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Possible ground states and parallel magnetic-field-driven phase
transitions of collinear antiferromagnets
Hai-Feng Li1

Understanding the nature of all possible ground states and especially magnetic-field-driven phase transitions of antiferromagnets
represents a major step towards unravelling the real nature of interesting phenomena such as superconductivity, multiferroicity or
magnetoresistance in condensed-matter science. Here a consistent mean-field calculation endowed with antiferromagnetic (AFM)
exchange interaction (J), easy axis anisotropy (γ), uniaxial single-ion anisotropy (D) and Zeeman coupling to a magnetic field parallel
to the AFM easy axis consistently unifies the AFM state, spin-flop (SFO) and spin-flip transitions. We reveal some mathematically
allowed exotic spin states and fluctuations depending on the relative coupling strength of (J, γ and D). We build the
three-dimensional (J, γ and D) and two-dimensional (γ and D) phase diagrams clearly displaying the equilibrium phase conditions
and discuss the origins of various magnetic states as well as their transitions in different couplings. Besides the traditional first-order
type one, we unambiguously confirm an existence of a second-order type SFO transition. This study provides an integrated
theoretical model for the magnetic states of collinear antiferromagnets with two interpenetrating sublattices and offers a practical
approach as an alternative to the estimation of magnetic exchange parameters (J, γ and D), and the results may shed light on
nontrivial magnetism-related properties of bulks, thin films and nanostructures of correlated electron systems.

npj Computational Materials (2016) 2, 16032; doi:10.1038/npjcompumats.2016.32; published online 14 October 2016

INTRODUCTION
Nontrivial magnetism-related properties such as super-
conductivity, multiferroicity or magnetoresistance of correlated
electron systems1–5 continue to be exciting fields of research in
both theoretical and experimental condensed-matter science.
Such experimental observations pose their specific challenges
to a complete theoretical framework.6–9 These macroscopic
functionalities may intricately connect with quantum phase
transitions, strictly speaking, occurring at zero temperature and
corresponding fluctuations on the border of distinct phases of a
quantum phase transition.10–18 Such quantum phase transitions
and fluctuations can be realised and finely tuned by a non-
temperature control parameter such as pressure, chemical
substitution or magnetic field. A complete understanding of such
experimental observations necessaries a full reveal of all possible
ground states and especially magnetic-field-driven phase
transitions and fluctuations of magnets, which is the central topic
of our present study focusing on a theoretical calculation
accommodating competitive and cooperative interactions19–23

for collinear antiferromagnets.
For a collinear antiferromagnet below the Néel temperature,

when a magnetic field (B) applied along the antiferromagnetic
(AFM) easy axis reaches a critical value (BSFO), the AFM sublattice
spins suddenly rotate 90° so that they are perpendicular to the
original AFM easy axis. This is the traditional spin-flop (SFO)
transition, typically a first-order (FO) type in character. After this,
the flopped spins gradually tilt toward the field direction with
increasing field strength (B4BSFO) until they are completely
aligned at a sufficiently high magnetic field (BSFI), which is the
so-called spin-flip (SFI) transition. These magnetic-field-driven

magnetic phase transitions of collinear antiferromagnets are
schematically sketched in Figure 1.
Experimentally, identifying the nature of a SFO transition, FO or

second order (SO) remains a major challenge in condensed-matter
science mainly due to the technically unavoidable effect of
misalignment between the relevant AFM easy axis and an applied-
field direction. Néel for the first time proposed theoretically the
possibility for a SFO transition in 1936.24 Subsequently, it was
observed experimentally in a CuCl2·2H2O single crystal.25 Since
then, the SFO phase transition has been extensively investigated,
and the corresponding phenomenological theory has been
comprehensively developed, generally confirming that it is of
FO in nature.26–41 However, most of the reported ‘sharp’ SFO
transitions34,42,43 display no magnetic hysteresis effect character-
istic of a FO phase transition. This was attributed either to a low
magnetic anisotropy34,43 or to a softening of surface magnons.44

