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ABSTRUCT: The polarized light scattering from the crysalline texture in nonspheri
cal symmetry was discussed with a two dimensional approximation. The calculations 
were performed in terms of the series expansion of the shape factor in the fundamental 
equation of amplitude of scattered ray in order to formulate the scattering intensity 
distribution from the asymmetric bodies in general. 

The polarized scattering intensity distributions, 1(0, µ)Hv and 1(0, µ)vv, were discussed 
for the following three types of crystalline textures in nonspherical symmetry; sheaf-like, 
N-regular polygonal, and eccentric circular textures. It was concluded that the intensity 
distributions change considerable having finite intensities at µ=0° and 90° for the 
1(0, µ)Hv, and that the intensity, J(0, µ)Hv, does not necessarily become zero, both events 
occurring when the texture deviates from the circular disc. 
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The polarized light scattering from spherulitic 
films of crystalline polymers was studied first by 
Stein and his coworkers1 ' 2 on the basis of an 
idealized spherulitic crystalline texture. They 
assumed that the optical anisotropy of the 
spherulite in spherical symmetry is given by 
(ar-at.) irrespective of the position within the 
spherulite, where ar and at are polarizabilities 
along the radial and tangential directions of the 
sherulites dispersed in a uniform medium of 
polarizability as, and that there is neither a size 
distribution nor an optical correlation among 
the dispersed spherulites. In other words, the 
scattering from an isolated single spherulite of 
idealized regular texture has been proposed. 

Although the polarized light-scattering pattern 
from well-grown spherulites, such as the pattern 
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from annealed linear polyethylene film, follows 
the above perfect spherulitic scattering, most of 
the scattering patterns from law and medium 
density polyethylene films do not necessarily 
follow the perfect spherulitic scattering, 3 prob
ably because of considerable differences in crystal
line texture from the idealized spherulitic one. 

In the previous paper in this series, 3 the 
deviations of the polarized light-scattering 
patterns from low- and medium-density 
polyethylene films were discussed by taking the 
distribution of size of the spherulite into account, 
taking the spherulite anisotropy, (ar-at), as a 
function of distance from the center of the 
spherulite, making the boundary of the spherulite 
less clear, and changing the crystalline texture 
from the spherulitic to the sheaf-like. The 
former two modifications did not significantly 
change the intensity distribution of the polarized 
light scattering from that due to perfect 
spherulitic scattering, except for some shift of 
the scattering angle at maximum intensity. The 
latter two modifications have reproduced, at 
least qualitatively, the actual spherulitic 
scattering, suggesting that the imperfection of 
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the spherulitic texture, not only in the sense of 
the texture itself but also in the regularity of 
its anisotropy, plays an important role. 

The modification of the idealized crystalline 
texture in spherical symmetry to asymmetric 
types, such as truncated spherulitic and poly
gonal as well as sheaf-like, have been discussed 
by Picot, et al. 4 •5 on the basis of two-dimen
sional approximation. The other modifications 
of making the spherulite anisotropy less regular 
have been performed by Stein and his co
workers6-8 using mainly the statistical approach 
involving the theory of random correlation of 
fluctuation of either orientation or optical 
anisotropy of the scattering elements within the 
spherulite. 

In this paper, the former modifications of 
the crystalline texture in spherical symmetry to 
asymmetrical types, will be further discussed also 
on the basis of a two dimensional approxima
tion but a more general treatment for the 
asymmetry (including not only the sheaf-like 
and regular polygonal textures but also eccentric 
circular textures) will be used. 

CALCULATIONS 

The calculations will be worked out for the 
case of two-dimensional system because of the 
mathematical simplicity and the limited com
puter time for numerical calculations. The 
three-dimensional system must be, in reality, 
the more common crystalline texture to which 
the theory should be extended. The theory for 
the two-dimensional system, i.e., the two
dimensional approximation, however, is believed 
to show fundamental features of light scattering 

Figure 1. Schematic diagram showing the co
ordinates system of light scattering. 
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which are, at least qualitatively, common to the 
two- and three-dimensional systems. 9 •10 In fact, 
the scattering from two- and three-dimensianal 
spherulites are very similar unless the faces of 
two-dimensional spherulites are oblique to the 
incident beam. 11 

The intensity of scattered light from a random 
assembly of two-dimensional anisotropic bodies 
may be given by 

