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Proposed graphene nanospaser

Vadym Apalkov1 and Mark I Stockman1,2,3

We propose a novel nanospaser that operates in the mid-infrared region and utilizes a nanopatch of graphene as its plasmonic core and a

quantum-well cascade as its gain medium. This design takes advantage of the low optical losses in graphene resulting from its high

electron mobility. The proposed quantum cascade graphene spaser generates optical fields with unprecedentedly high

nanolocalization, which is characteristic of graphene plasmons. This spaser will be an efficient nanosource of intense and coherent

hot-spot fields in the mid-infrared spectral region with potential widespread applications in mid-infrared nanoscopy,

nanospectroscopy, nanolithography, and optoelectronic information processing.
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INTRODUCTION

A spaser (Surface Plasmon Amplification by Stimulated Emission of

Radiation),1–11 which is the nanoplasmonic counterpart of a laser, con-

sists of a plasmonic nanoparticle coupled to an active (gain) medium.

Spasing results in the coherent generation of surface plasmons with nano-

localized, intense, coherent optical fields. One of the limitations on the

spaser is imposed by the high damping rate of the surface plasmon

excitations in plasmonic metals. Here, we propose a novel nanospaser

in the mid-infrared that utilizes a nanopatch of graphene as its plasmonic

core and a quantum-well cascade as its gain medium. This design takes

advantage of the low optical losses in graphene due to its high electron

mobility.12,13 In contrast to earlier designs of quantum cascade lasers that

employed plasmonic waveguides14,15 and subwavelength resonators,16 the

proposed quantum cascade graphene spaser generates optical fields with

unprecedentedly high nanolocalization, which is characteristic of gra-

phene plasmons.17 This spaser will be an efficient nanosource of intense

and coherent hot-spot fields in the mid-infrared spectral region with

potential widespread applications in mid-infrared nanoscopy, nanospec-

troscopy, nanolithography and optoelectronic information processing.

Quantum nanoplasmonics has become a rapidly growing field of

nanooptics due to the unique ability of plasmonic systems to strongly

enhance subwavelength optical fields18 while maintaining their

quantum properties.19 This plasmonic enhancement is the basis for

many nanoplasmonic applications.20–25 There is particular interest in

mid-infrared near-field spectroscopy because of the distinct spectral

signatures of important molecular, biological and condensed-matter

systems, including macromolecules and graphene.26,27 For further

development of plasmonics and near-field optics and their applica-

tions, it is crucial to have a coherent source of intense local fields on the

nanoscale, in particular in the mid-infrared.

Here, we propose a novel spaser as a coherent quantum generator of

surface plasmons in nanostructured graphene. The plasmonic core of

this spaser is a graphene-monolayer nanopatch, and its active (gain)

element is a quantum-well cascade with a design similar to that of the

active element of quantum cascade lasers28 (Figure 1a).

Graphene is a layer of crystalline carbon that is only one-atom

thick.29–31 The low-energy electronic excitations of graphene are

described by the chiral, relativistic massless Dirac–Weyl equation.

Doped graphene is known to possess plasmonic properties with a

potentially high plasmonic quality factor (low optical loss) due to

its high electron mobility.12,13,27,32–34 The size of the graphene nano-

patch may be as small as f10 nm. Graphene possesses unprecedented

tight localization of local plasmonic fields at its surface, which pro-

vides a unique opportunity for constructing an electrically pumped

mid- to near-infrared nanospaser with coherent optical fields of extre-

mely high concentration and intensity (Figure 2). The proposed

nanospaser will be the first electrically pumped nanospaser: the pre-

vious nanospasers were optically pumped,4,11 whereas the electrically

pumped spasers had mode volumes with a microscale size in at least

one dimension.5,6

MODEL AND MAIN EQUATIONS

The chiral nature of the electronic states in graphene results in a strong

suppression of electron scattering, which greatly increases the mobi-

lities of charge carriers12 and greatly reduces the theoretically esti-

mated plasmonic losses.32 For a plasmon frequency vq below the

interband Landau-damping threshold, 2EF=h� , where EF is the Fermi

energy of graphene, and below the optical phonon frequency,

h�vo<0.2 eV, the plasmon relaxation time can be estimated from

direct-current measurements. In unsuspended graphene, the high sta-

tic carrier mobility of m<2.53104 cm2 V21 s21 13,33 is realized at a

carrier density of n<531012 cm22, which corresponds to EF~

h�uF

ffiffiffiffiffiffi
pn
p

<0.3 eV, where uF<1.153108 cm s21 is the Fermi velocity.35

For this mobility, the plasmon relaxation time in graphene can be
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estimated as t~mh�
ffiffiffiffiffiffi
pn
p