In addition, some FO SFO transitions are obviously continuous
occurring in a broad magnetic-field range, which was attributed
either to a domain effect resulting from an inhomogeneous
character of the diluted systems or to a misalignment of
applied magnetic field with regard to the AFM easy axis.32,45,46

On the other hand, such kind of continuous magnetic phase
transitions,47,48 the absence of magnetic hysteresis and the
experimental observation of a possible intermediate phase in
the SFO compound CoBr2·6[0.48D2O, 0.52H2O],

49,50 cast consider-
able doubt on the nature of SFO transitions and in addition may
indicate a SO-type phase transition. Experimentally, it is not easy
to distinguish the origin of a virtual SO-type SFO transition
because the allowed small misalignment for a FO SFO
transition32,45,46 is usually beyond the present experimental
accuracy, and any larger misalignment may change a FO-type
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into a SO-type broadening SFO transition. Although early
theoretical calculations predicted an intermediate regime border-
ing with the AFM and spin-flopped states,51–53 these either have
not yet been confirmed based on the principle of minimum total
potential free energy, or the used theoretical model overlooked
the singe-ion anisotropy that is of very important for lanthanides
and actinides.54–58 In addition, a rotating ferromagnetic (FM)
phase was also predicted for a SFO antiferromagnet while
increasing magnetic field along the AFM easy axis.51,59 However,
such kind of unusual magnetic phase has never been observed
experimentally, which renders the validity of the phase undecided.
Herein, the magnetic-field-driven SFO and SFI phase transitions

of localised collinear antiferromagnets with two sublattices are
explored with a mean-field theoretical calculation. Our model
unifies all possible magnetic ground states and reveals some
interesting magnetic phase transitions and coexistences of some
of the magnetic states. This study unambiguously reveals a
SO-type SFO transition via comparing numerically the relative
sublattice-moment-related free energy. We conclusively rule out
the possibility for a rotating FM-like magnetic state.51 This model
calculation consistently covers all possible magnetic-field-driven
magnetic states of collinear antiferromagnets. We further deduce
an alternative to the estimation of magnetic exchange parameters
(J, γ and D).

RESULTS
Derived equilibrium magnetic states
Possible equilibrium magnetic states can be derived from different
combinations of the FO partial differential equations, i.e.,
∂E
∂β ¼ ∂E

∂ϕ ¼ 0 (β corresponds to the angle of AFM sublattice
moments M+ and M− away from the M0

-M
0
þ axis and ϕ denotes

an angle of the AFM easy direction away from the z axis) with
Equation (28):

2DM0 sinϕ cos ð2βÞ þ γM0 sinϕ - B sin β ¼ 0;
2JM0 sin βþ 2DM0 cos ð2ϕÞ sin β
þγM0 sin β - B sinϕ ¼ 0;

8<: ð1Þ

cosϕ ¼ 0;
2JM0 sin βþ 2DM0 cos ð2ϕÞ sin β
þγM0 sin β - B sinϕ ¼ 0;

8<: ð2Þ

2DM0 sinϕ cos ð2βÞ þ γM0 sinϕ - B sin β ¼ 0;
cos β ¼ 0;

�
ð3Þ

cosϕ ¼ 0;
cos β ¼ 0:

�
ð4Þ

In the following, the four combinations (1–4) will tentatively be
solved, and the resulting solutions will be connected with physical
meanings accordingly.
(i) First, the combination (1) involves the most formidable

challenge, and one can obtain ultimately two solutions:

ðAÞ sinϕ ¼ sin β ¼ 0; i:e:; ϕ ¼ β ¼ 0;
ðBÞ sinϕ ¼ δ sin β; where

ð5Þ

sin β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δM0ð2DþγÞ - B

4δM0D

q
and

δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Jþ2Dþγ
2Dþγ

q
:

