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SUMMARY

Genetically abnormal or phenotypically affected individuals may influence the
reproductive behaviour of other members in the family, regardless of their
phenotype. This social selection is modelled by considering that whenever the
normal individual has at least one affected member in the nuclear family the
person has a reduced chance in mating success or in fertility compared to those
from the normal nuclear family. The usual individual selection has also been
incorporated using a single locus with two alleles. The gene frequency change is
divided into two parts: the change due to individual selection and that due to
social selection. It has been shown that a low mutation rate, a small population
size and strong selection at both stages lower the equilibrium frequency of
deleterious genes. The possibility of extending the single locus model for
common diseases is also discussed.

1. INTRODUCTION

IT is frequently observed that genetically normal individuals are dis-
criminated against in mate-finding or have a lower fertility because of the
presence of genetically abnormal individuals within the family. In their
study of Huntington's disease, Reed and Neel (1959) showed that selection
operated against all sibs in an affected family, even if the individual had a
normal genotype. Yokoyama and Templeton (1979) have shown that the
incidence of Huntington's disease in a population is determined mainly by its
social effect, and thus, the social selection has an important role on the
population dynamics of the dominant genes. Such reproductive disad-
vantage of a phenotypically normal individual with schizophrenic sibs has
also been demonstrated by Buck et al. (1975) and Lindelius (1970).

Morton (1978) suggests that about one-sixth of mental retardation in
matings of normal parents could be due to rare recessive genes at more than
300 loci. Thus, rare deleterious genes may have important roles in some
common diseases as well as presently known genetic diseases. So far, about
1000 recessive and 1200 dominant diseases are known in man (McKusick,
1978). Therefore, the total number of loci in man at which rare deleterious
genes are segregating is large.

Rare deleterious genes have been studied extensively using lethal
chromosomes in Drosophila (e.g., Wallace, 1968; Dobzhansky, 1970).
Theoretical studies on the population dynamics of deleterious genes have
been undertaken by many authors (Dobzhansky and Wright, 1941; Wright
eta!., 1942; Nei, 1968, and others). However, virtually no studies have been
done on the effect of social selection on the population dynamics of
deleterious genes. Templeton (1979) has studied the difference between the
effects of social selection and individual selection. He showed that
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social selection is slower in eliminating the dominant genes than direct
individual selection, whereas the elimination of recessive genes is quicker
under social selection than under individual selection. Usually, both social
selection and individual selection operate simultaneously. It is therefore
important to study the joint effect of social selection and individual selec-
tion.

The concept of social selection is closely related to that of kin selection,
because both deal with the effect of one individual upon the fitness of a
relative. However, there is an important difference between these two
concepts. In the studies of kin selection, it is usually considered that
behavioural characters are controlled genetically, whereas people's
responses to genetic diseases are not genetic but are determined culturally.
Because of its inexplicable behavioural characteristics, almost all authors
are concerned with deriving conditions for the evolution of altruism by kin
selection (Hamilton, 1963, 1964a, 1964b; Levitt, 1975; Matessi and Jay-
akar, 1976; Wade, 1978; Yokoyama and Felsenstein, 1978, and others). In
these and other studies in sociobiology, the population dynamics of parti-
cular alleles have not been studied in detail. Available theories in socio-
biology are not sufficient to study social responses to genetic diseases and a
new formulation is required.

In the present paper, I shall consider the population dynamics of
deleterious genes under the joint effect of social selection and individual
selection. The stochastic effect due to a finite population size on the
population dynamics will also be studied. The possibility of extending the
present single locus model for common diseases will be discussed.

2. THE CHANGE IN GENE FREQUENCIES UNDER SOCIAL SELECTION

Assume that a mutant gene a and its wild type allele A are segregating in
a population. It is assumed that only individuals of genotype aa develop a
trait. At first we ignore mutation at this locus and consider the processes
mating, reproduction, and selection, in that order. Let us distinguish five
classes:

(1) a group of individuals of genotype AA who have no affected
individuals within the nuclear family, (AA)1,

(2) those whose genotypes are AA, but have at least one affected
individual within the nuclear family, (AA)2,

(3) those of genotypes Aa who have no affected family members, (Aa)i,
(4) those of genotypes Aa, who have at least one affected individual

within the family, (Aa)2, and
(5) those of genotypes aa, who are phenotypically abnormal, (aa).