= euFð Þ&0.6 ps, which yields a plasmon qual-

ity factor of Q5vqt/2<50 at a frequency of h2vq5130 meV.

As the active element of the graphene spaser, we consider a multi-

quantum well system, which is similar to the design of the active ele-

ment of quantum cascade lasers.28,36,37 Within the active region of such

a multiquantum well structure, optical transitions occur between sub-

band levels of dimensional quantization in the growth direction.

In the graphene spaser, we utilize only one period (a single multi-

quantum well heterostructure) from the vertical-transition active

medium of the quantum cascade laser28 (see Figure 1, in which a

possible nanospaser design is illustrated). The functioning of such

an active medium is characterized by the electrical injection of elec-

trons into the upper sub-band level of the multiquantum well system

and their extraction from the lower sub-band level (Figure 1c).

Because the plasmonic modes of graphene are strongly localized in

the normal direction (i.e., in the growth direction of the quantum

wells, along the z axis in Figure 1), with a localization length of about

3–5 nm, only one period of the quantum cascade gain medium suffi-

ciently couples to the plasmonic modes of graphene. The gain, i.e.,

population inversion, in the quantum well system is introduced

through a voltage applied to the system.

To analytically determine the plasmonic modes of graphene, we

assume that the graphene monolayer is surrounded by two homogeneous

media with dielectric constants e1 and e2 (cf. the schematic in Figure 1).

Effectively, this approximation corresponds to the replacement of the
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Figure 1 Schematic of a graphene quantum cascade nanospaser. (a) Geometry

of the spaser: monolayer graphene nanopatch on top of a stack of quantum-

cascade wells and electrodes for electric pumping (the graphene may be used as

one of the electrodes). (b) Schematic of the cross-section geometry of the

quantum cascade nanospaser. The numbers (in nm) are the widths of the wells

(Ga0.47In0.53As) and of the barriers (Al0.48In0.52As). These wells and barriers are

shown in light and dark gray, respectively. (c) Energy-band diagram of the active

region of a quantum cascade laser structure under an electric field bias. Relative

wave functions of sub-bands (1) and (2) as well as the optical transition corres-

ponding to the spaser action are shown schematically.
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Figure 2 Optical electric field distribution in a graphene nanospaser. (a) Spatial

distribution of the local optical electric field generated in a spaser with a single

surface plasmon in the ground mode on a circular graphene nanopatch with a

radius of R55 nm. The three-dimensional distribution (shown over the graphene

nanodisk only) is displayed as a ‘field cloud’, where the field is depicted by points

whose color and size correspond to the local amplitude. The spatial scale and the

field color-coded scale for the field are indicated. One quarter of the distribution is

removed to better display the inner structure of the field. A schematic of the

graphene nanopatch is also shown at the bottom. (b) The vertical (normal to

graphene nanopatch surface) amplitude of the electric field is plotted as a func-

tion of z at the center of the graphene nanodisk for two values of the plasmon

population, Np51 and Np55 as indicated.
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cascade system with a homogeneous effective medium. We assume that

the graphene monolayer is positioned in the plane z50. Its plasmon

wave function (electric field) in the upper half of the plane (z.0) is

!eiqy e{k1z z , and its plasmon wave function in the lower half of the plane

(z,0) is !eiqy e{k2z z , where q is the in-plane wave vector and k1z and k2z

are the decay constants in the upper and lower half planes, respectively.