ð6Þ

The former case (A) is associated with an AFM ground state as
shown in Figure 1a, whereas the latter case (B) signifies a
correlated change of ϕ with β. As shown in Figure 1, 0°⩽ϕ⩽ 90°.
Consequently, there are two boundary magnetic fields
corresponding to the second solution of the combination (1)
(i.e., a SFO transition). When ϕ= 0, sin ϕ= δ sin β= 0. One can
deduce that the initial magnetic field for the beginning of the SFO
transition

BSFOB ¼ M0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Dþ γÞð2J þ 2Dþ γÞ

p
: ð7Þ

When ϕ ¼ π
2, δ sin β= 1, therefore, the final magnetic field for the

ending of the SFO transition

BSFOF ¼ M0ð2J - 2Dþ γÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Dþ γ

2J þ 2Dþ γ

s
: ð8Þ

When BSFOB⩾ BSFOF, one can derive the precondition of a FO SFO
transition: D⩾ 0 and 2D+γ40. On the other hand, when
BSFOBoBSFOF, i.e., - 1

2γ<D<0, a surprising SO SFO transition
occurs spontaneously, which originates from a negative single-
ion anisotropy (relative to the magnetic interaction) that is
additionally restricted to a certain range by the anisotropic
exchange interaction (γ).
(ii) The combination (2) implies that

ϕ ¼ π
2; and

sin β ¼ B
M0ð2J - 2DþγÞ;

ð9Þ

which corresponds to the process of a SFI transition (Figure 1c).
When

B ¼ BSFI ¼ M0ð2J - 2Dþ γÞ; ð10Þ
β ¼ π

2, implying a spin-flipped (SFID) state (Figure 1d). Therefore,
the SFI transition field BSFI depends not only on the moment size
M0 but also on the values of J, γ and D.

Figure 1. Schematic SFO and SFI transitions of a collinear two-sublattice antiferromagnet. (a) In a normal AFM state, the AFM easy axis M0
-M

0
þ

coincides with the localised sublattice moments M+ and M− (supposed to be along the z axis). (b) A SO SFO transition. ϕ denotes an angle of
the AFM easy direction away from the z axis. β1 and β2 correspond to the angles of sublattice moments M+ and M− away from the M0

-M
0
þ axis,

respectively. (c) When ϕ= 90°, the sublattice moments are flopped at BSFO and then tilted away from the x axis by an angle β. (d) The sublattice
moments M+ and M− are completely aligned along the B direction in a strong enough magnetic field BSFI.
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(iii) From the combination (3), one can deduce that

β ¼ π
2; and

sinϕ ¼ B
M0ðγ - 2DÞ:

ð11Þ

When β ¼ π
2, both sublattice moments M+ and M− are perpendi-

cular to the AFM axis M0
-M

0
þ, forming a rotating (with magnetic

field B) FM-like state. The value of ϕ can intrinsically be modified
by a change in magnetic field B.
(iv) The simplest combination (4) indicates ϕ ¼ β ¼ π

2, which
corresponds to a SFID state as schematically shown in Figure 1d.

Free energy calculations
To calculate free energy scales of the deduced magnetic states
from the four combinations (1–4), one can substitute their
respective equilibrium phase conditions as discussed above back
into Equation (28) and then obtain:

EAFMðz - axisÞ ¼ - J þ γ þ 2Dð ÞM2
0 0�B<BSFOð Þ; ð12Þ

Ex - axis ¼ - JM2
0ðϕ ¼ 90�; β ¼ 0�Þ; ð13Þ

ESFI ¼ - JM2
0 -

B2

2J - 2Dþ γ
ðBSFO�B<BSFIÞ; ð14Þ

ESFID ¼ ð - 3J þ 2D - γÞM2
0 ¼ ½ - J - ð2J - 2Dþ γÞ�

M2
0ðB ¼ BSFIÞ; ð15Þ

EFM - like ¼ JM2
0 -

B2

γ - 2D
½0�B�M0ðγ - 2DÞ�; ð16Þ

the one corresponding to the deduced SO SFO transition
(Figure 1b) is presented individually as below due to its
complexity:

ESO- SFO ¼ - JM2
0ð1 - 2 sin 2βÞ - γM2

0ð1 - sin 2β - δ2 sin 2βÞ -DM2
0

½1þ ð1 - 2δ2 sin 2βÞð1 - 2 sin 2βÞ� - 2BM0δ sin
2β

ð sin β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δM0ð2Dþ γÞ - B

4δM0D

s
; δ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 2Dþ γ

2Dþ γ

s
;

-
1
2
γ<D<0; BSFOB�B<BSFOFÞ: ð17Þ

To quantitatively compare the free energies, Equations (12, 13, 14,
15, 16, 17) in the following the comparison will be divided into
three parts based on the value of D.

