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ABSTRACT: The polarized light-scattering from a random assembly of anisotropic 
rods was formulated in three dimensions so that the size of the rod was finite in length 
as well as in radius, and that the principal optical axes of scattering elements were 
oriented within the rod with given polar and azimuthal angles to the rod axis. 

The H, and v. scattering patterns were calculated by fixing either the length or radius 
of the rod as several times larger than the wave length, but, in contrast, varying either 
the radius or length of the rod from infinitesimally thin to the same order as the fixed 
length or radius, respectively, to include the infinitesimally thin rod or disc as extreme. 

The H, and v. patterns degenerated, in general, into small scattering angles with 
the increasing of the radius or thickness of the infinitesimally thin rod or disc. The 
Hv patterns changed from x -type to +-type patterns with the variations of the inclined 
angle of the scattering elements from zero to 50°, irrespective of the rod and disc models. 
On the other hand, however, the V. patterns changed from the horizontal dumb-bell 
type to the vertical type for the rod model and from the vertical dumb-bell type to 
the horizontaltype for the disc model, both with the variations of the inclined angle 
from zero to 90°. 

KEY WORDS Polarized Light Scattering / Anisotropic Rod of Finite 
Dimensions / Random Assembly Model / Calculations / 

The small angle light-scattering patterns from 
film specimens of some particular polymers, such 
as polytetrafluoroethylene, 1 native cellulose,2 
collagen,3 and amylose, 4 have been found to be 
quite different from those of film specimens of 
poly-alphaolefins having spherulitic crystalline 
textures. s-a 

with given polar and azimuthal angles to the 
rod axis. On the other hand, van Aartsen has 
also formulated this type of characteristic pat
tern in terms of a random assembly of aniso
tropic rods in three dimensions, assuming the 
rod to be finite in length as well as in radius 
but the principal optical axes of the scattering 
elements to be parallel to the rod axis. 10 Stein, et al., have explained this type of char

acteristic pattern from polytetrafluoroethylene 
film in terms of a random assembly of aniso
tropic rods in two dimensions, 1 ' 9 while the pre
sent authors have extended Stein's formulation 
for the two dimensions to three dimensions for 
the pattern from collagen film, 3 assuming both 
the rod to be finite in length but infinitesimally 
thin in radius, and the principal optical axes of 
scattering elements to be oriented within the rod 
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In this paper, one of the more generalized 
formulations for this type of light-scattering pat
tern will be proposed by combining the former 
formulation by the present authors with that by 
van Aartsen; i.e., a random assembly of aniso
tropic rods in three dimensions, assuming the 
rod to be finite in length as well as in radius 
and the principal optical axes of the scattering 
elements to be oriented within the rod with given 
polar and azimuthal angles to the rod axis. Any 
orientation distribution of the scattering elements 
within the rod will not be taken into considera
tion for the purpose of avoiding complexity of 
the calculations, and this type of further gen-
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eralization will be discussed in future. 

Calculations 
Figure 1 shows a schematic diagram of the 

coordinates system of light-sattering from an an
isotropic rod having definite size of R in radius 
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:/ 
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z 

Scattering 
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Figure 1. Schematic diagram showing the coor
dinates system of light scattering from the three
dimensional assembly model of anisotropic rods 
of finite dimensions. 

and of L in length. The orientation of the rod 
is represented in terms of three Euler angles, {,, 
a, and r, with respect to the Cartesian coor
dinates, 0-xyz, where a and f, are the polar and 
azimuthal angles, respectively, for defining the 
orientation of the rod axis of vector r, while r 
is the angle between the axis of symmetry of 
the rod and the plane including Oz-axis and the 
rod axis for defining the rotation of the rod 
around its own rod axis. The Cartesian coordi
nates are fixed within the film specimen so that 
the Ox-axis having its own unit vector i is taken 
as the film normal, and the Oy- and Oz-axes, 
whose respective unit vectors are j and k, paral
lel to the film surface. The incident beam having 
unit vector s0 propagates along the Ox-axis, i.e., 
s0=i, and its polarization direction, whose unit 
vector e, is taken as parallel to the Oz-axis to 
give e=k. 

A unit vector s' along the scattered ray can 
be given by 

s' =cos 0i+sin 0 sin µj+sin 0 cos µk ( 1 ) 

where 0 and µ are scattering and azimuthal angles 
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of the scattered ray with respect to the Ox- and 
Oz-axes, respectively. The scattering vector s, 
defined by s=(s0 -s'), is given by 

s=(s0 -s')=(l-cos 0)i 

-sin 0 sin µj-sin 0 cos µk ( 2) 

As assumed in a previous paper,3 uniaxially 
polarizable elements having principal polariza
bilities of a 11 and aj_, are oriented side-by-side 
within the rod with a given inclined angle w0 

with respect to the rod axis; i.e., every unit 
vector d along the rotational axes of the elements, 
and consequently, the direction of the principal 
polarizability a;;, is laid parallel to the plane 
including the rod axis and the symmetric axis 
of the rod, as illustrated in Figure 1, with a 
common polar angle w 0 and zero azimuthal angle 
with respect to the rod axis. Denoting ( i) the 
difference between the polarizability along the 
element axis and the polarizability of the medium 
in which the rods are embedded, br=(a11 -a.), 
and ( ii ) the difference between the polarizability 
perpendicular to the element axis and the polariza
bility of the medium, ht=(a_j_ -a.), then the in
duced dipole moment due to the radiation of 
the incident beam may be given by 

