
Polymer Journal, Vol. 3, No. I, pp 84-91 (1972) 

Kinetic Theory for Some Reactions Proceeding on a Polymer Chain 

Masahiko Srsrno 

Department of Polymer Chemistry, Kyoto University, Kyoto, Japan. 

(Received July 20, 1971) 

ABSTRACT: Kinetic theories were developed for the reactions on a polymer chain 
carrying both substrates and catalytic groups randomly. The reaction courses were 
formulated (1) considering the distribution of the substrates or the catalytic groups 
along the chain to be time-averaged or (2) considering the distribution explicitly, in
troducing the probability of finding a catalytic group on each residue, which is deter
mined independently from other residues or (3) introducing the probability that depends 
upon the states of the neighboring residues. These theories were successfully applied to 
the experimental work reported by Morawetz, et al., and subsequently discussed. 
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Various reactions proceeding on a polymer 
chain have been studied by some workers. 1- 4 

Most of the reaction processes were accounted 
for by the neighboring group effect on the 
polymer chain. However, it should be men
tioned that the effects of the catalytic groups 
located at distant positions from a given re
active group (substrate) along the chain should 
not be ignored. These "remote group effects" 
have not been considered probably because 
there has been no kinetic theory concerning this 
effect and no information on the parameters to 
solve the problem. Recently, Morawetz, et 
al., 5- 5 also noted this problem and analyzed 
their experimental results by a computer simu
lation. However, their method consists of the 
Monte Carlo estimation of the distribution of 
catalytic groups on a polymer chain and the 
analytical equation of the problem has not yet 
been obtained. In this paper, kinetic theories 
were developed for the reactions on a polymer 
chain carrying both catalytic groups and sub
strates on it. The substrate is assumed to give 
a non-reactive product by the action of the 
catalytic groups attached to the same chain. In 
such a case, the following special circumstances 
must be considered. Firstly, the reaction can 
be treated as unimolecular reaction, since the 
catalytic groups reacting with a given substrate 
are limited to those attached on the same chain. 
Secondly, if the positions of substrates and 
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catalytic groups are fixed or nearly immobilized 
during the course of the reaction, the difference 
in the distribution of catalytic groups around 
each substrate causes the difference in the re
action rate for each substrate. The reaction 
begins with the reactive substrates and transfers 
to the less reactive ones. Therefore, the first
order plot of the reaction will not give a straight 
line. In these cases, the distribution of the 
catalytic groups on a polymer chain should be 
taken into consideration for the kinetic treat
ment. According to the mode of the distribu
tion, the following three cases are distinguished. 

(1) The distribution of catalytic groups is 
time-averaged over all polymer chains in a 
system, so, the kinetics can be treated without 
considering the distribution. 

(2) The distribution is taken into account 
introducing the probability for a given residue 
(monomer unit) to carry a catalytic group that 
is determined independently from the states of 
other residues. 

(3) The above 
whether or not their 
the catalytic group. 

probability depends on 
neighboring residues carry 

FORMULATIONS 

Treatment 1; Kinetics without Considering the 
Distribution 

Here, the kinetics of polymer reactions is de-
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veloped, in which the substrates and/or the 
catalytic groups are, for example, adsorbed on 
a chain being in equilibration with the free 
substrates and/or free catalytic groups, and the 
equilibrium is attained very rapidly compared 
with the reaction rate. In these cases, the prob
ability for a residue to carry a catalytic group, 
can be regarded as equivalent for all the poly
mer chains. Let us define [R] as the total 
substrate concentration attached on polymer 
chains, [Rr] as the concentration of substrate 
attached on the /-th residue of the chains and 
N as the degree of polymerization (the number 
of the residues) of the chain. 