(i) First, the case of the SO SFO transition under the phase
condition - 1

2γ<D<0 is presented. Supposing that M0 = 4 μB,
J= 2 T/μB, D=− 0.2 T/μB and BSFOB = 8 T,28,60 which are all
substituted into Equation (7), one thus gets γ~ 1.228 T/μB
that satisfies the boundary condition D4 - 1

2γ. Therefore,
based on these values, one can obtain that BSFOF ~ 9.325 T
(Equation (8)), δ~ 2.414 (Equation (6)) and BSFI ~ 22.514 T
(Equation (10)). Hence, the relative sublattice-moment-

Figure 2. Calculated relative sublattice-moment-related free energies of the deduced magnetic states and the corresponding variations of the
free energy slopes, ∂E/∂B, as a function of magnetic field B. (a) When - 1

2γ<D<0, a SO SFO transition occurs. Here we suppose that M0= 4 μB,
J= 2 T/μB, D=− 0.2 T/μB and BSFOB= 8 T. (b) When D= 0 and γ40, a FO SFO transition happens. Here we suppose that M0= 4 μB, J= 2 T/μB,
D= 0 T/μB and BSFOB= 8 T. (c) When D40 and D4 - 1

2γ, a FO SFO transition occurs. Here we suppose that M0= 4 μB, J= 2 T/μB, D= 0.2 T/μB and
BSFOB= 8 T. In a–c, the calculated free energies are all plotted for a clear comparison. The insets of a, c show an enlargement of the most
interesting magnetic-field regimes. The ESFI under BoBSFOF is also shown (dashed read line, as marked). In c, the mathematically permissible E
of the SO SFO transition is also displayed. In any case, the solid lines as shown in a–c represent the theoretically allowed magnetic ground
states and associated magnetic phase transitions with a change in the strength of magnetic field B. (d) When - 1

2γ<D<0, the first derivative of
the sublattice-moment-related free energy E with regard to magnetic field B equals to zero in the AFM state and displays a continuous change
while undergoing the SO SFO transition from BSFOB to BSFOF and then the SFI transition from BSFO to BSFI. (e) When D= 0 and γ40, and (f) D40
and D4 - 1

2γ, an abrupt change in the slope occurs at the FO SFO transition field BFO-SFO= BSFO.
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related free energies of all possible magnetic states can be
calculated as shown in Figure 2a.

(ii) Second, with the above-assumed parameters, if one sets
D= 0 T/μB, then γ~ 0.828 T/μB and BSFOF = BSFOB = 8 T, which
corresponds to a FO SFO transition. The calculated relative
free energies at D= 0 T/μB are shown in Figure 2b.

(iii) Third, in the case of D40, BSFOB4BSFOF. To extract the exact
field for the FO SFO transition, solving EAFM (Equation
(12)) = ESFI (Equation (14)) yields that

BSFO ¼ M0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Dþ γÞð2J - 2Dþ γÞ

p
: ð18Þ

If one sets D= 0.2 T/μB, then γ~ 0.561 T/μB and BSFI ~ 16.645 T.
The corresponding free energy scales at D= 0.2 T/μB are displayed
in Figure 2c.