In individual selection, we assume that the relative fitnesses of the
genotypes AA, Aa, and aa are 1, 1 — h, and 0, respectively. Let us denote
the frequencies of (AA)1, (AA)2, (Aa)1, (Aa)2, and (aa) after selection as
(1 — k1)P, k1P, (1 — k2)Q, k2Q, and0, respectively. Let q be the frequency of
allele a after selection. Then P = 1 — 2q and 0 = 2q. The quantity k1
measures the relative frequency of AA individuals who have at least one
affected individual in the nuclear family (the affected nuclear family).
Similarly, k2 measures the relative frequency of Aa individuals in the
affected nuclear family.
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In mating, we assume that the amount of reduction in mating success or
in fertility for each normal individual from the affected nuclear family is w
compared to zero for those from the normal nuclear family. We also assume
that the matings (Aa)1 x (Aa)1, (Aa)i x (Aa)2, and (Aa)2 x (Aa)2 produce a
large number of offspring. Under this assumption, the frequencies of
(AA)1, (AA)2, (Aa)1, (Aa)2, and (aa) from the matings (Aa)1x(Aa)1,
(Aa)i x (Aa)2, and (Aa)2 x (Aa)2 are 0, , 0, , and , respectively. Although
the frequency of (aa) after reproduction and just before selection is not
changed for any offspring distribution, the frequencies of (AA)2 and (Aa)2
are affected by the number of offspring in the family. For example when the
family has two heterozygous parents the frequencies are , j, , , and ,
respectively. Thus the assumption of large progeny size gives the maximum
frequencies of (AA)2 and (Aa)2, and thus, it maximizes the magnitude of
social selection. It should also be noted that, because of the exclusion of
affected individuals in the mating, social selection operates only through
affected sibs in the present model. The effect of offspring distribution
together with possible survival of genotypes aa on the population dynamics
of deleterious genes will be reported elsewhere. Despite these drawbacks,
the present approach will still be informative for understanding the nature of
social selection.

The frequencies of different mating types and the probabilities of their
offspring are shown in table 1. Note that both (AA)2 and (Aa)2 come only
from the matings (Aa)1 x (Aa)j, (Aa)1 x (Aa)2, and (Aa)2 x (Aa)2.

Just before selection, we have the following frequencies for each group:

(AA)1:
P(1 — wk1)[P(1 — wki)+ Q(1 — wk2)]

Q2(1 — wki)2
(AA)2. 4T

P0(1 — wkj)(1 — wk2)
(Aa)i: T

Q2(1 — wk2)2
(Aa)2: 2T

02(1 — wk2)2
(aa): 4T

where T = [P(1 — wki) + Q(1 — wk2)]2.
After selection,

(AA)1:
4P(1 — wki)[P(1 wki) + Q(1 — wk2)]

(AA)2:
(1—wki)

4PQ(1 — h)(1 — wki)(1 —wk2)
(Aa)i:

202(1 — h)(1 — wk1)2
(Aa)2: -w
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where = [2P(1 — wki)+ 0(1 — wk2)I[2P(l — wki)+ (3— 2h)Q(1 — wk2)].
The frequency of allele a after selection, q', is given by

Q(1—h)(1—wk2)
1q 2P(1 — wki)+(3 —2h)Q(1— wk2)

( )

Putting P = 1— 2q and Q = 2q in (1),

(1—h)(1—wk2)q
(2q

(1—2q)(1—wki)+(3—2h)(l—wk2)q

To express (2) as a function of q, we need to express k1 and k2 as functions
of q. Before doing so, we first derive the relationship between k1 and
k2. Because of the definition of k1, the value after selection, k, is given
by

i_I 0(1—wk2) 12
k1

2P(1—wki)+Q(1—wk2)J
(3)

Similarly, the value of k2 after selection, k, is given by

Q(1—wk2)
2P(1—wki)+Q(1—wk2)

(4)

From (3) and (4),

k =(k)2
or

(5)

Comparing the frequencies for each group after selection, it is also clear that

7F f

k'"'— k2

2(1—h)

or

k2Q
klP=2(lh). (6)

Using relationships P = 1 — 2q, 0 = 2q, (5) and (6), we can show that

q

k2=(1_h)(1_2q)•
(7)

Now, from (2) and (7),

(1— h)2q[(1 — h)(1 — 2q) — wq]
q

(1 —h)2(1 —2q)[1 +(1 —2h)q]—wq2[1+(1 —h)(3--2h)f
(8)
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The change in gene frequencies, q, is given by

— —q[(1 — h)2(1 —2q){h +(1 —2h)q}+wq{(1 — +(1 —h)(3 —2h)]q}]
—

(1 —h)2(1 —2q)[l + (1 —2h)q]— wq2[l + (1— h)(3 —2h)]

q[h+(1—2h)q] wq2 9—
1 + (1— 2h)q (1— 2q)[1 + (1— 2h)q]'

with good accuracy.
Thus, the gene frequency change can be divided into two parts: the

change due to individual selection, and that due to social selection. When
w =0, Aq is reduced to the standard formula for lethal genes.