( 1 ) 

Further, kIJ is defined as the first-order rate 
constant of the reaction between a substrate on 
the /-th residue and a catalytic group on the 
J-th residue and also PJ as a probability for 
J-th residue to carry a catalytic group. Using 
these quantities, the reaction rate of substrates 
on the /-th residues is represented as 

The condition presented in this section allows 
PJ to be written in the averaged form for all 
the polymer chains 

( 3) 

where [CJ] is the concentration of catalytic 
groups on the J-th residues and [P] means the 
concentration of polymer chains. [P] is equal 
to the concentration of the end groups of the 
chain, because throughout this paper the effect 
of the molecular weight distribution of the 
chains is not considered. The over-all rate can 
be formulated using the above relations. 

rate=-d[R]/dt= I; I; kIJpJ[R1] 
I J 

=(1/[P]) I; kIJ[R1][CJ] ( 4) 
I,J 

When the concentrations of substrates and 
catalytic groups on polymer chains are regarded 
as constant, the reaction proceeds at a constant 
rate represented by eq 4. This situation will be 
realized when the substrates adsorbed on each 
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residue is in equilibration with the excess of 
free substrates. In this case, if [R1]'s are re
placed by equilibrium concentrations, eq 4 will 
become the sum of the Michaelis-Menten 
type 7 equations for each residue. On the other 
hand, when substrates are bound tightly on the 
chains and catalytic groups are in an adsorption 
equilibrium, the concentration of the substrates 
on /-th residue decreases as the reaction pro
ceeds. In this case, the rate of the decrease of 
[R1] must be considered. 

-d[R1]/dt=[Rr]{(l/[P]) I; ku[CJ]) ( 5) 
J 

The quantity in parentheses, { }, is constant and 
can be replaced by an apparent first-order rate 
constant Kr-

( 6) 

Using eq 5 and 6, the over-all rate at time t, is 
obtained 

where subscript O means the initial value for the 
quantity. The fraction of unreacted substrates 
y is given as 

)'=[R]/[R] 0 ={ I; [Rr]o exp (Krt)}/ I; [Rr]o 
I I' 

= I; Wr exp (-K1t) ( 8 ) 
I 

where Wr means the initial fraction of sub
strates attached on the /-th residue. 

Treatment 2: Kinetics Considering the Probabi
lity of Finding a Distribution is Derived from 
the Independent Propabilities for Each Re
sidue 

In this and succeeding sections, the cases in 
which substrates and catalytic groups are fixed 
on a chain during their reactions, will be treat
ed. In these cases, the distribution of catalytic 
groups along the chain must be taken into ac
count. In this section, the probability of find
ing a distribution is assumed to be determined 
by the probability for a given residue to carry 
a catalytic group, the probability being deter
mined independently of the states of other re
sidues. For simplicity, all kinds of the end 
effects are neglected here and the extention of 
the theory to the short chains will be discussed 
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later. The problem is to formulate the reaction 
course of total substrates, using the probability 
of a given substrate being surrounded by cataly
tic groups with a given distribution in the "re
action range" and the apparent rate constant 
determined by the distribution. It is put for
word that only catalytic groups separated with
in Z residues from a given substrate can act 
as a catalyst and this range is called the "re
action range." 

Let us define ni (i=-Z, ... , -1, 1, ... , Z) 
as the number (zero or one) of the catalytic 
groups attached on the i-th residue, then, the 
distribution of the catalytic groups in the re
action range can be represented by the 2Z
membered set of n;'s, n=(n_., ... , n,). It should 
be mentioned here, that the numbering of the 
residues is made taking the position of the sub
strate as an origin. Putting W (n) as the prob
ability of a reaction range being in distribution 
n, and [R ]0 as the initial concentration of the 
total substrates attached on chains, the initial 
concentration of the substrates [R(n)], attached 
at the middle of the reaction range having the 
distribution n is given as 

[R(n)]= W(n) · [R]0 ( 9) 

Using an apparent rate constant K(n), for a sub
strate in the distribution n, the fraction y, of 
unreacted substrates at time t, can be written 
in a similar form as eq 8 

y= .E W(n) exp (-K(n)t) (10) 
n 

where the summation is made over all possible 
distributions. W(n) and K(n) can be written as 

z 
W(n)= TI p'7:i(l-pi)c1-ni1 (11) 

i=-Z 
seo 

z 
K(n)= .E k,•n;, (12) 

i=-·Z 
seo 

where Pi means the probability for the i-th re
sidue carrying a catalytic group as defined in 
treatment 1, and it does not depend on the 
nature of the neighboring residues as stated 
above. ki represents the first-order rate con
stant of the reaction between a given substrate 
and a catalytic group on the i-th residue. Us
ing eq 10, 11, and 12, the total fraction of 
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unreacted substrates is written as 

