~4i...J 90" -=:c-..L--'--L,--__._,____,_--'--c-------l 90° ":'-....... ~-'-:----<-"-~::--~ 90° 
4• a• 4° 

Figure 10. Vv scattering patterns from the random assembly of the plates with L/J.=30, 

and G/L=0.067 in two-dimensional space; cf,=0° and p= -1/3. 
D/L=0.2, 

eq 26 becomes zero, so that the Vv patterns 
become four-fold symmetric in the µ-dependence. 
Simultaneously the coefficient of cos 4µ becomes 
negative, giving rise to the x-type Vv patterns 
as seen in the figures. 

Case of ¢=90° 
The Hv and Vv scatterings can be calculated 

for the case of ¢=90° in a manner similar to 
the calculations.for ¢=0°. The results are given 
by 

IH/0, µ)=K7 cos4 w 0{[8E3(())-8Ez(0) 

+Ei(0)] sin2 2µ+4[Ez(0)-Ea(0)]) (29) 

lvv(0, µ)=K8{COS4 w 0[8Ea({))-8Ez(()) 

+Ei(0)] cos4µ 

-4 cos2 w0(2p+cos2 w0)[ E1(0) 

-2Ez( 0)] cos 2µ + [8p2 + Sp cos2 w 0 

+3 cos4 w0 ]Ei(0)} (30) 

where E;(()) is given by 

EM)= 2 sin2 [Wct tan (0/2)] 
n [Wct tan (0/2)]2 

~
~12 2ii-11 sin2 [W, cost] 

X cos t 2 
o [W1 cost] 

sin2 [Wg sin t] dt (3l) 
X [Wgsint]2 

In this case the term related to the width D 
(i.e., the width of the sheet parallel to the pro
pagation direction of the incident beam) affects 
the absolute intensities of the Hv and Vv scat
terings. In contrast to the previous cases, the 

Hv patterns L/A=30, q=0.2, s=0.067 

Figure 11. Hv scattering patterns from the random assembly of the plates with L/J.=30, D/L=0.2, 

and G/L=0.067 in two-dimensional space; cf,=90°. 
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Vv patterns LIA= 30, q=o.2. s=0.067, p=-1 / 3 

W.,=45° 

9 

7 
5 

5 

Figure 12. Vv scattering patterns from the random assembly of the plates with L/J.=30, D/L=0.2, 
and G/L=0.067 in two-dimensional space; q,=9O° and p= -1/3. 

value of w0 does not affect the relative intensity 
distributions of the Hv scattering, but affects 
only the absolute intensities as seen in eq 29. 
In case where w 0 =9O°, the orientation contri
bution to the Hv and Vv scatterings becomes 
zero, so that the Hv scattering intensities become 
zero, and the Vv scattering arises only from the 
density term, i.e., the term p2Ei(8). 

Numerical Calculations 
In Figures 11 and 12 are shown the calculated 

Hv and Vv scattering patterns for the plates with 
L/J.=30, D/L=0.2 and G/L=0.067, respectively. 
The Hv scattering patterns are the X -type ir
respective of the values of w 0 except for the 
case of Wo=9O° where the Hv scattering intensity 
becomes zero. This is interpreted as arising 

1.0 r+------+----+-----+------l 1------1------+------1--------1 

>
I-
Cf) 

z 

• fL= 0° 
0 µ=450 

• µ=oo 
0 µ=450 

I 61 >----'--"-----1---------+----_,_ _ __J f---~----1----1-----+-------l 

z 
w 
> 
1-
<t -2 rj IO t----+--~c----+~~------if--~ 
a::: 

1c31----+----+-------+--~I-------I-------.---+-~ 

(J' 50 

8 
(a) 

10° 15° 50 8 l(J' 

( b) 
Figure 13. The experimental Hv scattered intensity distributions at µ=0 and 45° for two types of 
the denatured collagen films. The intensities were photometrically measured. 
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from the fact that the term related to sin2 2µ 
in eq 29 is positive. The Vv pattern is the circu
lar type for w0 =90°, because the scattering arises 
purely from the density contribution as discussed 
above. The Hv and Vv scattering patterns for 
the plates having L/J..=30, D/L=0.067 and G/L= 
0.2 are similar to those discussed above except 
for the fact that the µ-dependence does not in
crease continuously, but increases and then de
creases with increasing scattering angles, this 
tendency being in agreement with that of the 
previous cases. 

DISCUSSIONS 

In Figures 13a and 13b are shown the experi
mental Hv scattered intensity distributions at 
µ=0 and 45° for two types of denatured col
lagen films. 6 In the previous paper ,6 the scat
tering was shown to be rod-like, and the texture 
of the collagen films was suggested to be oriented 
randomly in a plane parallel to the film surfaces. 
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In Figures 14a and 14b are shown the calcu
lated Hv scattered intensity distributions at various 
value of µ for the two-dimensional distribution 
of the plates under ¢=0°. The plates are as
sumed to have a value of w0 equal to 45°. 

By comparing Figures 13 and 14, the tendency 
shown in Figure 13a that the µ-dependence of 
the Hv scattering increases with increasing {} is 
shown to be explained by considering the rod
like texture having small lateral dimension D, 
while the tendency shown '.in Figure 13b that 
the µ-dependence decreases with increasing {} is 
shown to be due to the texture having a larger 
lateral dimension D. In the previous paper,6 it 
was shown that the internal disorders of the 
rod-like texture also account for the latter tend
ency. It does not seem probable however that 
these disorders alone, account for the large 
decrease of the µ-dependence at larger angles as 
shown in Figure 13b, unless very large disorders 
are involved in the texture. 

It should be noted that the theoretical intensity 
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Figure 14. The calculated Hv scattered intensity distributions for the random assembly of the 
plates, (a) L/J.=30, D/L=0.067, and G/L=0.2, and (b) L/J.=30, D/L=0.2, and G/L=0.067 in two
dimensional space under ¢=0°. The value of mo is assumed to be 45°. 
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distributions (Figure 14) deviate from the experi
mental intensity distributions (Figure 13) at very 
small angles. The deviation can be attributed 
to an interparticle interference effect which was 
neglected in the theoretical calculations. 
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