Let us now consider the mutational input of allele a from allele A with
rate u in each generation. Assuming that the joint effect of mutation and
selection is negligible,

q[h+(1—2h)q] wq= —
1 +(1 —2h)q (1 —2q)[1 +(1 —2h)q] u(1 —q). (10)

The equilibrium frequency of allele a is then obtained by solving the
following cubic equation:

2(1—2h)(1+u)q3---[1—4h +w +u(1 —6h)]q2—[h+2u(1+h)]q+u = 0.
(11)

The equilibrium gene frequency, 4, is given approximately by

for h>0 and for h=0. (12)

For h <0, equation (11) is approximated to

—2(1—2h)q2+(1—4h+w)q+h =0. (13)

Therefore, as long as h <0 and Ih <,
h

(14)\1—2h1\1+wJ

Thus social selection generally lowers the equilibrium gene frequency. But,
when h <0, the equilibrium gene frequency is not affected by social
selection. This is expected when the frequency of allele a is low, since the
formation of lethal homozygotes is extremely rare and there is little chance
of social selection.

It may also be interesting to obtain the equilibrium frequencies for the
classes (AA)2 and (Aa)2. Using (5), (6), and (7),

q2
klP_(l_h)2(l_2q) (15)

and
2

2q
K2Q —

(1 —h)(1—2q)
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Thus, if the equilibrium gene frequency is given once, then the equilibrium
frequencies of (AA)2 and (Aa)2 can be obtained. For example, the equili-
brium frequency of the sum of these two classes is given by

i1i+i2O =
(1 —h)2(i—24)

(17)

For small h, the sum of the frequencies of (AA)2 and (Aa)2 is about 342
This can be derived more intuitively. It is clear that the sum of the
frequencies of offspring of classes (AA)2 and (Aa)2 from the matings
(Aa)1 x (Aa)1, (Aa)1 x (Aa)2, and (Aa)2x (Aa)2 is (see table 1). The total
frequencies of these three matings at equilibrium is about 242. Thus, the
proportion of phenotypically normal individuals who are influenced by
social selection is given by the product of these two quantities, i.e., 342 At
any rate, the frequency of people who are affected by social selection is the
order of the population incidence.

TABLE 1

Mating type frequencies and the probabilities of their offspring

Probability of offspring
Mating type Frequency (AA)1 (AA)2 (Aa)i (Aa)2 (aa)

(AA)1x(AA)1 (1—k1)2P2/T 1 0 0 0 0
(AA)1x(AA)2 2(1—w)kj(1—ki)P2/T 1 0 0 0 0
(AA)ix(Aa)1 2(1—k1)(1—k2)PQ/T 0 0 0
(AA)jx(Aa)2 2(1—w)(1—k1)k2PQ/T 0 0 0
(AA)2x(AA)2 (1—w)2kP2/T 1 0 0 0 0
(AA)2x(Aa)1 2(1—w)k1(1—k2)PQ/T 0 0 0
(AA)2x(Aa)2 2(1—w)2kik2PQ/T 0 0 0
(Aa)1x(Aa)j (1—k2)2Q2/T 0 0
(Aa)1x(Aa)2 2(1—w)k2(l—k2)Q2/T 0 0222 1 1 1
(Aa)2x(Aa)2 (1—w) k2Q IT 0 0

Note. T=[P(1—wki)+Q(1--wk2)]2

3. THE FREQUENCY DISTRIBUTION OF RARE DELETERIOUS GENES IN A
FINITE POPULATION

Equilibrium gene frequencies in a finite population are determined by
the mutation rate, selection (both social and individual), and the population
size. For that purpose, we shall derive the stationary distribution for
deleterious alleles using diffusion approximations. The stationary dis-
tribution of allele a is given by the formula:

cb(q)=—exp(2f'dq), (18)

where Mq and V4 are the mean and variance of gene frequency change per
generation, where C is determined by the relationship J (q) dq= 1
(Wright, 1938).

The mean change of gene frequency per generation is given approxi-
mately by

q[h+(1—2h)q] wq2

1+(1—2h)q
(19)
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The variance of geiie frequency change per generation is given by

Vq ='N' (20)

where N is the effective population size. Using (18), (19), and (20), we
obtain that

4(q) = C[(1 —q){1 +(1 _2h)q}]2N x q4Nu_l x(1 —q)1

P +(1 —2h)q12"1 1 —2q 14Nw/(3—2h) (21)
L 1—q J L1+(1—2h)qJ

For a small value of q, this is further reduced to

q5(q)= C exp[_4Nhq —2N(1 —2h +2h2+w)q2

_{2w(1+h)+h(3_6h+4h2)}q3_...]
4Nu—1 —1xq x(1—q)

C exp [—4Nhq —2N(1 —2h + w)q2]x q4Nu_l, (22)

ignoring the cubic and higher order terms in q.
When q is very small compared to unity and 4Nhq is much larger than

2N(1 —2h + w)q2, or h >>J(1 + w)u/2, (q) is approximated by the follow-
ing gamma distribution:

4Nh 4Nu

1'(4Nu)
_4Nhq4Nu_l (23)

(see also Nei, 1968). Thus, when h >> J(i + w)u/2, the distribution does not
depend on w as was the case in the deterministic model. It is easy to see that
the expected gene frequency is u/h, whereas the variance of the gene
frequencies is u/4Nh2 (Nei, 1968).

