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Chiral magnetism and spontaneous spin Hall effect
of interacting Bose superfluids

Xiaopeng Li', Stefan S. Natu!, Arun Paramekanti?3 & S. Das Sarma

Recent experiments on ultracold atoms in optical lattices have synthesized a variety of
tunable bands with degenerate double-well structures in momentum space. Such degen-
eracies in the single-particle spectrum strongly enhance quantum fluctuations, and often lead
to exotic many-body ground states. Here we consider weakly interacting spinor Bose gases in
such bands, and discover a universal quantum ‘order by disorder’ phenomenon which selects
a novel superfluid with chiral spin order displaying remarkable properties such as sponta-
neous spin Hall effect and momentum space antiferromagnetism. For bosons in the excited
Dirac band of a hexagonal lattice, such a state supports staggered spin loop currents in real
space. We show that Bloch oscillations provide a powerful dynamical route to quantum
state preparation of such a chiral spin superfluid. Our predictions can be readily tested in
spin-resolved time-of-flight experiments.
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ARTICLE

he ability to optically address and manipulate the spin and

momentum of electrons in a solid is not only of

fundamental importance, as it can lead to novel states of
matter with unusual properties and consequent functionalities,
but also forms the basis for the fertile fields of spintronics and
valleytronics! 3. Recent experimental progress in the field of
ultracold atomic gases has led to the creation of optical lattices
supporting bandstructures with multiple minima (valleys)*~18,
and setups which allow for the study of low-dlmensmnal
transport  phenomena'>!%-22,  Experimentally, this valley
degeneracy is achieved by consrdermg atoms with Raman
induced synthetic spin-orbit couphn 8-10.23 " or by loading
atoms in shaken optical lattices'>™, excited 1p‘ncal lattice
bands” 1121524 or  engineered 7-flux lattices'®!8, These
landmark developments herald the emergence of valleytronics
(or atomtronics) for cold atoms, and set the stage for the
discovery of novel phases of atomic matter.

The presence of multiple valley and spin degrees of freedom
often leads to a large degeneracy of single-particle ground states.
When such extensive degeneracies persist at mean-field level,
many-body fluctuations have a crucial role in selecting the
eventual ground state. Indeed, this is the basis for fascinating
phases such as fractional quantum Hall liquids in degenerate
Landau levels®>, unexpected magnetic orders in quasi-one
dimensional bands26 27 and highly entangled quantum spin
liquids in frustrated magnets®3. In certain systems, fluctuations
can select unusual long-range ordered many-body states which
have the maximal entropy out of the set of energetically
degenerate states, a phenomenon dubbed ‘thermal order by
disorder?®39, On the other hand, at low temperatures, the
selection may favour ordered states with lower quantum zero
po1nt fluctuation on top of the mean-field energy, leading to
‘quantum order by disorder’*’. However, a direct identification of
this phenomenon in solid state systems is often complicated by
the presence of ordinarily negligible and material-specific terms
in the Hamiltonian, which can overwhelm the order-by-disorder
physics. Ultracold atoms, with clean and well-characterized
tunable Hamiltonians, provide a particularly attractive platform
to expose this remarkable phenomenon.

Single species of repulsive bosons loaded into a multivalley
dispersion will typically condense at a single minimum due to
mean-field interactions. This spontaneously broken valley
symmetry concurrently leads to a broken inversion and time-
reversal symmetry (TRS). Such a condensate in a n-flux triangular
lattice ylelds staggered charge loop current order on triangular
plaquettes'® For weak interactions, the phy51cs of this state
is well captured by Gross—Pitaevskii theory®. Analogues of such
double-valley condensation of single- component bosons may be
realized for magnons in magnetic 1nsulat0rs3 38 and pumped
exciton-polaritons in quantum wells*®. By contrast, as we show
here, the physics of multi-component bosons loaded into such
bands is far richer, due to an extra spin-valley degeneracy,
which persists even at the classical interacting level so that
quantum fluctuations have a crucial role in selecting the eventual
ground state.