The spatial distribution of the electric field of plasmonic excitations

in graphene and their dispersion relation are determined by solving

the Maxwell equations. The corresponding boundary conditions are

introduced in terms of a two-dimensional current generated in the

graphene layer, which is proportional to the in-plane electric field and

is determined by the in-plane conductance, s(v), of the graphene. We

consider a transverse magnetic plasmon mode in the graphene mono-

layer that propagates in the y direction with wave vector q, frequency

vq, and amplitude q, where the distribution of the electric field has

the following form:33

Eq~
Eqz

Eqy

� �
~ q

{i
q

k2z

eiqy ek2z z

eiqy ek2z z

0
@

1
A, zv0 ð1Þ

Eq~
Eqz

Eqy

� �
~ q

i
q

k1z

eiqy e{k1z z

eiqye{k1z z

0
@

1
A, zw0 ð2Þ

The corresponding profile of the magnetic field is

Hqx~ q

ivqe1

ck1z

eiqy e{k1z z , zw0

{
ivqe2

ck2z

eiqy ek2z z , zv0

8>><
>>: ð3Þ

where c is the speed of light in a vacuum.

The spatial decay of the electromagnetic field away from the gra-

phene layer is determined by the decay rates (‘imaginary wave vec-

tors’) k1z and k2z, which are given by the following expressions:

k2
1z~q2{e1

v2
q

c2
ð4Þ

k2
2z~q2{e2

v2
q

c2
ð5Þ

As justified by the dispersion relation for the surface plasmons in

graphene that will be obtained below, for the realistic frequencies under

consideration, the plasmon wavelength is much smaller than that of

light in a vacuum, i.e., q..v/c. Then, from the Maxwell boundary

conditions, we obtain a general dispersion relation for graphene as

{qeq(vq)~e1ze2 ð6Þ

where eq is the two-dimensional permittivity of graphene and is defined

as eq54pd/(S0F), where F and d are the in-plane electric field and the

dipole moment of the graphene sheet induced by this field, respectively,

and S0 is the area of this sheet.

In the Drude approximation,

eq vq

� �
~{

4e2
0 EF

h�2vq vqzic
� � ð7Þ

where e0 is the electron charge, EF is the Fermi energy of electrons in

graphene, v,2EF and c is the electron polarization relaxation rate, which

determines the plasmon dephasing time t51/c. In this approximation,

by substituting Equation (7) into Equation (6), we reproduce the well-

known dispersion relation for plasmons in graphene:

q vð Þ&k1z&k2z&
h�2 e1ze2ð Þ

4e2
0EF

vq vqzic
� �

ð8Þ

To quantize the graphene plasmons, we generalize the previously

developed procedure.1,3 We introduce their electric field operator in

the second quantization form,

ÊE~
X

q
Eq âaz

q zâaq

� �
ð9Þ

where âaq and âaz
q are operators of creation and annihilation of a plas-

mon with wave vector q. The unknown amplitude Eq of the plasmonic

mode is determined from the Brillouin expression for the field mean

energy in a dispersive medium,38

1

8p

ð
d3r

dve v,rð Þ
dv

Eq rð Þ
		 		2z ð

d3rH2
qx rð Þ


 �
~h�vq ð10Þ

which yields

q~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ph�vqq

S0 e1ze2ð Þ 3{
vq

q
dq

dvq

� �
vuut ð11Þ

where S0 is the area of the graphene sheet patch. For the Drude model

of graphene conductance, the plasmon dispersion relation is given by

Equation (8). Then, Equation (11) simplifies to

q~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ph�vqq

S0 e1ze2ð Þ

s
ð12Þ

In the quantum description of the graphene spaser, we introduce

the Hamiltonian of the spaser in the form

H~
X

i~1,2

X
k

Ei kð Þĉcz
i,k ĉci,kzh�

X
q

vqâaz
q âaq

zh�
X
q,k

V12 k,qð Þ âaz
q ĉcz

1,k ĉc2,kzhc
� � ð13Þ

where the first summation describes the Hamiltonian of the gain

medium, which consists of two sub-bands i51 and i52 (Figure 1)

with energies E1(k)5e11h22k2/2m* and E2(k)5e21h22k2/2m*, respec-

tively, e1,e2. Here, m* is the effective mass of an electron and k is a

two-dimensional electron wave vector. The second summation in

Equation (13) is the Hamiltonian of plasmons in the graphene layer,

where âaq and âaz
q are operators of annihilation and creation of a plas-

mon with wave vector q (see Equation (9) above). The last summation

is the interaction Hamiltonian, {ÊEd̂d , of plasmonic field ÊE with

dipole d̂d of the gain medium.