( 3) 

where E0 is the amplitude of the incident beam 
and o=(br-bt)• 

The amplitude of the scattered ray from the 
scattering elements within the rod may be given 
by 

E=KL (M-o) cosk(r,s)dr ( 4) 

where K is a constant, o is a unit vector along 
the polarization direction of the analyzer, k= 
2ir/ J.', J.' is the wave length of the light within 
the specimen, and v means the integration to 
be performed over the entire volume of the rod. 
This volume integral is in contrast to the line 
integral in a previous paper in which the rod 
was assumed to be definite in length but in
finitesimally thin in radius. 

Further, assuming the rods to be oriented ran
domly within the space of the specimen with a 
distribution density N 0 per unit solid angle; i.e., 
a random distribution of the three Euler angles, 
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/3, a, and r, for the orientation of the rods with 
respect to the Cartesian coordinates 0-xyz, the 
intensity distribution of the scattered light from 
the three-dimensional random assembly of the 
rods may be given by 

l=(No/2)rr~: (M·o{L cosk(r-s)drJ 

x sin adadf3dr ( 5 ) 

From the above equations, the intensity distri
bution of scattered light under H. and v. polariza
tions can be obtained by replacing o with j and 
k, respectively, to give the same results as eq 
6 and 7 in a previous paper with the exception 
of replacing A, B, and C in eq 9 through 11 
also in the previous paper with D2 , D 1 , and D0 , 

respectively, which are given in general form as 

D, =-~(rr cos2•af 2rr[(l/vr)( cosk(r-s)dr]2 

4ir-2ir Jo Jo J. 

X dpin ada ( 6 ) 

where Vr is the volume of the rod. 
When performing the integration within the 

brackets in eq 6 in terms of cylindrical coordi
nates, as proposed by van Aartsen, 10 D, can be 
given in the form of a series expansion as fol
lows: 

D,=4I:(-lt (hL)2n 
n=O (2n+2) ! 

= (hR)2k 

X k~o (-ll (k+l)!(k+2)! 

X I'(k+3/2)I'(n+x+ 1/2) 
I'(l/2)I'(n+x+k+3/2) 

( 7) 

where h is a scattering angle defined by (4ir/ }.') 
x sin (0/2). 

As discussed in a previous paper, the shape 
of, for example, the H. pattern has, in general, 
a four-fold symmetry with respect to the azimuthal 
angle µ, which changes from x-type pattern to 
circular pattern to +-type pattern depending 
mostly on whether the value of the fourth order 
Legendre function P 4(cos w 0) takes positive, zero, 
or negative values, respectively. But, in detail, 
especially when the size of the rod is assumed 
to be finite in length as well as in radius, the 
type of the pattern must also depend on the 
value of A(U), which has been defined by eq 
9 in a previous paper and is given in terms of 
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In the following section, the effects of A(U) 
upon the shape of the polarized light-scattering 
patterns, which have not been discussed in a 
previous paper with any more detail than keep
ing the length of the infinitesimally thin rod 
constant, will be checked in terms of two param
eters, q and q' representing relative size of the 
rod. 

Results of Calculations and Discussions 
Let us define the two parameters, q and q', 

as q=(R/L) and q'=(L/R) so that q=0 represents 
an infinitesimally thin rod, while q' =0 represents 
an infinitesimally thin disc. 

As recognized from eq 7, when the value of 
(hL) and (hR) are small enough, A(U) must be 
approximated by limiting the order of the series 
expansion so small as a few orders, as performed 
by van Aartsen, 10 to give 

A(U)c:=(8/15)--'!4__-(E-L4 -12R2L 2 +__!2_R4 ) 
- 18-21 5 4 

( 9) 

That is, when the value of (R/L) is in a range 
of 0.822 < (R/L) < 1.588, the value of A(U) is 
negative, while the value of (R/L) is out side 
the range, the value of A(U) is positive. This 
change of A(U) with (R/L) must be combined 
with that of Pi(cos w0) with w0 for discussing 
the shape of the polarized light-scattering patterns. 

However, in general, especially when the scat
tering angle is expanded up to several degrees 
and the size of the rod is taken as several times 
larger than the wave length, the values of (hL) 

and (hR) are no longer so small as to permit 
the above approximation given by eq 9. 