Here we study two-component or equivalently pseudo-spin-1/2
bosons loaded into a multivalley band. This produces an extra
spin-valley degeneracy, since each spin state can be localized in
one of two valleys. We show that quantum fluctuations lead to a
‘quantum order by disorder’ effect in such a system, where
opposite spins condense at the two minima, giving rise to chiral
spin order in the system. Remarkably, this selection is ‘universal’,
in that it is independent of the microscopic details, such as the
lattice geometry or the precise dispersion, and is guaranteed by
the symmetry which protects the valley degeneracy. The most
direct experimental consequence of this chiral spin order is

2

[d¥k[n1(k) —n| (k)] #0, while [d?k[n;(k) —n (k)] =0, where
ny,1 (k) is the spin-resolved momentum distribution. The
emergent coupling between spin and orbital motions leads to
an interaction-induced spontaneous spin Hall effect of bosons in
optical lattices lacking inversion symmetry.

Taking a concrete example of spinor bosons loaded at massive
Dirac points of a graphene like lattice, such as that recently
realized experimentally'!, we predict that chiral spin order
implies spin loop currents in real space. With increasing
interaction strength, we find a rich phase diagram, with phase
transitions between partially and fully polarized superfluid phases
and Mott insulating phases separated by an emergent quantum
tricritical point. We show that Bloch oscillation techniques
provide a high fidelity route to preparing the chiral spin
superfluid and studying the concomitant bosonic spin Hall
phenomena.

Results
Emergence of chiral spin order. We first illustrate a minimal
model which supports a chiral superfluid ground state. We
consider two-component pseudo-spin-1/2 bosons in a spin-
independent optical lattice, described by the Hamiltonian
H=Hy+ H,,, with

dk
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where ¢, is the lattice annlhllatlon operator with its Fourier
transform ¢,(k) =>  oxe ™ ,(k) is the energy dispersion,
which is identical for both spin T and |, u, is the chemical
potential, and U,y is the density-density interaction. Our
treatment in the following is valid in spatial dimensions d=2 or
3. We study a situation where the single-particle dispersion ¢(k)
possesses two minima, at generically incommensurate wave-
vectors + K related by TRS. Note that TRS here refers to an
anti-unitary symmetry Tep, (k)T ™~ 1= ¢,(—Kk), under which the
spin is left unchanged, and the dispersion for such a system obeys
€(k) =¢e(— k). This is because ‘spin’ in our case simply refers to
distinct hyperfine states of an atom. Throughout, we will set
€(£K)=0 as the energy reference point. In the presence of
translational symmetry, interactions preserve lattice momentum,
and the coupling constant in momentum space reads
an’(‘l) = ZrUa',x;a',x + relq.l:

For weak interactions, the bosons condense at the two minima
at + K, and the condensate wavefunction takes the form:

(par:<(/)atr>:\/mei0+ ,rreiK-r + \/Eei()f T~ iK-r (2)

Here p . , refers to the density of each spin component at the
+ K valleys, and 0, , phases of the spin component ¢ at the two
valleys. For single species bosons with short-ranged repulsion,
the coexistence of + K and — K costs exchange interaction
(U;4(2K) > 0), so a single-valley condensation associated with the
spontaneous breaking of wvalley symmetry is energetically
favoured. In the two-component case we study, this exchange
mechanism implies that p, ,; p,,T P4s1p—>y =0, provided
|UTL(ZK)|<(UH(2K)UH(2K)) , a condition which is easily
satisfied for weakly interacting repulsive $ inor bosons (for
example the mp= +1 hyperfine states of 2°Na (ref. 40)). For
contact interactions, this criterion reduces to the familiar criterion
for a miscible (spin mixed) phase in real space>®

Therefore at the mean-field level, each component condenses
at a single momentum (either +K or —K), yielding four
degenerate choices for the condensate wavefunction ((p“, Q)
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(_|_ +)E(eiK~r) eiK~r)’ (+ _)E(eiK-r) efiK~r), (_ —)E
(e~ K1 o= KTy and (— 4)=(e KT, ¢KT) The degeneracy
of (+ +) with (— —) [or (+ —) with (— +)] is guaranteed by
TRS. However the degeneracy of (+ +) with (+ —) is due to an

accidental symmetry in the mean-field energy,

with E[@; @ ,J=H|por—gor, resulting from the density-density
nature of interactions, which conserve the populations of each of
the two spin components separately. In the (+ +) or (— —)
state, we have chiral charge (y.) order f ddk/(21t)dk
(O R)DK) Y #0, with D= (¢; »¢,)’, while in the (+ —) or
(— +) state, we have chiral spin (y) order [ a9/ (2m) %k
(DT (K)o, D(k) > #0. In ultracold atom experiments, chiral spin
and charge orders can be distinguished by spin-resolved, time-of-
flight measurements! 141,