The dipole interaction strength in Equation (13) is determined by

the corresponding Rabi frequency V12,

V12(k,q)~e0 q

ð
dry�1k rð ÞEqz zy2k rð Þ ð14Þ

where e0 is the unit charge, and we have taken into account that for

intersubband transitions, the dipole matrix element has only the z

component, and y1k and y2k are electron wave functions with wave

vector k of sub-bands 1 and 2, respectively.

Quantization of the graphene surface plasmons yields modes (see

Equations (1), (2), (11) and (12) above) that possess extremely tight
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nanoconfinement at the graphene nanopatch surface, as illustrated in

Figure 2. These local fields form a hot spot indicated in red in Figure 2a,

which is only a few nanometers in each of the three dimensions. These

fields are coherent, and their amplitude in this hot spot is high,

<100 MV m21 for one plasmon per mode; the field amplitude

increases with the number of plasmons as !N
1=2
P . The unpreced-

ented field localization characteristic of graphene and the high field

amplitude inherent in nanospasers bear potential for various import-

ant applications, ranging from nanospectroscopy and sensing to

nanolithography.

Assuming for simplicity that electron dynamics in the x, y and z

directions are separable, we can factorize the wave functions,

yik rð Þ~S
{1=2
0 xi zð Þ exp ikr\ð Þ ð15Þ

where rH5(x,y) is a two-dimensional radius. Then, Equation (14)

becomes

V12(k,q)~e0 q

ð
dzx�1 zð Þe{k2z z

zx2 zð Þ~ qd12e�qL ð16Þ

where d12&e0

Ð
dzx�1 zð Þzx2 zð Þ is the intersubband envelope dipole

matrix element and L is a characteristic distance between the graphene

monolayer and the active quantum well of the cascade structure.

Introducing the density matrix of the active quantum well of the

gain medium, rk(t),we describe the dynamics of the spaser within the

density matrix approach, writing the equation for the density matrix as

ih� _rrk tð Þ~ rk tð Þ,H½ �. For the stationary regime, we obtain the con-

dition of spasing in the form1,3

C12zcð Þ2

v12{vq

� �2
z C12zcð Þ2

X
k
V12 k,qð Þj j2§cC12 ð17Þ

where C12 is the intersubband polarization-relaxation rate and

v12~(e2{e1)=h� is the intersubband transition frequency. From this

and Equation (16), substituting Eq from Equation (12), we obtain

C12zcð Þ2

v12{vq

� �2
z C12zcð Þ2

h�vqqk2
0

e1ze2ð Þ d12j j2e{2qL
§cC12 ð18Þ

Here, wave vector k0 is an effective Fermi wave vector, i.e., the

largest wave vector of the states, which are partially occupied by elec-

trons in the gain region. Note that only such states contribute to the

summation in Equation (17).

At the resonance, i.e., at v125vq, the condition of spasing simplifies

to

h�vqqk2
0

e1ze2

d12j j2e{2qL
§cC12 ð19Þ

For given active region parameters, Equation (19) introduces a

constraint on the plasmon polarization-relaxation rate c.

RESULTS AND DISCUSSION

Consider the realistic parameters of the active region (corresponding,

e.g., to the structure shown in Figure 1b): h2v125160 meV,

d1252.5e0 nm, and L<6.5 nm. Note that here L has been calculated

as an effective distance from Equation (16) with envelope wave func-

tions for quantum wells in Figure 1c.