Nature of the SFO and SFI transitions
As shown in Figure 2a, an AFM state persists up to BSFOB, then a
SO SFO transition occurs in the range of magnetic fields
BSFOB⩽ B⩽ BSFOF, followed by a SFI transition at B4BSFOF. Finally,
all sublattice spins are aligned along the magnetic field direction
at BSFI. By contrast, as shown in Figure 2b,c, an antiferromagnet
experiences a FO SFO transition at BFO-SFO and then enters directly
into the process of a SFI transition. It is pointed out that an
occurrence of the SFO transition is attributed to the existence of
magnetic anisotropy, γ and/or D. In the SFOD state,

sin β ¼ BSFOðor BSFOFÞ
M0ð2J - 2Dþ γÞ: ð19Þ

Therefore, the angle β can never be zero, which is a sharp contrast
to the traditional FO-type SFO transition, where β= 90° in the
SFOD state.

We calculate the angles ϕ and β, and further confirm the FO and
SO SFO transitions. The nature of a SFO transition can also be
recognised by the character, continuous or discontinuous, of the
first derivative of the free energy (Figure 2) with regard to
magnetic field based on the Ehrenfest’s criterion61 for the FO and
the SO phase transitions. A continuous slope change is clearly
illustrated in Figure 2d, where one can easily deduce that the
second derivative ∂2E/∂2B is indeed discontinuous. By contrast, an
abrupt change in the slope is obviously displayed at BFO�SFO in
Figure 2e,f. To better understand the magnetic phase transitions
with field, the values of the angles ϕ and β (Figure 1) for all
deduced magnetic states are calculated in the whole magnetic
field range as shown in Figure 3a,b. The SO (Figure 3a) and FO
(Figure 3b) SFO transitions are much clear in terms of the
variations of ϕ and β with magnetic field. Until now, it can
convincingly be concluded that a SO SFO transition indeed exists
theoretically.

DISCUSSION
Equilibrium phase conditions of the magnetic states and nature of
the magnetic phase transitions
We first rule out the rotating FM-like state. It is clear that in the
magnetic-field range B⩽ BFM, the relative sublattice-moment-
related free energy EFM− like is always higher than those of other
allowed magnetic states (Figure 2), indicating that the rotating
FM-like state does not exist at all in view of its relatively higher
free energy.
To clearly present the deduced magnetic ground states

and associated magnetic phase transitions with magnetic field,
we calculate the three-dimensional (J, γ and D) and the
two-dimensional (γ and D) phase diagrams as shown in the up

Figure 3. Variations of the angles ϕ and β with magnetic filed B and a direct SFI transition from the AFM state and the corresponding change
of the angles ϕ and β when D ¼ - 1

2γ and J4− γ, corresponding to Figure 4d. (a) When - 1
2γ<D<0, ϕ and β increase continuously in the range

of magnetic fields BSFOB⩽ BoBSFOF, suggesting a SO SFO transition. When BSFO⩽ B⩽ BSFI, ϕ= 90°, and β keeps a continuous increase up to 90°
at BSFI. (b) When D⩾ 0 and D4 - 1

2γ, ϕ suddenly increases up to 90° at BSFOB= BSFOF= BSFO indicative of a FO SFO transition, after which the
magnetic phase enters into the process of a SFI transition. In a, b, below BSFOB (BSFO), ϕ= β= 0°; above BSFI, ϕ= β= 90°. (c) The calculated
relative sublattice-moment-related free energies when D ¼ - 1

2γ and J4− γ. In this case, BSFO= 0, and thus a SFI transition occurs directly
while B40. (d) The corresponding variations of the angles ϕ and β with magnetic field B. In c, d, M0= 4 μB, J= 2 T/μB, D=− 0.2 T/μB and
γ= 0.4 T/μB.
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Figure 4. Three-dimensional (J, γ and D; up panel a–f) and two-dimensional (γ and D; down panel) phase diagrams of a collinear two-sublattice
antiferromagnet. (a) When D4± 0.5γ and J41

2ð2D - γÞ, a FO SFO transition 1 occurs. (b) When 0⩽D⩽ 0.5γ, a FO SFO transition 2 occurs. It is
pointed out that here γ and D cannot be zero simultaneously. (c) When - 1