In the asymptotically weak interaction limit, only the minimal
momentum points + K can be populated in the ground state, and
the classical degeneracy is exact. We now investigate how
quantum fluctuations lift this degeneracy through an ‘order by
disorder’ mechanism. To capture fluctuation effects, we start with
a heuristic argument on the basis of second order perturbation
theory. The dominant inter-spin scattering processes which lower
the mean-field energy for the (+ +) and (4 —) (or equivalently
the (— —) and (— +)) states at second order are shown in
Fig. 1. Physically these processes correspond to annihilating two
condensate atoms in opposite spin states and creating two non-
condensed atoms. For the chiral charge state, the two processes
shown yield the same energy contribution, and give rise to the
first term in the right hand side of equation (4). By contrast, for
the chiral spin state, the two processes produce different energy
contributions, given by the second and third terms in the right
hand side of equation (4).

Treating these processes
energy difference between
states AE<2>=E1(2) - E)f)
momentum:

perturbatively, the resulting
the chiral spin and charge
is readily found by integrating over

2 N d'k | Uy (k—K) |?
ae? N | W”T”i{ea{) +Q-K)
11U k-K) > 1 Uy (K-k)|? }

2 ¢k)+e(—k)  2¢Q-k)+e¢k—Q)J’

with Q = 2K, N; the total number of lattice sites, and the integral
excludes the momentum k= + K points. Using e(k) =¢e( —k), it
follows from the relation X '+ Y !'>4(X+Y) ! (for positive
numbers X and Y) that AE®) >0, a remarkably universal result
which is independent of the lattice geometry or details of the
bandstructure. The chiral spin ordered superfluid state is

(4)

Chiral spin superfluid

Figure 1 | Scattering processes in chiral spin and charge superfluid states
in the ‘double-valley’ band. In the chiral spin state ( + —), two
condensate atoms of opposite spin at Kand — K are scattered to k and —k
(or 2K — k and k — 2K). In the chiral charge state, atoms of opposite spin at
K and K are scattered to k and 2K — k. Here the solid (dashed) arrows
denote T (), and the red/blue colours differentiate between the two
processes, which must be added symmetrically for every k.

Chiral charge superfluid
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generically selected, and this energetic selection rule is enforced
by TRS.

While the above argument is illuminating, and captures the
essential physics, a subtle issue arises in two dimensions, because
the integral in equation (4) is logarithmically divergent (from the
integral [d’k/k?). Thus we need to go beyond the Rayleigh-
Schrodinger type bare perturbation theory, and perform a careful
Bogoliubov theory analysis (akin to a renormalized Wigner—
Brillouin type perturbation theory), to regularize the logarithmic
divergence. In the renormalized theory (see Methods and
Supplementary Notes 1 and 2), the bare dispersions in
equation (4) are replaced by Bogoliubov energy dispersions,
and the interaction Uy; | replaced by effective couplings between
the Bogoliubov quasiparticles. This cures the logarithmic
divergence, since Bogoliubov spectra appearing in the denomi-
nators are linear in momentum near the condensate points. This
improved analysis still yields the same robust universal result,
AE@ >0, that is, chiral spin order is generically favoured over
chiral charge ordering. Note that, this chiral spin order of two-
component Bose superfluids in multivalley bands, is distinct from
the ‘spin superfluidity’ proposed in fermionic *He.

In three dimensions, the superfluid transition temperature of
the chiral spin state is the non-interacting Bose-Einstein
condensate (BEC) temperature (see Methods). In two dimen-
sions, phase fluctuations dominate, and the superfluid transition
temperature is determined by vortex proliferation associated with
a Kosterlitz—Thouless (KT) transition at T,~nGY 2p,/8, with G
being the curvature of the bandstructure at K (see Methods),
which determines the energy costs for phase twists. The chiral
spin superfluid also breaks discrete Z, symmetry, which is
expected to be restored at a higher transition temperature®?,
giving rise to a rich finite temperature phase diagram, with an
intermediate non-condensed chiral spin fluid phase, separating
the fully disordered and chiral spin superfluid phases. It is worth
noting that the superfluid transition temperature is high,
comparable to ordinary BEC transition temperature, even
though the quantum fluctuation induced energy-density
splitting, AE?)/N, is small.