For quantum wells, there is inhomogeneous broadening of inter-

subband transitions, mainly due to fluctuations in the well thickness

and interface roughness,39 and C12<3.6 meV for a well of our type,

which corresponds to a dephasing time of ,18 ps. However, the gra-

phene patch is so small (,10 nm in our case) that it is likely to

completely lie within one homogeneous domain of the quantum well

walls, which is approximately 10–30 nm.40–42 Consequently, the

polarization relaxation rate is expected to be C125h2/t12, where t12 is

the lifetime for the intersubband transition 2w? 1wjj , whose typical

value for the quantum well cascade systems is43,44 t125h2/C12<1 ps,

corresponding to C12<0.66 meV. We adopt this value for our calcula-

tions presented below.

Under the resonant condition, the intersubband transition frequency

h2v125160 meV, which is equal to the plasmon frequency, corresponds

to the plasmon wave vector q<0.2 nm21 (Equation (8)). Realistically

assuming that k0<0.1 nm21 and e11e2<12, we obtain

cƒ3|10�2eV ð20Þ

the corresponding plasmon polarization-relaxation time is t§2.2 fs.

Substituting relation (8) into inequality (19), we obtain a spasing

condition as a limitation on t as

t§tmin~
4e2

0C12EF

h�2v3
qk2

0 d12j j2
e2qL ð21Þ

The dependence of the minimum plasmon relaxation time, tmin, on

the plasmon frequency vq is shown in Figure 3a for different Fermi

energies EF of electrons in graphene. The data clearly show that there is

a broad range of plasmon frequencies in the mid-infrared h2vq<0.1–

0.3 eV where the required minimum relaxation time is relatively short,

tmin<10 fs, so the spasing threshold condition (21) can realistically be

satisfied. Outside this range, the minimum relaxation time greatly

increases. Fortuitously, typical values of frequencies of intersubband
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Figure 3 (a) Minimum relaxation times of plasmons in graphene sufficient for

spasing, as defined by Equation (21), are shown as a function of plasmon fre-

quency for different Fermi energies of electrons in graphene. Spasing occurs for

plasmon relaxation times of t.tmin. (b) The minimum plasmon quality factor

Qmin, which is sufficient for spasing, as defined by Equation (22), is shown as a

function of the plasmon frequency vq. The dashed line shows the experimental

value of the plasmon quality factor Q<4.27 The numbers next to the lines in (a)

and (b) are the Fermi energies in eV. The results are shown for L56.5 nm and

d1252.5e0 nm.
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transitions in quantum wells are within the same mid-infrared range

of 0.1–0.3 eV.

The spasing condition of Equation (21) can also be expressed in

terms of a dimensionless parameter—the plasmon quality factor

Q5vqt/25vq/(2c)

Q Qmin ð22Þ

Condition (22) on the surface plasmon quality factor depends on

the plasmon frequency, vq, which, under resonant conditions, is equal

to the frequency of intersubband optical transitions in the active

region of the cascade system. As a function of frequency vq, the min-

imum sufficient quality factor, Qmin, has a deep minimum, the posi-

tion of which is determined by the condition q<1/2L or

vq& 2e2
0 EF

�
Lh�2 e1ze2ð Þ
 �� �

1/2, and it depends on the parameters

of the system, such as the Fermi energy of the electrons in graphene,

EF, and the effective distance, L, between the graphene monolayer and

the active quantum well of the cascade structure. The dependence of

Qmin on the frequency of surface plasmons, vq, is shown in Figure 3b

for different Fermi energy EF values. The minimum value of Q is

Qmin~2eLC12 e1ze2ð Þ
�

k2
0 d12j j2

� �
&1:5 and it does not depend on

the Fermi energy, which only affects the position of this minimum.

This minimum required quality factor of the plasmons is in fact very

low, which implies that the spasing is relatively easy to achieve. In fact,

the quality factor value Q<50, which is obtained for graphene from

the experimental data discussed in the ‘Introduction Section’, is high

enough, Q..Qmin (it is on the same order as that for silver in the

visible region18), for spasing to occur over a broad range of frequencies

vq (Figure 3b).