2γ<D<0, a SO SFO transition occurs. (d) When D ¼ - 1
2γ and J4− γ,

there is no SFO transition occurring at all. In this case, the antiferromagnet in question goes directly to a SFI transition from the AFM state, and
the xz plane becomes an AFM easy plane. (e) When D< - 1

2γ, the AFM easy axis changes automatically from the z to the x direction. (f) When
D4± 0.5γ and 0<J<1

2ð2D - γÞ, the magnet hosts a FM state albeit with an AFM magnetic exchange.
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and down panels of Figure 4, respectively. The corresponding spin
configurations in point are schematically exhibited in Figure 5.
In this study, for an antiferromagnet J40. When Jo0, on the

other hand, the magnet houses a FM state (Figures 4a,f and 5f).
In addition, for the existences of the SFO (FO or SO) and SFI
transitions, BSFOF40 (Figure 1b; Equation (20)), BSFO40 (Figure 1c;
Equation (22)) and BSFI40 (Figure 1d; Equations (20) and (22)).
One thus deduce that J41

2ð2D - γÞ for the validation of these
magnetic states. Furthermore, by comparing Equation (12) with
Equation (15), one can finally conclude that there exists the
possibility for a FM state even when J40, as shown in Figures 4f
and 5f, where 0<J<1

2ð2D - γÞ.
From foregoing remarks, we know that for a FO SFO transition,

D⩾ 0 and D4 - 1
2γ. By including the condition of J41

2ð2D - γÞ for
the validated existence of an antiferromagnet, one can divide the
FO SFO transition into two regimes:
(i) FO SFO transition 1: D471

2γ and J41
2ð2D - γÞ (Figures 1c

and 4a);
(ii) FO SFO transition 2: 0�D�71

2γ (Figures 1c and 4b).
In addition, for a SO SFO transition, - 1

2γ<D<0 (Figures 1b
and 4c). It is pointed out that when - 1

2 γ<D<
1
2γ, it is always true

that J41
2ð2D - γÞ. The difference between the two types of FO

SFO transitions (1 and 2) in the context of J is that for the FO SFO
transition 1, J40 and J41

2ð2D - γÞ; by contrast, for the FO SFO
transition 2, J can be any values larger than zero. As shown
in Figure 4d, when D ¼ - 1

2γ, BSFOB = BSFOF = 0 (Equation (20)).
Therefore, the antiferromagnet directly enters a SFI transition
(Figure 5b). To further demonstrate this interesting magnetic
phase transition, we calculate the relative free energies and the
variations of the angles ϕ and β (with the parameters M0 = 4 μB,
J= 2 T/μB, D=− 0.2 T/μB and γ= 0.4 T/μB) as shown in Figure 3c,d.
It is clear that this magnetic phase transition is theoretically
favourable. It is more interesting that if J=− γ, Equation
(12) = Equation (15), which implies that the AFM state can coexist
with the SFID state (Figure 5c,g). Based on the above discussion,
it is reasonable to deduce that when J= 0 (a paramagnetic
state) and D= γ= 0 (without any magnetic anisotropy), all
paramagnetic spins will direct and be bounded to an applied-
field direction when B40 (Figure 5d). This is the so-called
superparamagnetic state.
When D< - 1

2γ, EAFM (Equation (12)) is always larger than Ex-axis
(Equation (13)), which indicates that the AFM easy axis will change
from the z to the x direction (Figures 4e and 5e). Therefore, the
AFM easy direction is determined by the competition between
magnetic anisotropies, γ and D.

An alternative method of estimating the magnetic exchange
parameters (J, γ and D)
As foregoing remarks, when - 1

2γ<D<0 (Figure 1b), a SO SFO
transition occurs in the antiferromagnet. With the known
exchange parameters (J, γ and D), one can calculate the SFO
(BSFOB and BSFOF) and SFI (BSFI) fields, i.e.,

BSFOB ¼ M0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Dþ γÞð2J þ 2Dþ γÞp
;

BSFOF ¼ M0ð2J - 2Dþ γÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dþγ

2Jþ2Dþγ

q
;

BSFI ¼ M0ð2J - 2Dþ γÞ:

8><>: ð20Þ

On the other hand, if the values of BSFOB, BSFOF and BSFI are
known, one can calculate the corresponding values of J, γ and D
according to the following deduced equations from the above
Equation 20, i.e.,

D ¼ BSFI
4M0

BSFOB - BSFOF
BSFOF

� �
;

γ ¼ 1
M0

BSFOBBSFOF
BSFI

- BSFIðBSFOB - BSFOFÞ
2BSFOF

h i
;

J ¼ 1
2M0

BSFI - BSFOBBSFOF
BSFI

þ BSFIðBSFOB - BSFOFÞ
BSFOF

h i
:

8>>><>>>: ð21Þ

When D⩾ 0, D4 - 1
2γ and J41

2ð2D - γÞ (Figure 1c), a FO SFO
transition occurs, and

BSFO ¼ M0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Dþ γÞð2J - 2Dþ γÞp
;

BSFI ¼ M0ð2J - 2Dþ γÞ:
�

ð22Þ

Although it is impossible to solve the above Equation 22 to extract
the detailed values of J, γ and D, one can deduce that

2Dþ γ ¼ B2SFO
M0BSFI

: ð23Þ

Hence, one can calculate two special cases, i.e.,

if D ¼ 0
then γ ¼ B2SFO

M0BSFI
; and

J ¼ B2SFI - B
2
SFO

2M0BSFI
;

8><>: ð24Þ

and

if γ ¼ 0

then D ¼ B2SFO
2M0BSFI

; and

J ¼ B2SFIþB2SFO
2M0BSFI

:

8><>: ð25Þ

Figure 5. Mathematically allowed magnetic states of a collinear
two-sublattice antiferromagnet as a function of J, γ, D and B. (a) As
magnetic field B increases from 0 to BSFO (for a FO SFO transition) or
to BSFOB and BSFOF (for a SO SFO transition) and then to BSFI, the
antiferromagnet transfers from an AFM ground state to a FO SFO
transition 1 or a FO SFO transition 2 or a SO SFO transition, and then
to a SFOD state, from where a SFI transition occurs until all spins are
flipped by applied magnetic field. (b) When D ¼ - 1

2γ and J4− γ,
there exists an AFM easy plane. (c) When D ¼ - 1

2γ and J=− γ, the
SFID state has the same energy level as that of the AFM ground
state. (d) Based on the above analysis of b, c, one can deduce that
when J=D= γ= 0, if magnetic field B40 applied, all spins will
directly go to the SFID state and point to the applied-field direction.
This is the so-called superparamagnetism. (e) When J40 and
D4 - 1

2γ, the AFM easy axis is along the z direction, whereas when
D< - 1

2γ, the x axis becomes an AFM easy direction. (f) When J40
and J41

2ð2D - γÞ, the magnet houses an AFM state, whereas when
J<1

2ð2D - γÞ, the spins are ferromagnetically arranged. (g) When J40
and J ¼ 1

2ð2D - γÞ, it is reasonable to deduce that the AFM state
coexists with the FM state.
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Traditionally, through fitting the relevant Q (momentum)–E
(energy) spectra recorded usually by inelastic neutron scattering,
one can extract the magnetic exchange parameters (J, γ and D).
Here based on our model, one can first obtain the values of BSFO
(BSFOB and BSFOF) and BSFI for a suitable SFO and SFI compound,
e.g., via magnetisation measurements using a commercial physical
property measurement system or a Quantum Design MPMS-7
SC quantum interference device magnetometer (San Diego, CA,
USA). Then, the values of J, γ and D can be estimated according to
Equations (21), (24) or (25).

CONCLUSIONS
In summary, a consistent mean-field calculation of the SFO and
SFI phase transitions has been performed for localised
collinear antiferromagnets with two sublattices. In this study,
we can unify all possible magnetic ground states as well as related
magnetic phase transitions within one model. Some special
magnetic states are derived with a change in the strength of
magnetic field:

(i) A rotating FM-like state (that is finally ruled out);
(ii) A SO SFO transition;
(iii) A direct SFI transition from the AFM state without experien-

cing a SFO transition as usual;
(iv) An existence of the FM state;
(v) A coexistence of the AFM and FM states even when the

magnetic exchange is of AFM.