Figure 2 demonstrates such examples of the 
changes of A( U) with q and q' as keeping the 
values of L, R, and 0 relatively large but re
alistic for representing the super-structures of 
crystalline polymers, where the calculations of 
D, were performed in accordance to eq 7 by 
expanding the series as highly as n=k= 100 to 
make the expansions fully converged with prop
er values. As seen in the figure, A(U) decreases 
with damping oscillations with increases of q 
and q', but remains still in positive value with 
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Figure 2. The values of (35D2- 30D1 + 3D0) plotted 
against the size parameters, q and q', defined by 
(R/L) and (L/R), respectively. 

an exception at q'=0.5800, where A(U) becomes 
a very slightly negative value of -0.303 x 10-4 • 

This means that the shape of, for example, the 
H. pattern is mostly affected by P4(cos w0) with 
the exception at around q' =0.58, where the pat
tern becomes of circular symmetry and opposite 
of type to that expected only from Pi cos w0), 

because the value of A(U) becomes zero and 
negative, respectively. 

Figure 3 shows the calculated results of the 
H. scattering patterns by keeping the length of 
the rod constant (40 times larger than the wave 
length), but varying the radius of the rod from 
infinitesimally thin to half the length and taking 
the inclined angle of the scattering elements to 
the rod axis as zero and 50° to make Pi cos w 0) 

positive and negative, respectively. In contrast, 
Figure 4 shows the calculated results of the H, 
scattering patterns by keeping the radius of the 
disc constant (20 times larger than the wave 
length), but varying the thickness of the disc 
from infinitesimally thin to half the radius and 
taking the inclined angle of the scattering ele
ments to the disc axis as zero and 50°. 

As is seen in the figures, the H. patterns taking 
w0 as zero give the x-type pattern, while those 
taking w 0 as 50° give +-type pattern, in prin
ciple, both irrespective of the rod and disc models. 
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The patterns degenerate into small scattering 
angles with increases of q and q', becoming less 
distinctive between the x-type and +-type pat
terns and approaching the circular pattern, es
pecially for the rod model. This may be inter
preted in terms of the counterbalance of the 
contributions from the first and second terms 
in the right-hand side in eq 6 in a previous 
paper to the total scattering intensity; i.e., rapid 
decrease of the contribution from the first term, 
which gives the azimuthal angle dependence of 
the scattering intensity, in combination with 
rather slow decrease of the contribution from 
the second term, which gives no azimuthal de
pendence of the scattering intensity, both with 
increases of q and q'. 

Figure 5 shows the calculated results of the 
V. scattering patterns by keeping the length of 
the rod constant (40 times larger than the wave 
length) and the value of p, defined by p=(btfo), 
as slightly negative of -0.27 to make the w 0 

dependence of the V, pattern most obvious, as 
discussed in a previous paper, but varying the 
radius of the rod from infinitesimally thin to 
20% of the length and taking the inclined angle 
of the scattering elements to the rod axis as zero, 
50°, and 90° to make Pi cos w 0) positive, nega
tive, and positive again, respectively. Figure 6 
shows the culculated results of the V, scattering 
patterns by keeping the radius of the disc con
stant (20 times larger than the wave length) and 
the value of p as -0.27, but varying the thick
ness of the disc from infinitesimally thin to 20% 
of the radius and taking the inclined angle of 
the scattering elements to the disc axis as zero, 
50°, and 90°. 

As is seen in the figures, the patterns change, 
in general, from two-fold symmetry to four-fold 
symmetry to two-fold symmetry again with the 
variations of the inclined angle from zero to 50° 
to 90°, respectively. This must be due, as dis
cussed in a previous paper, to the relative 
magnitides of the first, second, and the other 
terms in the right-hand side of eq 7' in a pre
vious paper to each other; i.e., when the first 
term is relatively larger the pattern must be of 
four-fold symmetry; when the second term is 
predominant the pattern may be of two-fold 
symmetry; and when the terms other than the 
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Vv patterns (L/ X=40, p= -0.2 7. q= R/L) 
Wo=0° 

Wo=50° 
(I 

Wo=90° 

Figure 5. Intensity distribution of V. scattering calculated by fixing the length of the rod 
as 40 times larger than the wave length and the value of pas -0.27, but varying the radius 
of the rod from infinitesimally thin to 20% of the length of the rod and taking the in
clined angle of scattering elements as zero, 50°, and 90°. 
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Vv patterns (R/X=20,p= -0.27 ,q'=L/R) 
Wo=0° 

Wo=90° 

Figure 6. Intensity distribution of v. scattering calculated by fixing the radius of the disc 
as 20 times larger than the wave length and the value of p as -0.27, but varying the thick
ness of the disk from infinitesimally thin to 20% of the radius of the disc and taking the 
inclined angle of scattering elements as zero, 50°, and 90°. 
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first and second terms, which are independent 
of the azimuthal angle, are relatively larger the 
pattern must be of circular symmetry. 

The Vv patterns similar to the results of the 
Hv patterns, degenerate into small scattering 
angles, in general, with increases of q and q'. 
The fact that the w0 dependence of the Vv pat
tern for the rod model is quite opposite to that 
for the disc model, must be noted in contrast 
to the above results of the Hv patterns having 
no distiction between the two models. That is, 
the Vv patterns for the rod model change from 
the horizontal dumb-bell to the vertical type, 
while the Vv patterns for the disc model change 
from the vertical dumb-bell to the horizontal 
type, both with increase of w0 from zero to 90°. 
This may be interpreted in terms of the most 
significant contributions of the q and q' through 
the second terms in eq 7' in our previous paper. 
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