Since the two spin components condense at opposite finite
momenta in the chiral spin superfluid, the generic feature for this
order is [ ddkk[nT(k) —n (k)] #0, which can be probed by spin-
resolved time-of-flight measurements. Furthermore, when the
Hamiltonian has TRS but no inversion symmetry, the chiral spin
superfluid exhibits a spontaneous spin Hall effect, which is
captured by the response to an applied linear potential (or a
constant force F),

= £ Fx(Q(K) - Q(-K)), ()

where r; is the vector connecting the charge centres of the two
spin components, and Q(k) is the Berry curvature®®. We trace
this to the underlying valley-dependent Berry curvature of the
single-particle bands, which makes itself manifest as a
macroscopic spin Hall effect, in the presence of chiral spin
order. In the interacting superfluid, this spin Hall effect only
develops below the Ising transition associated with chiral order,
and its sign fluctuates depending on the choice of the two Ising
states, a spontaneously broken symmetry. Observing a chiral spin
superfluid with these novel properties would constitute a direct
demonstration of ‘quantum order by disorder’, a quantum
fluctuation effect beyond the conventional mean-field theories
used to describe Bose-Einstein condensation.

Spinor condensate at Dirac points. We now consider a concrete
model which exhibits the chiral superfluid ground state, and the
associated spin Hall effect: bosonic atoms loaded at the massive
Dirac points of a spin-dependent honeycomb lattice, as shown in
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Figure 2 | The spin-dependent hexagonal lattice. (a) The lattice structure.
Spin 1 () bosons mainly live on A (B) sites. (b) The condensate
configuration for the chiral spin superfluid. Spin 1 and | condensing at + K
and — K in the first excited band corresponds to spin loop currents in real
space, as illustrated by dashed arrows in a. (¢) A contour plot of the excited
band Wannier function of spin 1, which is peaked at the A sites and has a
minimum at the B sites (the opposite is true for the spin | Wannier
function).

Fig. 2a. Our choice is motivated by recent experiments, where two
species of bosonic atoms were loaded into the ground band of
such a honeycomb lattice!!.

The optical potential of the spin-dependent lattice is'!

Vlattice (X7 mg )
_ . (6)
=V Zcos (kb; - x) — mpochm (kb; - x) |,

i i

with b;_q;,=(—sin(2mj/3), cos(2mj/3)). We set the lattice
constant as the length unit. For o=0, this potential has
inversion symmetry, that is, Viatice (X, 7F)=Wiattice( — X, — MF),
and the realized hexagonal lattice has the bandstructure of
graphene, two lowest bands touching at the Dirac points. With
o # 0, inversion symmetry is broken, and a gap opens at the
Dirac points (akin to the bandstructure of boron nitride**). The
first excited band has minima at two Dirac points (Fig. 2b),
related by TRS. The model still has a combined spin-space
inversion symmetry, namely Viaice(X, #5)=Viattice( — X, — M)
which implies that ¢, (k) = ¢_,, ( — k). Using mp=1and — 1 for
pseudo-spin T and |, the combined symmetry, together with our
defined TRS which relates k to —k (while keeping the pseudo-
spin degree of freedom unchanged), guarantees that the two spin
components possess the same energy dispersion e(k) (see the
band structure in Supplementary Fig. 1). Therefore, our general
theory directly applies to this spin-dependent lattice Hamiltonian.
The energy splitting of chiral charge and spin states is shown in
Fig. 3a. We predict that the chiral spin superfluid state is the
ground state for weakly interacting bosons loaded into the excited
band of this lattice (see Fig. 4).