Based on the quantitative changes of the ground-state free
energies, the case (i) has been clearly ruled out, and the others
indeed exist theoretically. This model calculation unifies the
AFM state, FO and SO SFO transitions, SFOD state, SFI transition as
well as the SFID state. Their respective phase boundary conditions
are extracted and clearly listed. We find an alternative to the
estimation of magnetic exchange parameters (J, γ and D).
Inelastic neutron scattering studies of suitable real SFO and
SFI compounds to extract the relevant parameters for an
experimental verification of the phase boundary conditions and
especially the studies in the intermediate coupling regimes to
explore possible quantum fluctuations will be of great interest and
challenge, and Equation (28) merits a tentative expansion with
more agents such as temperature and an angle denoting the
misalignment between AFM axis and applied magnetic field
direction.

MATERIALS AND METHODS
The calculation presented here is limited to purely localised collinear
AFM systems, ignoring the effect of valence electrons on magnetic
couplings. For a two-sublattice AFM spin configuration (Figure 1), the
corresponding Hamiltonian terms consist principally of magnetic
exchange, spin-exchange anisotropy, single-ion anisotropy and
Zeeman coupling to an external magnetic field. Assuming that an AFM
easy direction consistent with the localised sublattice moments M+

and M− is along the z axis (Figure 1a) and that the subsequent
completely flopped spins are parallel to the x axis (Figure 1b and c), the
sublattice-moment vectors within the xz plane (Figure 1b) can thus be
written as:

cMþ ¼ Mþ½x̂ sin ðϕ - β1Þ þ ẑ cos ðϕ - β1Þ� anddM - ¼ -M- ½x̂ sin ðϕþ β2Þ þ ẑ cos ðϕþ β2Þ�;

(
ð26Þ

respectively, where x̂ and ẑ are the unit vectors along the x and z axes,
respectively, and the angles ϕ, β1 and β2 are defined as marked in Figure 1.
Therefore, the resultant sublattice-moment-related free energy (E) within a

mean-field approximation can be calculated by:

E ¼ JMþUM - þ γMz
þM

z
- -D ðMz

þÞ2 þ ðMz
- Þ2

h i
- BðMz

þ þMz
- Þ

¼ - JMþM- cos ðβ1 þ β2Þ - γMþM - cos ðϕ - β1Þ cos ðϕþ β2Þ
-D M2

þ cos 2ðϕ - β1Þ þM2
- cos 2ðϕþ β2Þ

� �
- B Mþ cos ðϕ - β1Þ -M - cos ðϕþ β2Þ½ �;

ð27Þ

where the four terms in turn denote the four Hamiltonian components as
the foregoing remarks, and J (40), γ and D are the AFM coupling,
anisotropic exchange and single-ion anisotropic energies, respectively. In
an unsaturation magnetic state, with increasing magnetic field B (|| z axis)
as shown in Figure 1a,b, the sublattice moment M+ (M− ) increases
(decreases) as a consequence, which leads to β1oβ2. At the lowest
temperature T=0 K, i.e., in a real saturation magnetic state, M+≡M− =M0

and thus β1≡ β2 = β. Hence, Equation (27) can be simplified as:

E ¼ JM2
0 cos ð2βÞ - γM2

0 cos ðϕ - βÞ cos ðϕþ βÞ
-DM2

0 cos 2ðϕ - βÞ þ cos 2ðϕþ βÞ� �
- BM2

0 cos ðϕ - βÞ - cos ðϕþ βÞ½ �

¼ - JM2
0 cos ð2βÞ -

γM2
0

2
cos ð2ϕÞ þ cos ð2βÞ½ �

-DM2
0 1þ cos ð2ϕÞ cos ð2βÞ½ � - 2BM0 sinϕ sin β:

ð28Þ
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