12rr 

1(0, µ)=K )o E(0;)·E*(0;) d01 ( 1 ) 

where 0 and µ are the scattering and asimuthal 
angles of the scattered ray, respectively, both 
with respect to the optical coordinates of 
O-i1i2i3 , as illustrated in Figure 1. 01 is the 
angle between the i3 axis and the j 3 axis fixed 
within the two-dimensional anisotropic body, as 
demonstrated in Figure 2, for defining the 
rotation of the body and E(0;) is the amplitude 
of the scattered ray, as given by 

( 2) E(0;)= [=O (M-o) r~:} exp [ik(r,s)]r dr dw 

where M is the induced dipole moment, o is a 
unit vector along the polarization direction of 

l. 
l,, 

Figure 2. Schematic diagram showing the geo
metrical relations of a two-dimensional anisorpic 
body and a scattering element within that body 
both with respect to the coordinates system of light 
sea tterin g. 

* The two-dimensional system means that the 
two-dimensional anisotropic bodies orient within the 
Ms plane in Figure 1, to which the incident beam, 
so is radiated along the ii axis. 
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the analyzer, s is the scattering vector defined 
by (s0-s'), r is the position vector of the 
scattering element within the two-dimensional 
the radius of body, an R(w) is the radius of the 
body as a function of angle w for characterizing 
the shape of the body. 

Substituting eq 2 into eq 1, the polarized 
scattering intensities under the Hv and Vv 
polarization conditions may be given by* 

/((}, µ)Hv Ka2E/Ro4 {A1(8)-AM) COS 4µ} ( 3) 
4 

and 

/((}, µ)vv 
Ka2E 2R 4 

; 0 {Ai(())+A2(8) cos 4µ 

+(1+2p)A3(8) cos 2µ+(1+2p) 2Ai8)} 

( 4) 

(1/2){/((}, O)Hv-J((}, 1r/4)Hv} -Ko?/R/ A2(8) . 

(9) 

Similarly from the Vv scattering, the scattering 
angle dependences of A3 and A 4 can be determined 
from measurable quentities, /((}, O)vv, /((}, 1r/2)vv, 

and /((}, 1r/4)vv, and, subsequently, the Vv 

scattering intensity at any given (} and µ can be 
predicted from the, Ai, A2 , A3, and A4 thus 
determined, providing that the parameter p, the 
polarizability difference between the medium and 
the scattering element, is known from another 
source; i.e., 

Ka21;.2Ro4 (1+2p)2Ai8) 

(10) 

where o is a parameter defined by (a: 11 -a:1.) for and 
representing the optical anisotropy of the scat- (1/2){/((}, O)vv-1((}, 1r/2)vvl 

Ko21;.2Ro4 (1+2p)As(8) tering element, and p=(a:1. -a.)/(a:11 -a:1.)-
As recognized from eq 3, the Hv scattering 

pattern has four-fold symmetry; i.e., 

/((}, ±µ)Hv=]({}, 1r/2±µ)Hv=]((}, 1r±µ)Hv 

=I((}, 31r/2±µ)Hv ( 5) 

and the scattering intensities at two particular 
azimuthal angles, µ=0° and 45°, can be given 
by 

/((}, O)Hv 

and 

Ka2E/R/ {Ai((})-Aa(8)} 
4 

( 6) 

As again recognized from eq 6 and 7, the 
scattering angle dependences of A1 and A2 can 
be determined from measurable quantities, 
/((}, O)Hv and /((}, 1r/4)Hv• and, subsequenntly, the 
Hv scattering intensity at any given (} and µ can 
be predicted from the A1 and A2 thus determined; 
i.e., 

(1/2){/((}, O)Hv+/((}, 1r/4)Hvl K021;_2R/ Ai((}) 

( 8) 

and 

* These derivations will be discussed in detail in 
the appendix. 
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(11) 

Figure 3 demonstrates the scattering angle 
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Figure 3. Scattering angle dependences of A1, A2, 
A3, and A4 for a random assembly of two-dimen
sional perfect spherulites (circular discs). 
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dependence of A 1, A2 , As, and A4 for a random 
assembly of perfact two-dimensional spherulites 
(circular disc) for which A1 =A2 , A1(0)=0, and 
1(8, O)Hv and /(0, O)Hv are zero. As will be 
discussed latter, when the shape of the 
anisotropic body deviates from that of a circular 
disc, the value of A 1 differs from that of A2 and 
the value of A1(0) also differs from zero. As 
seen in the figure, the Vv scattering mostly 
arises from As and A4 over a range of scattering 
angles less than about 4° and from As over a 
range of scattering angles greater than about 4 °. 