The momentum distribution of the chiral spin superfluid state
(Fig. 5b) shows a pattern similar to the twisted superfluid
reported in the experiment!!, but in our case, the condensates are
located at the Dirac points, rather than reciprocal lattice vectors,
as in the experiment. Further, because of the speciality of Bloch
modes at Dirac points, the chiral spin superfluid actually has
staggered spin loop currents in real space (Fig. 2a), where spin
and orbital motion are spontaneously coupled. In fermionic
systems, spin loop current orderings have also been predicted
recently, albeit in a more delicate way*>#®. On the basis of
equation (5), the broken inversion symmetry implies that this
chiral spin state exhibits a spin Hall effect, due to the Berry
curvature at a massive Dirac point, Q( — K)=—Q(K) # 0. (In
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Figure 3 | Emergence of chiral spin superfluid and the spin Hall effect.
(a) The energy difference between chiral charge and spin superfluid states
with varying inter-spin interaction V and fixed intra-species interaction U.
The red '+ symbols are results calculated by solving the Bogoliubov
spectra numerically, and the blue solid line is from a renormalized
perturbation theory. See the Methods section for details of the tight-binding
Hamiltonian we solve. The intra-spin interaction strength is chosen to be
U/tes: =1 here. For interaction strength V> V.~ U/3 (not shown here), the
system is in a spin polarized state (see Fig. 4). (b) The dynamics of the
charge centres, ry |, of the two spin components with a force F applied in
the r direction. The two spins move oppositely in the transverse (r )
direction, signifying a spin Hall effect. Here we choose Ap/t=2 and
F/t=0.5 (t and Ap are nearest neighbour tunnelling and Dirac gap
respectively, in the hexagonal lattice.).

condensed matter, this is also known as a ‘valley Hall’ effect?, but
in our case, valley and spin degrees of freedom are spontaneously
coupled in the chiral spin state, giving rise to a spin Hall effect.)
In Fig. 3b, we confirm this effect by direct numerical simulations.
With time-dependent Gross—Pitaevskii calculations, we find
that spin Hall effect is captured by the semiclassical
equation (equation (5)), with its magnitude being weakly
interaction-dependent  (see Supplementary Note 3 and
Supplementary Fig. 2). Furthermore, as we show below, this
chiral spin state can be prepared deterministically in experiments,
by using Bloch oscillations (see Fig. 5 and Methods).

To study phase transitions from the weakly interacting chiral
spin superfluid, we project into the second band, which is valid
when the band gap Ap dominates over other energy scales, such
as effective tunnelling f.¢ in the second band, and the intra- and
inter-species interactions U and V (see Methods.) The Wannier
orbitals for the spin T and | atoms in the resulting single-band
Hamiltonian (see Methods) are shown in Fig. 2c. We study the
properties of this tight-binding Hamiltonian using Gutzwiller
mean-field theory, which predicts the correct qualitative phase
diagram in d=2,3. When V is strong, the chiral superfluid is
unstable towards phase separation into fully polarized domains.
In the weakly interacting limit, this transition is first order, and
occurs at a critical interaction strength V.= U/3 (ref. 36). In the
strongly interacting limit U— oo, there is also a direct first-order
transition to a fully polarized state, but at a different critical value
V.= 2t (see Supplementary Note 4). For intermediate interac-
tions, that is, when U and V are not too large, correlation effects
stabilize a partially polarized chiral spin superfluid state. The
transitions out of this intermediate state are second order (Fig. 4).
With the density fixed at p; +p | =1, we find a novel quantum
tricritical point at the crossing of the phase boundaries between
the polarized superfluid and Mott phases.

Discussion

From our analysis, the chiral spin superfluid is a generic state for
spinor bosons loaded into a double-well energy band, connected
by TRS. This state thus not only exists in the hexagonal lattice! "'
example we study, but also in a m-flux triangular lattice?,
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Figure 4 | Phase diagram of spinor bosons in the spin-dependent hexagonal lattice. (a) The phase diagram parameterized by intra- and inter- spin
interactions U and V respectively (see Methods). The total density p; + p is fixed to be 1 here. In the weakly interacting limit, the chiral spin (ys) superfluid
(SF) has a first-order transition to the fully polarized (FP) superfluid state. A partially polarized (PP) SF state is stabilized for intermediate interactions.
This PP SF state is also chiral, namely the two spin components condense in opposite valleys (+ K). An FP Mott state appears for stronger interactions.
The phase boundaries between these polarized states meet at a quantum tricritical point. (b) The polarization as a function of V for different values

of U. (¢) Tunability of U/V for 8Rb atoms loaded in the spin-dependent hexagonal lattice, as in the experiment!. The lattice depth is chosen to be