1 Z 

y= .E ... .E .E ... .E TI {pti(l-pi)cl-nil 
n_z=o n_1n1 nzi=-Z 

seo 

x exp ( -kinit)} (13) 

The quantity enclosed by the parentheses, { }, 
depends only upon the nature of the i-th re
sidue, therefore, eq 13 is rewritten in the form 
below. 

y= Jlz { .. E.fi "i(l-p.)'1-ni1 exp (-kinit)} 
seo 
z 

= TI {1-pi+Pi exp (-kit)} 
i=-Z 

seo 

(14) 

Eq 14 describes the whole reaction course re
quired in this section. Usually, p. may be put 
as a constant value p, independently of i. Sub
stituting zero for t in eq 14, the initial fraction 
of unreacted substrates Yo, is found to be unity, 
and substituting an infinite value for t, the 
final fraction of unreacted substrates Y=, is ob
tained. 

z 
Y== TI (1-p.) 

i=-Z 
seo 

(15) 

Eq 15 corresponds to the probability for a re
action range carrying no catalytic groups, as ex
pected. The gradient in the first order plot is 
shown in eq 16 and the initial rate is in eq 17. 

_ d(lny) = .E p.ki exp (-k,t) 
dt , {1-p.+p.exp(-kit)} (l6) 

(rate) 0=-(dy) =-(dlny) = .Epiki (17) 
dt t=O dt t=O i 

For a special case that all ki and p;, are re
placed by constant values k and p independent
ly of i, eq 16 is rewritten in the following 
simple form: 

y={1-p+pexp(-kt)}2z (18) 

Treatment 3: Kinetics Considering That the Prob
ability of Finding a Distribution is Derived 
from the Interdependent Probabilities 

In this section, the polymer chain is treated 
in a manner that the probability for a reaction 
range in a given distribution of the catalytic 
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groups along the chain is determined by the 
probabilities for each residue carrying a cataly
tic group, the probability depending upon the 
states of the neighboring residues. Strictly 
speaking, the case stated above includes two 
cases. The first case is that, for example, the 
distribution is determined by the copolymeriza
tion step, i.e., it is determined by the step-by
step mechanism subjected to the Markov pro
cess. 8 In this case, the probability depends only 
upon the state of the preceding residue. The 
second case is realized by a rather rare process 
such that before the reaction begins the distri
bution is determined by the adsorption equili
brium and the reaction proceeds very fast com
pared with the rate of exchanging adsorption 
sites of the catalytic groups. In the second case 
the probability for a residue carrying a catalytic 
group depends upon not only the states of the 
neighboring residues but also those of all the 
residues in the chain. Therefore, these two 
cases must be treated separately. In this section 
the former case will be treated first and then 
the latter case will be considered. 

In the former case, ni depends only upon 
n,_1 • Here the conditional probability p(n;_1 , 

n;) is defined, as the probability for the i-th 
residue to carry n; catalytic groups providing 
that the (i-1 )-th residue carries ni-i catalytic 
groups. Here the conditional probabilities are 
assumed to be represented by a universal func
tion independent of i. Incidentally, if the 
chain is traced in an opposite direction, the 
probability for the (i-1 )-th residue carrying 
n,_1 catalytic groups depends only upon n;. 
Therefore, the conditional probability q(n3_1, n3) 

may also be defined, where the index j is 
counted in an opposite direction to that used 
in the index i. If the end effect is ignored, 
these two probabilities coincide as 

p(m, n)=q(m, n) m, n=0 or 1 (19) 

In this case, the probability of a reaction range 
being in the distribution n is 