The modifications of the two-dimensional 
anisotropic body from circular symmetry to 

Sheaflike 

other asymmetric shapes, will be performed 
through the function R(w); i.e., by taking R(w) 
as a sort of step function to obtain the sheaf
like structure, taking R( w) as given by 

R(w)=RmasCOSWo (l2) 
cos w 

to give an element of regular polygons, and 
taking R( w) as given by 

R(w)=R0(l+bcos2w) (13) 

or 

R(w)=R0(l+c cos w) (14) 

to give double or single eccentric circular disc, 

Eccentric 
Double 

l. 
Single Ro ( I+ b·cos 2w) 

l. 

Ro 

Wo = 45 o 

wo=45° b=0,3 

N - Regular Polygon 

., 
l. 

.. 
l. 

.. 
1.. .. 

l. 
N = 3 N = 4 

.. 
l. 

Ro ( I + C · COS W ) 

l. 

C= 0,5 
w 

Ro 

Figure 4. Five types of asymmetric bodies; sheaf-like (double) (Model I), sheaf-like (single) (Model II), 
N-regular polygonal (Model III), eccentric circular disc (double) (Model IV), and eccentric circular disc 
(single) (Model V) Textures, formulating R(w) as step function and as given by eq 12 to 14, re
spectively, so as to deviate the textures from circular .symmetry. 
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respectively, under the limitation of 0:;;;;b:;;;;1 or 
0:;;;;c:;;;; 1, where b=O or c=0 corresponds to the 
circular disc. Figure 4 illustrates some examples 
of the respective formulations of R(w) for 
sheaf-like (double) (Model I), sheaf-like 
(single) (Model II), N-regular polygon (Model 
III), eccentric circular disc (double) (Model IV), 
and eccentric circular disc (single) (Model V). 

RESULTS AND DISCUSSIONS 

Figures 5 to 9 show the calculated results for 
relative intensity distribution of the Hv scattering 
at particular azimuthal angles, µ=0° and 45°, 

Ir({), 0)Hv and /,({), ir/4)Hv' for the respective 
models, Model I through Model V, where the 
relative intensity distribution is defined by 

each other, ;md those from Model III and Model 
V also resemble each other. Thus, for Model I 
and Model IV, the intensity distribution along 
either µ=0° or 45° has, at least, two maxima 
including a maximum at 0=0°; whilst for the 
Model III and Model V, the intensity distribu
tion along µ=0° has also, at least, two maxima, 
neither of which appears at 0=0°, and that 
along µ=45° has, at least, one maximum not at 
{)=0° but at a given scattering angle. 

In detail, however, the intensity distribution, 
especially along µ=45°, differs between the 
Models I and IV; i.e., for the Model I, whose 
average radius is given by 

R=(l/2ir) r R(w) dw (16) 

and is usually much affected by w0 to give a 

and s is the 
models. 

surface 

/({), µ)Hv 

Kii2E0
2S 2 

area of the 

As seen in the figures, the intensity 
tions from Model I and Model IV 

respective 

distribu-
resemble 

(15) considerably smaller value than R0 , the scattering 
angle at maxmum intensity, 0max ( *O), is hardly 
changed with the parameter w 0 • However for 
the Model IV, whose average radius is always 
R0 irrespective of b, the 0max is shifted to 
smaller scattering angles with increases in the 
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Figure 5. Intensity distributions of scattered rays under the Hv polarization at particular azimuthal 
angles, u=0° and 45°, from the sheaf-like texture (model I) having various values of wo. 
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parameter b, suggesting that the contribution to 
the scattering intensity from the portion of 
R(w)>Ro is much greater than that from the 
residual portion of R(w)<R0 • For the Model II, 
whose average radius is also much affected by 
w 0 and is usually considerably smaller than R0, 

the Omax is also hardly changed with w0, unless 
w 0 is smaller than 60°. For the N-regular 
polygen, Model III, having N=3,/(0, µ)Hv be
comes zero, and that N=5, the scattering 
intensity distribution becomes identical to that 
of the circular disc. 