Vo =2E,ec, Where E,. is the single photon recoil energy.
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Figure 5 | Simulation showing the dynamical preparation of the chiral
spin superfluid state. (a) The occupation fraction in the ground and
excited bands, ng and n,, obtained by projecting the time-dependent
wavefunction to the eigenmodes of Hypang (see Methods). The time unit is
Toirac = 47/(32). (b) The difference between the momentum distributions
of the two spin components n; (k) —n| (k) in the excited band at time Tpjcac.
In our simulation, we choose Ap =3t and 2/ =0.2t. The spread of the
momentum distribution difference over a finite momentum range is due to
the harmonic trap.

a shaken lattice! and other similar Bose systems. The observable
signature for chiral spin order, expected to emerge in all these
setups, is f ddkk[nT(k) —n (k)] #0. In the shaken lattice setup
recently realized in Chicago'?, the chiral spin state produces a
time-of-flight signal similar to that in spin-orbit coupled gases®,
but with a spontaneously chosen sign for the spin-orbit coupling,
which will vary from shot to shot. In optical lattices with broken
inversion symmetry, this chiral spin superfluid supports a
spontaneous spin Hall effect. The required potential gradient to
observe this transport phenomenon is different in spin-
independent and spin-dependent lattices. In the former!®2, a
spin-independent force (or non-magnetic potential gradient) is
sufficient, whereas in the latter case!!, a spin-dependent force
mgF (or a magnetic potential gradient) is necessary to
accommodate for the spin-dependence of the lattice.

The idea that the chiral spin order is selected due to time-
reversal invariance can be generalized to more general bands with
multi-minima respecting crystalline symmetries, where the nature
of momentum space magnetism is expected to be richer. Such

multiple minimum bands are believed to occur in high spin
systems, such as Dysprosium or Erbium atoms coupled to Raman
fields*’. In addition to the motivation from optical lattices' b13:14,
the proposed momentum space magnetism is also potentially
relevant to spontaneous vortex formation in BECs confined in
ring geometries*S,

Finally, we note that if the TRS is weakly broken, the chiral
spin order would no longer be generically stable. We expect a
phase transition from the chiral spin to the chiral charge
superfluid, once the energy difference, €(K) — ¢( — K) dominates
over the quantum fluctuation correction (equation (4) and Fig. 3).
We however emphasize here that TRS is usually respected in
optical lattices in the absence of artificial gauge fields®.

Methods

Regularization of the logarithmic divergence. To treat the logarithmic
divergence in the bare perturbation theory (equation (4)) in two dimensions,

we perform a more careful analysis using Bogoliubov theory, and find the
energy difference between chiral spin and charge states to be (see Supplementary
Notes 1 and 2)

1
A N=— S pip, [ £09
k
2

X{HT(k,ka)+sl(k,Q*k)

1
T ek Q-K) +6 (- Q+k —k)+Ac(k,Q—k) — Ac(— Q+k, —k)
1
T e (—Qtk, —k) +&(k,Q—k) +Ae(— Q+k, 7k)7Ae(k,Q7k)}’
7)

where

B{ZI (kl s kz) = ?(kl s kz)[z(kl 5 kz) + 2/)0_ U,m (K — k)], ?(kl y kz) = (((kl)
+e(ky))/2, and Ae(ky, k;) = (e(k;) — €(kz))/2, and the effective couplings g are
given in Supplementary Note 1. Following the same arguments as the bare
perturbation theory, we recover AE?) > 0. Therefore, the chiral spin superfluid is
generically favoured over the chiral charge superfluid, in the presence of unbroken
TRS symmetry.

Finite temperature transitions. In three dimensions at low temperature, the
chiral spin superfluid state breaks two U(1) symmetries (corresponding to two
spins) and a Z, symmetry (k— —k). For the balanced case, with p; =p |, we
expect three nearly coincident transitions (one Ising and two U(1)) near the three
dimensional BEC transition temperature, while for the imbalanced case, we expect
a U(1) transition for the minority spin at lower temperature, followed by two nearly
coincident transitions (Ising and U(1) for the majority spin) at a higher
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temperature. In two dimensions, the superfluidity transition temperature is
determined by phase fluctuations. The fluctuations on top of chiral spin superfluid
state are captured by introducing slowly varying fields ¢; as (/)T,:(pﬁei‘(" and
(pir=(pf,e”K". The energy cost of these fluctuations is