W(n)=p(no, n1)p(n1, n2)· · ·p(nz-1, nz)q(no, n_1)· · · 

q(n-z+1, n_z) =p(no, n1) · • ·p(nz-1, nz)p(no,1L1) · · · 

p(n_zw n_z) (20) 

Using eq 10 and 20 
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{ 1 Z }2 
y= I: •••I: n p(n;-1, n;) exp (-k;n;t) 

n1-=0 nz t=l 
(21) 

where k;=k_, is assumed. This assumption is 
absolutely correct in non-directional polymers 
(e.g., vinyl polymers) and approximately correct 
in directional ones (e.g., poly(a-amino acid)s). 
Eq 21 becomes simpler using matrices A;'s, 
each of which is defind as 

A;=[p(0, 0) 
p(l, 0) 

p(0, 1) exp (-k;t)] (22) 
p(l, 1) exp (-k;t) 

Using the elements of A;'s, eq 21 is rewritten as 

2 

y=[ I: ··•I: {Ai}m0 , m1 • • • {Az)mz-1, mzJ2 
m.1=1 mz 

=[ I: {A1 • • ·Az)m0, mz ]2 (23) 
mz 

Eq 23 describes the total reaction course of the 
polymer reaction required. m0 (=n0 +1) must be 
determined according to experimental conditions. 
In general, when the block character in the 
distribution of catalytic groups is large (p(l,1)~ 
1), this selection becomes important. 

In a special case where all k;'s are equivalent 
to k, eq 23 can be reduced to a very simple 
form as below. When p(0, 0) is not very dif
ferent from p(l, 0), the first row of matrix (A1 

.. -Az) becomes almost equal to the second row 
for sufficiently large Z. Therefore, in these 
cases the cyclic condition (m0=mz) can be used 
in eq 23. 

y=[Trace{A1 • • ·Az}J2 (24) 

The equivalence of k;'s leads to the equivalence 
of all A;'s, and therefore, taking all A;'s as A. 

y=[Trace {Az)J2=(.:1/ +.:1/) 2 (25) 

where, .:11 and .:12 are the eigenvalues of matrix 
A. Taking the largest eigenvalue to be Amax, 

eq 25 is written in an approximate form for 
sufficiently large Z. 

(26) 

Substituting an infinite value for t, the eigen
value of A is calculated to be zero or p(0, 0). 
This gives Yoo={p(0, 0)}2z which again cor
responds to the probability that no catalytic 
group is attached on any residue in the reac
tion range. On the other hand, when zero 
is substituted for t, two eigenvalues become 1 
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and p(0, O)-p(l, 0). These values lead to the 
correct value of y0(=1) for large Z. When 
p(0, O)=p(l, 0), eq 25 coincides with eq 18, 
showing the consistency of these equations. 

The second case mentioned above should now 
be considered. In this the distribution of the 
catalytic groups should be treated by the Ising 
theory of a one-dimensional cooperative system. 9 

Using this theory, the conditional probability 
p(n,-i, n,) can be obtained by the following 
procedure. Matrix G is defined as9 

G=[exp (-e(O, 0)/kT) 
exp (-e(l, 0)/kT) 

exp (-e(O, 1)/kT)] (2?) 
exp (-e(l, 1)/kT) 

where, e(n,_1, n.) is an energy assigned to the 
i-th residue when the (i-1)-th residue has n._1 
catalytic groups and the i-th residue has n •. 
Taking µ as the largest eigenvalue of G, the 
conditional probability required is given as9 

p(n._1 , n.)={ exp (-e(n.-1, n,)/kT)/µ}(Vm;/VmH) 

(28) 

where, vm. means the element of eigenvector l' 

corresponding to the eigenvalue µ, and m;= 
n,+1. 

(29) 

Using the conditional probability represented by 
eq 28, the reaction course can be calculated as 
described before. 