From eq 1 and 2, 1(0, µ)Hv can be written as 

1(0, µ)nv=K f 2" {(M-o) [R(w)]2 dw}2 dO; (17) 
)Oj=O 2 

K11:::E02 
[[ {R(w)}2 cos 2w dw J (18) 

which gives 

[ 
[ {R(w)}2 cos 2w dwj-2 

1,(0, µ)nv=11: ~2" (19) 
{R(w)}2 dw 
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Figure 10. Changes of relative intensity of scat
tered rays under the Hv polarization, 1,(0, µ)nv, 

with the parameter coo for the sheaf-like textures 
(Model I and Model II). 
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For the respective models, eq 19 may be 
rewritten as follows: for Models I and II 

sin2 2w0 
1,(0, µ)nv=11: 4 2 

Wo 

for Model III 

for Model IV 

4b2 

1,(0, µ)nv=11: 4+4b2+b4 

and for Model V 
4 

1(0 ) - e 
r 'µ Hv-11: 4(4+4e2+e4) 

(20) 

(21) 

(22) 

(23) 

In addition, for the single-truncated circular disc 
proposed by Picot5 

{ G
2 cos-1 G-G(l-G2)112 }2 

1,(0, µ)nv=11: 11:- cos-1 G+G(l-G2)1;2 (24) 

where G is defined by cos w0, as illustrated in 
Figure 12, later. 
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Figure 11. Changes of relative intensity of scat
tered rays under the Hv polarization, J,(O, µ)nv, 

with the parameters b and c for the eccentric 
circular disc textures (Model IV and Model V), 
respectively. 
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> :c 
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0 0.5 1.0 

G 

G = COS Wo 

Figure 12. Change of relative intensity of scat
tered rays under the Hv polarization, lr(0, µ)Hv, 
with the parameter G for the single-truncated 
circular disc texture. 

The calculated results of 1,(0, µ)Hv for the 
respective models from eq 20 to 24, are 
demonstrated in Figures 10 to 12. As seen in 
the Figures, the relative scattering intensity, 
lr(O, µ)Hv does not become zero, except for the 
circular or semicircular disc. Furthermore, as 
recognized from eq 20 for the sheaf-like (single) 
texture and from eq 24 for the single-truncated 
disc, both models give the semicircular disc as 
having 1,(0, µ)Hv=O for w0 =rr/2 and G=O, 
respectively.* 

Figure 13 shows the contour plots of the Hv 
scattering intensity distributions for the respec
tive models, demonstrating that the intensity 
distribution of the regular polygon becomes 
identical with that of the circular disc, when N 
is larger than 5, and that the intensity distribu
tion changes considerably to have definite 

* According to the calculation by Picot and Stein 
for the single-truncated spherulites,5 the relative 
intensity, Ir (0, µ), does not become zero for G=O, 
suggesting a miscalculation (see Figure 5 in reference 
5). 

Polymer J., Vol. 3, No. 4, 1972 

intensity at µ=0° and 90°, when the shape of 
the anisotropic body deviates from the circular 
disc. 

APPENDIX 

In order to discuss the derivations of eq 3 
and 4 through eq 2, in detail, suppose the 
following relation in general 

\R(w) 
f(w)= Jr=o exp [ik(r-s)]rdr (Al) 

where 

R(w)=R0g(w) (A2) 

then the function /( w) can be expanded in the 
following series 

f(w)=R/[ I: Ai{g(w)}21{cos (w+t9)}211 - 1 i 

where 

!=1 

-i I; B1{g(w)}21 +1{cos (w+.8)}21 - 1] (A3) 
!=1 

Ai= (kR0 sin 0)2 A 
2/(2/-3) !-l 

A1 =(1/2) 

(kR0 sin0)2 B 
2(/-1)(21+1) 1-1 

B1=kR0 sin0/3 

.S=Oi-µ. 