1 *
AE= / d*x Z{i Zii0 P ex O Py },

with Z;; = akiakje(k)hﬁ]{. Transforming to the coordinate frame with Z; being
diagonal and replacing ¢, by \//T;e‘””, AE is rewritten as AE=(1)/

) [dX3 5 o121(0:105)% + 72(0,20,)%}, where J, , are eigenvalues of [Z]. The KT
transition temperature is then estimated to be T.~nGY?p,/8, where G is the
Gaussian curvature of the bandstructure at K, which is 4;4,. For the symmetric
case with p; = p |, we have a single KT transition, while for p; #p there are two
separate KT transitions at different temperatures. The Ising transition associated
with the chiral order is expected to occur slightly above the higher superfluid
transition, as observed in other studies of chiral superfluids*?. In principle, a chiral
spin state which has chiral spin order, but no superfluidity, could occur in a
temperature window above superfluid transitions*?; the exploration of such a
remarkable bosonic chiral spin fluid is left for future studies.

®)

Experimental preparation of the chiral spin state. Here we propose a deter-
ministic way to prepare the chiral superfluid state with Bloch oscillations. We start
with the lowest band condensate in the lattice potential Viagice (X, 1) | 40 for
which the two lowest bands touch at Dirac points. Applying a magnetic potential
gradient — mpAx, the spin 1 and | components will move toward the Dirac points
at K and — K, respectively. At time Tp;c & (47h)/(34), the components reach the
respective Dirac points, after which we quickly ramp up the spin-dependent
potential (the term proportional to « in equation (6)), to make the Dirac points
massive with a band gap Ap. With Ap much larger than the bandwidth and
interactions, the inter-band dynamics will be strongly suppressed. The meta-stable
state in the excited band is given by an effective single-band Hamiltonian,
described in the next paragraph. To demonstrate the efficiency of the proposed
procedure, we simulate the Bloch oscillations by taking a two-band tight-binding
model of free bosons,

Hawna=—t 3 (9loebane+ )
<rr'>

©)
+ %mFAD Z (d)j;g,rgb/m.r - gbla.r ter ¢Ba.r+él>~,

r

and the magnetic potential gradient is modelled as

Hlinear: - ;LmF Z Tx [(j)j;mrquﬂr + ¢lo"r+ e ¢Bo,r+ él} ’ (10)

where A and B label the two sublattices as shown in Fig. 2. We find that the
occupation fraction of the excited band could easily reach 50% (Fig. 5). The pre-
pared momentum distribution has sharp peaks as required for the chiral spin
superfluid. Including the effects of interactions in the dynamics via a Gross—
Pitaevskii equation, the achievable transfer fraction to the excited band is lowered
somewhat, and the peaks in the momentum distribution broaden (see
Supplementary Fig. 3). However these effects are negligible for shallow lattices,
where the interactions are weak compared with single-particle tunnelings.

Calculation of the phase diagram. To obtain the phase diagram of the meta-
stable states in the second band of the hexagonal lattice, we construct an effective
single-band tight-binding model,

Hy= Z Left [(bj_’;(pT.rﬁ»R/ + d)fl‘*% ¢l.r+é1 +R; + hC] ’ (11)
rj
U
Him:EZ {me(nie—1)+nese, (Mere — 1)}
i (12)

+ VZ Nl rte-
rj

Here ¢, is the annihilation operator for the Wannier functions peaked at
position r (Fig. 2), and each spin species sees a triangular lattice. This Bose-
Hubbard model describes bosons loaded into the second band of the hexagonal
lattice. In this lattice setup, the Wannier functions of T and | components are
peaked at two nearby sites rather than on the same one, which makes the ratio of
interactions V/U easily tunable. For example, this ratio can be decreased by
increasing the lattice depth or the spin-dependence parameter o (see Fig. 4c). The
interaction strength U/t.g can be tuned by controlling the lattice depth, as already
demonstrated by the experimental observation of the superfluid-Mott transition!!.
The energy dispersion from the tight-binding model is ¢(k) =2t ;cos (k'R)),
which has band minima at + K= (4 (4n)/(3),0). For weak interactions, the energy
difference between the chiral charge and spin states computed from this model is
shown in Fig. 3.
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