On the other hand, when 4Nhq<<2N(1—2h+w)q2 or
J(1 + w)u/4, (q) is approximated as

( )2[2N(1+w)] —2N(1+w)q2 4Nu—1
(24)q

F(2Nu)
e q

the expected gene frequency, E(q),_and the variance of the gene frequen-
cies are given by F(2Nu+)/[J2N(1+w)F(2Nu)]_and u/(1+w)—E2(q),
respectively. As N -+, E(q) is given by 'Ju/(l + w), which is identical to
that for the previous deterministic model. When Nu < 10_2 the mean gene
frequency can be approximated as J2HN/(1 + w)with good accuracy.

This analysis with a stochastic effect shows that when the absolute value
of h is much smaller than unity the equilibrium gene frequency is deter-
mined primarily by the mutation rate, the magnitude of social selection, and
the effective population size. Low mutation rate, a small population size and
strong selection at both stages will lower the gene frequency in a population.
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4. DISCUSSION

We assumed that the matings between two heterozygous individuals
produce a large number of offspring and only the classes (AA)2, (Aa)2, and
(aa) are derived. We have shown that the social selection model can be
treated approximately as the individual selection model. It is then shown
that when the absolute value of h is small the equilibrium gene frequency is
determined by the mutation rate, the magnitude of social selection, and the
effective population size; low mutation rate, a small population size, and
strong social selection will lower the equilibrium gene frequency. These
results would not be changed qualitatively even if we took into account the
offspring distribution in the family, because the offspring distribution
effectively changes the magnitude of social selection.

The extension of the present analysis to common diseases may be
interesting. Suppose that the trait is controlled by rare deleterious alleles at
n loci. Let us further assume that the trait is expressed whenever an
individual has at least one locus homozygous for the deleterious genes. For
simplicity we assume linkage equilibria among these loci. Because of the
similarity to the dynamics of lethal ger.es in Drosophila, this assumption may
be quite realistic (Yokoyama 1979). Under these assumptions, the mating
frequency between two individuals who have at least one heterozygous locus
is given approximately by

1— fl [1— (2q1)2J i1 q 4n42.

The sum of the frequencies of offspring (AA)2 and (Aa)2 from this mating is. Therefore, the frequency of phenotypically normal individuals who are
subjected to social selection is given by 3nq2, i.e., sum of that frequencies
over all n loci. When a disease is caused by completely recessive genes,
3nq2 = 3nu/(1 + w).

In this computation, we have assumed linkage equilibria among lethal
loci. Robertson and Narain (1971) simulated the dynamics of recessive
lethal genes with free and no recombination, assuming infinitely many loci in
a population. Their results show that, at equilibrium, the rate of allelism of
lethal genes is slightly higher in a population with free recombination than
with no recombination. For example, when N = 50, u = O05 h = 00, the
rate of allelism is O073 and OO59 in a population with free recombination
and with no recombination. It is known that the rate of allelism in lethal
genes is inversely related to the effective size of a population (Nei, 1968). It
is also known that the equilibrium frequency of recessive lethal genes
decreases as the effective population size decreases (Wright, 1937). All of
these observations indicate that, under the assumption of linkage equilibria
among loci, the equilibrium gene frequency at a locus is underestimated.
However, the magnitude of overestimation does not seem so large with
respect to the rate of allelism. In Robertson and Narain's simulation study, a
high frequency of lethal genes was used to enhance the effect of
recombination. In practice, the frequency of lethal genes is much lower than
that used by them. Furthermore, there is always some chance of recom-
bination among lethal loci. Therefore, for practical purposes, the present
analysis of multiple loci seems to be satisfactory as a first approximation.
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Morton (1978) suggests that about one-sixth of mental retardation in
matings of normal parents could be due to rare recessive genes. He
estimates that the number of such recessive loci is about 325. If we take
u=105, 3nq2—3x325x1O5=O'OO975. Thus, about one per cent of
phenotypically normal individuals might be subjected to social selection,
considering only mentally retarded individuals of genetic origin. Since other
common diseases probably include a proportion of individuals who are
recessive homozygotes, the potential population which is affected by social
selection may be large. It should be noted that the present analysis is
restricted to diseases where abnormal individuals do not participate in
mating. In practice, it is often observed that phenotypically abnormal
individuals marry and have children. In the future, this will be incorporated
in the model. I believe, however, that social selection is an important
phenomena in the study of mutational damage in man.
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