DISCUSSION 

Remarks on the Application to the Short Chains 
The first treatment, in which no distribution 

was taken into consideration, can in principle 
be applied to chains having any degree of poly
merization. Recently, eq 4 was applied to the 
initiation step of the polymerization of amino 
acid NCA by poly(vinylpyridine)s having various 
chain lengths.10 On the other hand, the kinetic 
theories in treatments 2 and 3 were developed 
assuming the infinite chain length. Therefore, 
when the approximation of infinite chain length 
is not acceptable, i.e., number of residues in 
the reaction range 2Z is comparable with the 
degree of polymerization N, the differences in 
the apparent rate constants, caused by the dif
ferences in the positions of substrates on a 
chain, must be considered. In this case, the 
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substrate must be discriminated by the position, 
I, on the chain, counting the residues from an 
end of the chain as defined in treatment 1. If 
I or (N-1) is smaller than Z, the lower or the 
upper limit of the product in eq 14 must be 
taken off respectively. Then the obtained frac
tion of unreacted substrates attached to the /-th 
residue y1, must be averaged to obtain the total 
fraction y 

y= I;yr/N (30) 
I 

where uniform distribution of the substrates is 
assumed at the beginning of the reaction. In 
treatment 3, a further precaution must be taken 
with the use of cyclic condition, as stated pre
viously. 

Dependence of the Rate Constant upon the Re
lative Separation between a Substrate and a 
Catalytic Group 

In the kinetic treatments developed in this 
paper, two kinds of parameters were used, One 
is related to the probability of the existence of 
a catalytic group on a given residue and the 
other is the rate constant depending upon the 
separation along the chain. Among these param
eters, the probabilities can usually be con
sidered to be independent of the position of a 
residue. On the other hand, the dependence of 
k. upon i is important and has been studied by 
several workers. For example, the relative ease 
of the lactone formation from w-oxyacids hav
ing various chain lengths from 5 to 24 was 
studied by Stoll, et al. 11 Their treatment of 
the experimental data was recently modified by 
Morawetz, et al. 12 Also for short polymethyl
ene chains, the statistical estimation of the rate 
constants using G-T rotational isomer model 
for each C-C bond was recently performed by 
the author .13 Concerning other chains, the de
pendence of the intramolecular rate constant 
upon the separation between two functional 
groups along a chain was investigated with 
several poly(N-alkylamino acid)s14- 16 On the 
other hand, for longer chains, Morawetz, et 
al., 5 • 6 proposed the following equation for 
polyacrylamide chains, 

k;=k lil-a(IO.:c:; Iii .:c:;5OO) , k.=0 (otherwise) 

where k is a constant coefficient and a is the 

Polymer J., Vol. 3, No. I, 1972 



Kinetic Theory for Polymer Reactions 

ring-closure exponent which should be 1.5 for 
Gaussian chains. They stated, however, that 
it is better to take a=2.0, to match their ex
perimental results. 

Examples 
Morawetz, et al.,5· 6 studied the intramolecular 

hydrolysis reaction and performed computer 
simulation of the reaction course assuming a 
random distribution of catalytic groups. They 
used terpolymers including monomers I and II 
as a substrate and a catalytic group respectively 
and acrylamide as an inactive residue. They 

CH2=CH CH2=CH co co 
I I 

NH NH 
I I 

(CH2)s I CH2 II 
I I 

co A 
I IOI 0 
I 'N/ A 

IOI 
V 
NO2 

measured the intramolecular reaction rate 
between the side groups on the chain, that is, 
the hydrolysis of p-nitrophenyl ester group by 
the pyridine ring. In this section, similar 
calculations were made by the analytical equa
tions developed above. 

Application of the Treatment 2 
In this case, the probability of finding a dis

tribution of catalytic groups is considered to be 
derived from the independent probabilities for 
each residue. According to Morawetz, et al., 5 • 6 

the parameters for the calculation were given 
as 

Z=500, p;=p=w=0.0033, 0.012, and 0.048 

ki=ak IWa. (10:c;; [ii :c;;500), ki=0 (otherwise) 

a=0.2, a=2.0 or 1.5 

where a means the fraction of pyridine residue 
in its basic form. Since the interchange be
tween active and inactive forms is considered 
to occur very frequently during the reaction, the 
active pyridyl groups can be regarded as 
distributed among the whole pyridyl groups 
uniformly. Therefore, each rate constant should 
be multiplied by the fraction of active form a, 
as shown above. Degree of polymerization of 
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their polymer was 4900, so any kind of end 
effect can be ignored. The coefficient k was 
determined from the observed initial slope of 
the reaction course at p=0.048 using eq 17. 