(A4) 

(AS) 

(A6) 

Therefore, the amplitudes of the scattered ray 
for the Hv and Vv polarization conditions may 
be given by 

E(Oi)Hv=oE;R/ [sin2031~
1 
{E/-iE41} 

-2cos203 I: {E21-iE51}] (A7) 
!=1 

E(03)v = oEoR/ [cos 203 I; {E/-iE41} 
V 2 !=1 

+2sin203 I; {E/-iE/} 
!=1 

+(1 +2p) I; {E/-iE/}] (AS) 
!=1 

where 
!-1 . - -E/=A1 I: F/'(cos i9)2 1H-11(sin .S)2' (A9) 
i=D 

F/i=(2l;;2)[ {g(w)}2 

xcos 2w(cos w)211 -i-11(sin w)2i dw (AlO) 
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l-1 
E21=-Az I: F/\cos ,e)21- 2i-1(sin ,B)2i-i (All) 

i=l 

F21i=G!=~) r {g(w)}2(cos w)2 11 -i1(sin wt dw 

(A12) 

E/ =Az 1£,1 F/i(cos ,8)21 1-i-l\sin ,et (Al3) 
i=O 

F/i=(21;;2)~:rr {g(w)}2(cos w)2iz-i-lJ(sin wt dw 

(Al4) 

E41 =Ez 1£,1 F 4
1\cos ,e)21-2i-1(sin ,B)2i (Al5) 

i=O 

p 4z;=(2/;;1)[ {g(w)}2z+1 

xcos 2w(cos w) 21 - 2i-1(sin w)2i dw (A16) 

E51 = -E1 
1£,1Ft(cos ,8)2 11 -i-ii(sin ,B)2i+1 (Al7) 
i=O 

p/i=G!~!)[ {g(w)}2z+1 

X (cos co )21-2i-1(sin w)2i+2 dw (Al8) 

E/ =Ez 1£,1 F/\cos ,e)21- 2i-1(sin ,B)2i (Al9) 
i=O 

p/i=(2/;;1)[ {g(w)}2z+1 

X (cos w)21-2i-1(sin wt dw (A20) 

The scattering intensity, for example, for the 
Hv polarization can be given by 

/((}, µ)Hv 

--~0 ------'0- {sin 2(}J I; E/-2 cos 2(}J I; E/)2 KilE 2R 4 
[~ 2rr 

4 0 l=l l=l 

+ \ 2rr{sin 2(}j I; E 4 1 -2 cos 2(}j I; E/) 2 d(}j] 
)o l=I l=l 

(A21) 

Ka2~2R/ [[ {sin 2(,8+µ) z"f1E/ 

-2 cos 2(,8+µ) I; E/) d,B 
l=l 

+[ {sin2(,8+µ) "£1E4
1 

-2 cos 2(,8+µ) £ E/) d,B] (A22) 
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K,J2~2R/ [[ r- cos ;(,8+µ) z"f1 E/j;,1E1m 

+2[1+ cos4(,B+µ)] I; E/ I; E2m 
l=l m=l 

-2 sin 4(,B+ µ) z"fi E/ m"{:1 E2 m} d,B 

+ r { 1- cos24(,8+µ) t:1 E/ m~t4m 

+2[1 + COS 4(,8 + µ)] I; E/ I; £ 5 m 

l=l m=l 

-2 sin4 (,8+µ) 1"{:1 E/m"{:1E5m} d,B] (A23) 

=Ka2E0
2R0

4 [f 2rr{ 1-cos4µcos4,B I; Az I; 4-m 
4 )o 2 l=l m=l 

l-1 m-1 
X I: F1zi I: F/i(cos ,e)21z+m-i-J-21(sin ,8)21HJ1 

i=O j=O 

+2(1 + COS 4µ COS 4,8) I; Az I; Am 
l=l m=l 

l-1 m-1 
X I; F2z; I; F2mi(cos ,8)211+m-i-J-11(sin ,B)21i+J-11 

i=] j=l 

+2 cos 4µ sin 4,8 I; A1 I; Am 
l=l m=l 

x (sin ,e)21i+J1-1} d,B 

+f 2r.{ 1- cos4µcos4,B I: Ez I: Em 
)o 2 l=l m=l 

X zf.1 F/imf/p4m1(cos ,8)21z+m-i-J-11(sin ,B)21i+J1 
i=O j=O 

+2(1 + COS 4µ COS 4,8) I; Ez I; Em 
l=l m=l 

X zf.1 F/imf/ Fs mi(cos ,8)21z+m-i-J-21(sin ,B)21i+J+11 
i=O :j=O 

+2 cos 4µ sin 4,8 I; E1 I; Em 
l=l m=l 

x (sin ,8)21 i+Ji+i} d,B] (A24) 

When one separates the results of eq A24 into 
two parts by including or excluding cos 4µ, then 
eq 3 may be derived. Then scattering intensity 
distribution for the Vv polarization condition 
may be obtained, similarly to the above, from 
eq AS to give eq 4. 
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