The plasmon damping rate in graphene was directly measured using

mid-infrared nanoscopy.27 The best fit to the experimental data was

obtained for rather strong damping or a low quality factor, Q<4, at a

plasmon frequency of h2vq50.11 eV, which corresponds to a plasmon

relaxation time of t544 fs. Even for such strong plasmon damping,

the plasmon quality factor, Q<4, is greater than the minimum

required value rate, Qmin<1.5 (Figure 3b). Considering that the plas-

mon relaxation rate strongly increases above the optical phonon fre-

quency, h2v0<0.2 eV, we can conclude that the optimal Fermi energy

in graphene should be EF<0.15 eV. For this Fermi energy, the min-

imum of Qmin is realized at the plasmon frequency in the mid-infrared,

h2vq<0.15 eV (Figure 3b). The above results clearly suggest that spas-

ing can be achieved in realistic graphene systems coupled to quantum

cascade well structures.

Note that if the inhomogeneous width of the quantum-well inter-

subband transition, C1253.6 meV, were used rather than the much

smaller homogeneous width, C1250.66 meV, then the required min-

imum quality factor would increase to Qmin<7.5. This value also

appears to be within a realistic range for graphene to be sufficient

for spasing.

CONCLUSION

We predict that a graphene monolayer nanopatch deposited on the

top of a specially designed stack of quantum wells constitutes an

electrically pumped spaser, which is a coherent source of surface plas-

mons and intense local optical fields in graphene in the mid-infrared.

The system of quantum wells is designed similar to the active element

of a quantum cascade laser and is characterized by an efficient elec-

trical injection of electrons into an upper sub-band level of the

multi-quantum well system and rapid extraction of electrons from a

lower sub-band level.

The proposed graphene spaser consists of two main elements.

The first element is a graphene nanopatch, which supports the

surface plasmon excitations with an optical field strongly localized

near the graphene layer, i.e., in the direction perpendicular to the

layer. The second element is an active medium, which is a multi-

quantum well system. This system is electrically pumped, which

results in an inversion population of the quantum well sub-band

levels. The optical transitions between the sub-band levels are

coupled to plasmon excitations through the optical field. Thus,

the transitions in the active medium between the sub-band levels

generate the coherent surface plasmons in the graphene nanopatch.

The frequency of interband optical transitions in the gain medium

(multiquantum well system) determines the frequency of the sur-

face plasmons generated in the graphene layer. For a graphene

spaser with a large-size graphene patch, i.e., with the 2D graphene

layer, the generated surface plasmons, the frequency of which is

equal to the frequency of intersubband optical transitions in the

multiquantum system, are characterized by the corresponding wave

vector, q. This wave vector also determines the smallest size of the

graphene nanopatch R<1/q that can be used in the graphene spaser

and that supports the plasmon modes with a frequency equal to the

frequency of the intersubband optical transitions in the active med-

ium. In this case, the size of the graphene nanopatch should be

adjusted so that it supports the corresponding plasmon modes.

Thus, in a graphene spaser, both a large-size graphene patch and

a small graphene nanopatch can be used. For the large-size patch,

which has a quasi-continuous plasmon spectrum, the frequency of

the generated plasmons is automatically selected by the gain med-

ium, whereas for the graphene nanopatch, the geometry of the

nanopatch should support the plasmons with a frequency corres-

ponding to the frequency of the active medium.

For realistic parameters of the multiple quantum wells, our analysis

shows that the condition of spasing, i.e., coherent generation of plas-

mons in graphene, can be achieved under realistic conditions with

finite doping of the graphene monolayer corresponding to a Fermi

energy of electrons in graphene of EF<0.15 eV. The above analysis can

be applied not only to a graphene monolayer, but also to graphene-

based nanoscale structures such as graphene nanoribbons, graphene

quantum dots, and graphene nanoantennas, in particular nanodimers,

where the possibility of efficient nanofocusing has recently been pro-

posed.17 The predicted graphene spaser will be an efficient source of

intense and coherent nanolocalized fields in the mid-infrared spectrum

(cf. Figure 2). Because the size of such a near-field localized mid-infra-

red source ƒ10 nm is on the same order of magnitude as important

biological objects (viruses, cell organelles, chromosomes, large proteins,

or DNA) and technological elements (transistors and interconnects),

such a spaser, will have potential widespread applications in fields

such as mid-infrared nanoscopy, nanospectroscopy, nanolithography,

biomedicine and nano-optoelectronics.
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