The results are shown in Figures l and 2. 

>, 

OI 
_g 

0---.---,-----r---i------,-7 

0 20 40 
01.t (m_in.) 

Figure 1. First-order plot of the hydrolysis of 
acrylamide terpolymer (w=0.012): 0, experimental 
points;6 --, calculated curve using eq · 14, at 
a=2.0; ------, at a=l .5. 

o~--,------.-----r----.----, 

-0.4 

-0.8 

0 

'·---... 
Q A ---.. . ......_ \ A . ......_ ___ 

\ ·--·--\ A ·-----·--------
\ A 

\ 
\ 

\h.,, 
1.0 wt ( min.) 2·0 

Figure 2. Calculated curves for the first-order 
plot of the hydrolysis of acrylamide terpolymers 
using eq 14: -·-/::,.-·-, w=0.0033; -0-, 
w=0.012; --D--, w=0.048; ,6., 0, D, experi
mental points.G 

The effect of varying ring-closure exponent a, 
is shown in Figure 1. · It is shown that the 
calculated curve taking a=2.0 is in better agree
ment with the experimental points than the 
curve obtained taking a= 1.5, as already stated 
by Morawetz, et al. 5 • 6 The effect of varying 
the mole fraction of catalytic monomer units 
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(w=p) is shown in Figure 2, in which the 
calculated curves were obtained taking a=2.0 
and using the same coefficient k as used in 
Figure I. In the case of p=0.0033, the agree
ment with experimental values is rather poor. 
However, in the other two cases, the calculated 
curves and the experimental points are in close 
agreement. 

Application of the Treatment 3 
Here, the same experimental results will be 

treated assuming that the probability of finding 
a catalytic group on a residue depends Off the 
state of the neighboring residue. The condi
tional probabilities p(O, l)=p0 , p(I, l)=pi, were 
varied to satisfy the condition that the total 
fraction w, of the catalytic monomers in the 
terpolymer be fixed to a constant value, 0.048. 

w(l-pi)=(l-w)p0 , w=0.048 

As Pi approaches zero, the distribution becomes 
alternative and as Pi approaches unity, the block 
character of the distribution becomes marked. 
Calculations were made by eq 23 taking n0 to 
be zero. Also in this case, the coefficient of 
the rate constant k had to be determined from 
the initial rate. Since the differentiation of eq 
23 with time is complicated, ka was determined 
as a ratio of the initial rate actually observed, 
to that determined by the numerical differenti-

0 0.5 ( wt min.) 
1.0 

Figure 3. Calculated curves for the first-order 
plot of the hydrolysis of acrylamide terpolymer 
using eq 23: a, Po=0.0504, Pi=0.0; b, Po=Pi= 
0.048; c, Po=0.0454, Pi=0.l; d, Po=0.0252,pi= 
0.5; e, Po=0.005, Pi=0.9. 
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ation of eq 23 taking t=0 and ka= I. The 
validity of this procedure is supported by con
sidering that the value of the first derivative of 
y at t=0 is equal to the coefficient of the first
order term of t in the expanded form of y, and 
the coefficient is also the first-order with refer
ence to ka as seen from the representation of y 
in eq 23. The results are shown in Figure 3. 
It was found that for the polymers having such 
a low fraction w of catalytic groups as 0.048, 
the changes in the reaction profiles induced by 
the change of the probabilities were not so large 
except in these cases where the block character 
was extremely large. 

In conclusion, the kinetic theories for the re
actions proceeding on a polymer chain were 
developed. In these treatments, the parameters 
k;'s were used. It is very important to clarify 
the dependence of k; upon i both experimental
ly and theoretically for a better understanding 
of the polymer reactions. 
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